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AbstractigEseight flows which consist of multiple products trdnsported bydiffefent modes of transport in a multimodal
network get more and more attention in recent years. In this afticle a mode! formodelling flows of multiple products in the
multimodal network is presented. The multimodal aspect of considered transport system is accounted by the chosen
means of network representation. The multiproducts@spect is estimatéd by the solution procedure which is a Gauss-
Seidel-Linear Approximation Algorithm. The article 1s closely connected with the following topics:

= the representation of the network chosen for the reflection of transportation and transfer operations;

« the formulation of a multimode multiproduct model;
« the analysis of average and marginal costifunctions;
= the development of the solution algorithm;

» the development of the algorithm used t0,compute the shortest path.
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1. Introduction

Flows which consi§t of'multiple products that move
in a multimodal network get more and more attention in
recent years. Thelass of models'that has to do with the
prediction of interregional freight flows was well studied
in the past_and is ‘s@-calleddhe spatial price equilibrium
models [4]. Such models swere widely used for the analysis
of freight flowssbetween different regions. This class of
models detérmines simultaneously the flows between pro-
ducing and'censuming places as well as the selling and
buying prices.'But the transportation network is usually
modelled in a simple way (elementary bipartite connee®
tions) [1, 2]. For example in the Harvard Model which prob-
ably is the first published type of a model that interests us
physical network is presented like elementary difect links:
Also the congestion effect of the network in this‘'model is
not considered. Later, the Multi-State Trarsportation €or-
ridor Model went a step further in représenting an explicit
multimodal network, but again withoutanys€onsideration
of network congestion. Also there was an‘Fransportation
Network Model which does not consider network con-
gestion effect either [1].

The first model that considers the network conges-
tion effect as well as the shipper-carrier interaction and
was adopted in the field of transport, is the Freight Net-
work Equilibrium Model [1-3]. It combines the variable
demand modelling approach from spatial equilibrium mod-
els with the detailed description of the behavior of ship-
pers and carriers by mathematical formulations.

So the class of models that we considerds Network
Models. They enable the predictiomief flows that consist
of multiple products in@multirnodal network, when physi-
cal network is modelled at a level of detail appropriate for
a country or a large reégion and reflects the real infrastruc-
ture with relatively littlejabstraction. Also in this class of
models the shippersiand the carriers are not considered as
distinct actors in the decisions made in shipping freight.
Veryfoften, the strategic analysis of freight transport is
détermined by the data sources (national freight flow sta-
tistics)which permit to identify the mode used, but do not
provideyany information about separate shippers. How-
ever, even with the data which is available and withthe
forecast made the behavior of the shippers can be reflected
[1-3].

In the model an assumption that produgts are trans-
ported at minimum total generalized cost is madeif4].

Also there is an assumption that a certain tyype of
products can be transported only by.the'appropriate mode
of transport due to service availability or some kind of
normative restrictions. This meangythat in mest’common
situation there is no competifion between transport modes.
In other situation, whentfanspoert modes ¢ompete between
themselves for the shipments of products, it is possible to
include the components which reflect the shippers objec-
tives in to the generalized cost functions. This means that
the generalized cost functiof gives sufficient modelling
flexibility’ and adequately'refiects a wide variety of situa-
tions dnd circumstances [4, 5].
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The multimode multiproduct model is formulated in
the most general way permitting in principle nefi-convex
and asymmetric cost functions. Nevertheles§, certain as-
sumptions (regarding the structure of cosbfunctions) are
made in order to simplify the problem.

2. The Network Representation

The physical network infrastrueture represented by
the chosen means reflects the transportation of different
products by several [different transport modes.

A product is any'good or collection of goods of simi-
lar nature whigh createsiafreight flow that moves over a
particular link {4, 6,7

A transportinode is a group of transport means that
hasdts own characteristics such as vehicle type, capacity,
and a specific cost function. Depending on the detailed
levehof study our model mode can represent a particular
carrier, or a part of his service on a specific network, or an
aggregated service of several carriers in specific transgort
infrastructure networks [4, 6-8].

Modelled network is a network that consists of the
nodes, links and modes of transportation that show-all
possible movements on the available infrastructire. In
our model a link is defined as a triplet (i, j, m), wheré1is the
origin node, i belongs to N (N is theget ofithe nades of the
network), j is the destination nod€, | belongs to N, m is the
mode of transport that has perfnissiono operate between
nodes i1 and j and belongsdo M (M 1s the set of transport
modes available on thefnetwork). Example of such net-
work is shown in Fig'l. Here are)3 transport modes: road
transport R, diesél trainD, electrified train E, and three
nodes of the network A, B, C. All 3 transport modes oper-
ate betweengpoints'A and B, between A and C road and
diesel trdin services cambe found, and between B and C —
only road trafsporservice can be found.

The'miost compact way to represent the physical net-
work would'be,to connect all the points by direct links and
to allocate transport modes as link attributes exactly as
shown in Fig 2a.

But this network representation has some majordis-
advantages.

Road Diesel Electrified
rail rail

Fig 1. Physical network

If a single flow is associated with a specific link, it
must be the total flow on that link. But then the flows
specific to each transport mode are not determined explic-
itly.

If flows are separate one for each mode and are asso-
ciated with each link, then these flows can vary in number
from link to link depending on the number of transport
modes operating on a given link. In addition, the physical
difference of infrastructure modeled is not explicit in such
representation. Thus the specification of cost functions
for each transport mode possesses the same problem as
that mentioned above for the flows [3, 6, 9-11].

In order 40 overcome'these drawbacks it is a must to
choose a network representation which permits the iden-
tificatioft of the flows and the cost functions by the sepa-
rate ffansporf mode. This would mean the establishment
of 'the detailed network “copy” for each separate trans-
port modeused(in the movements of products. However,
thisitype of network representation becomes hard enough
to putinto practice, if large networks with many transport
modes have to be considered [12].

That’s why the best way for multimodal netwerkirep-
fesentation is to permit the parallel links, ode for each
permitted transport mode that can move, between each
pair of nodes. In this way the network'model becomes$
similar to real network because, for eXamplegeven tholigh
rail and road transport networks dre logated betwéen the
same two points, they are physically differenf. Besides
that, if on a physical link, s@ch asiail road, there are two
different types of services,(diesel and electrified trains),
separate links must Be assigned for each service, since
they have different cost functions [4]. All this is shown in
Fig2b.

9"

a)

R, road E, electrified
transport rail

Fig 2{ Network representation: (a) compact and (b) parallel
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When the network representation is chosen, in order
to model intermodal shipments further it is negéssaryito
associate the appropriate cost functions fordransfer op-
erations from one mode to other at the gertaininetwork
nodes. All this can be done expandinig a node:“add.ds
many extra nodes (and links betweén, thern) as there are
possible transfers between trap§port ‘modes thdt serve
that node. Example is showndn Eig 3.

~N
1 2 N\ %
. / 1 N < 3
0 [ p
R —>O’_ _ ,’,‘O ........ >
? a4
2 4
Road Diesel Electrified
transport rail rail

Fig 3. Explosion of a node

It must be noted, that:
= Such expanding of nodes increases the fimmber of

links in the network;

*  Only new nodes do not reflect thelreal network and
new links in the node do that;

»  New (transfer) links unlike'the othefnetwork links
reflect the transfers frem one transport mode to an-
other, so they can nét beattributed to one or another
transport mode;

= The represenfation chosen 9 reflect the transport
operations(does nefrequire the explicit modification
of a network:

It 15401 great importafice to point out several advan-
tages of the chosen network representation. In such net-
work the tofal path consists of a sequence of links of the
first transport, mode, a possible transfer links to another
mode, a sequence of links of the second transport mode,
and so on. This means that transport mode change is pos?
sible only at transfer nodes. This representation also,per-
mits to restrict the movements of a certain type of prod-
ucts only by the appropriate transport modes J8].

3. Formulation of Multimodal Muitipreduct Model

The most efficient way to use theltfansport infra-
structure is to transport the freight at the least total cost.
Unfortunately, a variety of circumstances prevents the
achievement of that goal [3, 9, 10, 13, 14]. So with the
model that we are trying to formulate there is a try to mini-
mize total costs.

The network that we consider consists of a set of
nodes N, a set of links A, A = N x N x M, aset of modes
M, and set of transfer links T, T = A x A. We denote their
cardinality i m, M, ir N respectively. With each link @,

o e A we associate a cost function s (.) which depends

on the volume of goods on that link or possibly, on the
volume of goods on the other links of the network. Simi-
larly, a cost function s,(.) is associated with each transfer
linkt,te T.

Products that are the part of the freight flow trans-
ported over a multimodal network are denoted by p,p e P,
where P is a set of all products and its cardinality isn o

Every product is transported from origino,0 e O C
N to destinationd,d € D < N point. The demand of each
product for all origin/destination points pairs O/D is speci-
fied by the set oflO/D matrices. The transport mode choice
for the transportation of each product is indicated defin-
ing a subget of transport modes permitted to transport
the corfesponding deménd for each of these O/D matri-
ces.

Let g™® bedhe demand matrix associated with the
product p, el P, and m(p) is a sub set of transport modes
that belongs to M(p) - set of all sub sets of transport
modes that are used to transport product p.

The flow of product p in a multimodal network is
denoted by vP and consists of the flows of this production
Iinks and transfer links.

o =[((DZ)) e AJ- @

v, ), teT

The flow of all products ifiia multimodalaetwork is
denoted by v and is a vector of dithension T 4 M+ N4

The average cost funetion sP (W)on links and sP (v)
on the transfer links/correspond to a given flow vector.
The average cost function for'the product p is denoted
similarly to the denotation used for the flows - sP:

o7 = (s‘f , ae A @
(s,p , teT |
And se.s isia vector of average cost function of
dimension n, (Max Ny
The total cost of the flow of all products p on the link
o is a product sP(v)v?, and the total cost of flowfof
product on the transfer link t is product s? (v)vf . $o the

total cost of the flows of all products in the multimedal
network is the function F, which expressions:

F :Z peP(z ac A sf(l))l)g +2teT stp(n)utp). 3)

F is that function that we are sgéking to minimize. But
it is well known that in order to d@ this wé must have some
constraints. In our case thisf€an begthe conservation of
the flow and non-negativify constraints, In order to write
these two constraints we shallluse the following denota-
tion. Let X {')’:‘1(”) derfote the set of paths that goes from the
origin point o tosthe destination point d using only trans-
port mode m{p). Then'the equation of the conservation of
flow is expfessed:

m(p)
d

B e’ @
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h, is the flow on the path k.
Non-negativity constraints then are:

b 20 ®)

Let Q be the set of flows that satisfies(4) andy(®).
Since the constraint (4) is stated in the space of path al-
lows, for notational convenienée the speeification of Q
requires the relation betweefl link, flows andfpath flows,
which is:

g=zkEKI' SakhkvaeA’ peP. ©

K? = Whpye M (pY¥eed Usep KZ;([)) is a set of
all paths through whichyproduct p can be transported.

1 Jei1 aek
8ak:{

is the indicator function which
0, other way

identifies the links of particular path.
Similarly, the flows on a transfer links are:

RVH :zker 5!khk’ teT, pE P. (7)
1 jei tek

Here g =

ere. Tk {0 other way.

So in conclusion it can be said that we developed an
optimal multiproduct multimodal assignmentmode] which
consists of a function (3) that we ar@§ecking to minimize
regarding constraints (4)@nd.(5).

It should be noted that theimodel is sufficiently gen-
eral. But it is clearly understood'that the purpose of stra-
tegic planning is'not thefdetail model that identifies ship-
pers and carriers explicitly. Fhe goal was to develop a
model thatfis‘adequate forfhe comparison of scenarios —
a model'which helps tostudy the process of distribution
of multiple productsiwith the help of different modes of
transport in.a multimodal network.

4. Analysis of Average and Marginal Cost Functions

In the model formulated in the previous section the
average cost functions s,(v)and s,(v)in prin€iple mdy
depend on any or all the components of the vectonyuf Yet,
the actual cost functions on the networkglinksiand trans-
fer links are in principle different (exception i transporta-
tion services that share the same facilitiesf €.g. rail ser-
vices that operate in both directions on a sihgle track) [5,
9,10,13, 14].

Next we state the simplified form of the average cost
function. The most general expression form of the mar-
ginal costs for transporting product p onlink a is:

= 3sP ds?
c£=s£+ 2 Z —a__’l)£+z—rl_,'l)tp . (8)
peP \ueA 5’\)5 teT 51)5

The expression of the marginal costs for transport-
ing products p on the transfer link ¢ is:

- O

€T 51)—

Next we make the following assumptions regarding
the average cost functions:

1. The link cost functions do not depend on the
flows on the transfer links.

2. The transfer link cost functions do not depend
on the flows ondhe network links.

3. The“transfer links\cost functions do not depend
on the flows on the other/ransfer links.

These assumptions are quite natural and result in the
simplification of equation (8) to expression:

dsP
=sZ Py y oy —<.
peP aeA 51)/) u (10)

The same simplification can be done with the equa-
tion (9):

F oL (1d)
t

The equivalent of the thitd assumption €annot be
made to the cost functions of the links. It is very often the
case that two distinct modes of transport {for example
diesel and electrifieddrains) use the same infrastructure.
That’s why it 1s reasonable tofassume that the interac-
tions are limited to links which'are parallel between two
adjacent nodé€sy[8, 14].

Now we'shall infreduce few additional notations. The
link a=(, j, m).eonnects node I with the node j with the
help'of transport mode m. Let M, be the sub set of transport
modes which.we bear in mind in the computation of marginal
costgfor link a. Also let A, ={ade A a=(, jm) or
d=(jm), m’ € M, }U{a} be the set of links that
must be considered in the computation of marginal c@sts
fotlink a. Thus s2 (v)= sf(l)gfa € A,, pe P [8,13,14].

Iflink d ¢ A, , then &s} /51)(’7’ = 0. This permits the
simplification of the equation (10) to the expression:

Z=s2+7 Z : (12)

peEP ueH; 81)—

In this expression Hz#{aedlac A,} The set
Hzcan be get by scannifig links parallel to a in both
directions. This can fake s@me time; particularly if
H; ={a}for the majority of the,links. That’s why we
make the last assiimption that the“cost of links depends
only on the flows of liiks that share the same head and tail
nodes andgarépin both orientations. This assumption is
equivalent to Hy= A Tor@all a € A [8]. So after all that the
marginahcost'ofthejlinks can be written as:
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. 855 . p
Ca Sa + 2 Z — Vg, . (13)
peP ach; SV7

A few words about the several assumptions that we
made. First of all these assumptions@implify the speeifi-
cation of the cost functions forhe model and décrease
the burden of computing thedmarginal cests4They also
correspond to actual practi€e and data availability, since
the significant part of.gost functionsyused in transport
industry are defined for particular facility (road segment,
rail link, etc). The total transport cost is the sum of these
link costs and, possiblyya fixed/cost component (this cost
component variéswith thevolume of goods, but does not
depend on a distance traveled) needed to start the trip on
a partictilar modet [8, 13, 14]

5. A Solution Algorithm

Theproblem that we consider may be written infd
compact form as:

MinF(v),ve Q. a4)

It is assumed that F(v) is a convex funetion, once
differentiable on an open space that contains €. This‘as=
sumption is satisfied, for example, by@verage transfer link
cost function of the type:

A :ziai(Bi +U,’1’)Z(’) , >0, 3,20, 0< z(i) < e.(15)
This example demonstrates that average cost func-

tion is not to be corvex (0 < z(i )<l ) for F(v)to be con-
vex [4-6, 10, 13}

To solve this\pfoblem the first order method (linear
approximation method)isd@ised. This method which is used
for solving large scale network equilibrium problems has a
sub-lineapyrate of convergence in the vicinity of the opti-
mal solutionyBut it is proved to be robust in application
which does not require a very precise solution [5]. Also,
its straightforward adaptation for our model poses thé
problem of dimension. The vector v is of dimension
n,(ng +ny). The same is the dimension of the féasible
direction of descent generated by the linear approxima-
tion method. This may render the application of thedinear
approximation method impracticable indmnany, computa-
tions.

The structure of the model suggests pdtural dé€om-
position by a product. Q is the product “II pr , where
QP is a set of feasible flows of product p on'the sub net-
works m(p) € M(p). The descent direction of the linear
approximation method is found minimizing the linear ap-

proximation of the objective function which in this case is
FP (F =y ';)I’_l FP ) This means that one would have to
solve n, minor problems in one cycle of algorithm.

The algorithm can be characterized as Gauss-Seidel-
Linear Approximation Approach. For each product p a

descent direction is computed for vP, which is of dimen-
sion (n, + np). When considering a particular product all
the flow variables pertaining to the other products remain
at their previous value. For each product p a single itera-
tion of the linear approximation algorithm is carried out.
So the algorithm looks like that:

Step 0. Initialization

Determine v (initial feasible solution)

Step 1. Major cycle

v, U; foreachp e P carry out (ip).

(1p) Minor cycle

Compute cP(@)" Wmarginal costs)

Find 0P (€xtreme peint found by shortest path com-

putation)
DE=wp —vP (deScent direction)
Computé A (optimal step size)
VPP + A pdp (update flow for p).

Step 2, Stopping criterion

If (0 =",,4), return to Step 1

Since the algorithm is stated in a rather compact form,
some comments on the details of some steps should be
made.

The minor cycle (1p) implements one iterdtion of the
linear approximation method in the sub-space, of flows
related to the product p. A descent difection ‘is)found
minimizing the linear approximation of F? on @F , whichs:

Min VE P (v)y, where y&Q7? . (16)

Since F(v)=s(v) U, it follows that VF(v)=
s(0)+vs’(v). If mdrginal costsdare defined as
c?(v)=sP (v)+s? (D)Tu, then sub problem of linear
programming is:

Min ¢ (0, where 'y e Q7 . an

As,it is welldknown, the solution of this problem is
obtdined assigning the demand g™® on the shortest path
corresponding the’ modes that belong to m(p) computed
withilink costs cP(v).

Theyoptimal step size A . is obtained by minimizing
T T
the function F in the direction (0, wnd? 0) . Bxcep-

tion is a case when

¢? () dP =0. Then 2, =0.

The initial solution is obtainedsartying out a major
cycle with initial marginal costsdeorresponding to v = 0
(which means c (0)) and setting 7Lp = 1 in eachminor cycle
(ip).

The algorithm is sfopped when the)flows v change
after a major cycle was carried out. This means that the
current solution isfoptimal [5, 8].

6. The Algortthm for the Shortest Path Computation

Inthe mulfim@dal network that we use for the formu-
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lation of multiproduct flow modeling the path on which
more than one mode of transport operates canbe con:
structed only if a mode to mode transfer is pérmitted at a
node that belongs to the path [4, 5, 12-14]¢

In order to introduce the algorithin for the shortest
path computation we introduce the“following notation.
Letc,aec Airc,t eT be thé"lengths” of lifiks and
transfer links. The shortest path algorithm finds'the short-
est path from an origin point 0 e O'tgall destination points
d e D in the sub networks'defined by the sub set of trans-
port modes m(p) € M(p). In this algorithm the shortest
path is retracted by means of pointing out the preceding
link. In the algorithm thefollowing notations are used: b,
is the access link toythe destination point d, b, is the pre-
decessor of link oy thelengths of the shortest paths are
given'by variables u, ir u , where u _ is a the length of the
shiortest path from the origin point o to link o, inclusive of

C, Afrepresents the set of links which were labeled, but
still do'not have permanent labels. So then an algorithm
for the shortest path (including transfer links) compiita-
tion,can be stated as:

Step 0. Initialization

Lengths:

Ug=o,deD,u,=0; U=, ae A

Predecessors:

bs=-1. de D; bp=0:b, 70, ae A

Links to be labeled:

A=0

Dummy link:

a=(ij,m)with i =0, j=d,m = m(p);

Ug = 0

Go tostep 4.

Step 1. Choice of'the link to be labeled

1FA=0 ghemSEOP.

Choose a =, j,m)ofA such that uz; <u, for all

ac A

Link a receives a permanent label: A=A-— {;}

If jis a transfer node, go to step 3; if j is a regular
node, go to step 4; otherwise continue.

Step 2. Test of a “head” node | (for destination
node);

If ug Sujthen uj =ug; b; =a Returnto step 1.

Step 3. Test of successors with transfers

Foreach a = (i, j,m), such that j = jfand me m(p)
do:

If there is a transfer t =(a,a) do:

fug+e,+c, <uy,, L

then u, =uy; +¢, +c b, =a;A=AU{a},

otherwise, if m=m , do:

ifuz+c, <u,, o

then u, =uz+c,; b,=a; A=Auia}.

Return to step 1.

Step 4. Scan of successors without transfers

For each a = (i, j,m), such that i:; and m=m

do:

ifuz+c, <ug, o

then u, =uz +c,; b =a; A=Aufa}.

Return to step |

A few remarks regarding this shortest path algorithm
should be made.

As arule, each link corresponds to only one mode of
transport.

The dummy linkathat has to do with the origin node o
has its own sey®f transport modes m(p), that have a per-
mission to operate on this|link.

Thefealculations are/done in the way so that the first
time when Step'4 is carried out all the links that go from o
belong to_the network. Thus, the first time that Step 4 is
éxecuted, the test m =i is me m =m(p).

In Step 3 links are scanned in an increasing order, so
the transfer links of type (& , .) are sorted in an increasing
order aswell.

The links that belong to the node i are sorted by
mode of transport in the “link table”. Such an efficient test
must preclude the scan of all the successors links in Step 4

7. Conclusions

In the article a model for modelling freightflows that
consist of multiple productsdransported by drfferent means
of transport in a multimedal networkyis formulated. This
model can be used for the purpose of strategic freight
flows planning. Besides, this model is enough general-
purpose, so it can beadapted/for modeling national as
well as regionalufreight flows. The original features of the
model are:

» thesway of fietwork representation;

° the algorithm of mathematical solution;

+),. thefadaptation of the shortest path search algorithm;

o ke coupling of all that was mentioned above into the
whole, what permits easy and effective analysis of
flows of multiple products that move in a multimodal
network.

Besides, the model is flexible enough to be used, in
various contexts. The most important thingdsthat model
can be applied in a case of analysis of very large networks
and freight flows.
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