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Abstract. The rotating pipe conveying fluid is considered. Non-linear (geometrical non-linearity) equation of the mo-
tion of the pipe is derived using the finite element method. The equation of motion is derived based of the following
assumptions: fluid is incompressible and inviscid; rotory inertia and shear deformation of the pipe are neglected. The
sources of parametric vibration are: fluid velocity and pressure, angular speed of pipe. The possibility to solve a non-
linear response problem including sub- and/or super-harmonic using the finite element method is shown. Numerical
results are derived considering the rotating contilevered pipe conveying fluid. All matrices and vectors of the finite
element method are derived by the symbolic computation system Maple.
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1. Introduction

There is a great interest in the dynamic behavior of
pipes conveying fluids. The problem of pipe conveying
fluid is to be found in scientific literature [ 1-6], but the
case is not largely considered when this problem is solved
by the finite element method. So the problem of rotating
pipes conveying fluids is of some interest. This problem
is considerdd by the nonlinear dynamic methods.

The purpose of this paper is to to present a finite
element scheme for the determination dynamic instabil-
ity (parametric resonance) of bending vibration of a ro-
tating pipe conveying fluid.

2. Formulation

A rotating pipe of circle cross-section, along with
the co-ordinate system employed, is shown in Fig 1. The
pipe is assumed to rotate about Z-axis with uniform speed
of Q rad/s. The material of the pipe is Hooken with a
Young‘s modulus of elasticity E . Consider a pipe of
length L and flowing axially at velocity V .

Equation of motion is derived based on the follow-
ing assumptions:

1. Fluid is inviscid and incompressible.

2. Rotary inertia and shear deformation of the pipe
are neglected.

3. Gravity effects and material damping are ne-
glected.
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Fig 1. Rotating conveying fluid with co-ordinate system and
finite element

The equation of motion can be derived based on
either Hamilton‘s principle

[8(r T + [3A,.dt =0, ¢))

t t
here 7T and I7 are the kinetic and potential energies of
system of pipe and fluid

T=T,+Ty, )

=TI, +1If. 3)
The potential and kinetic energies for the pipes are

I, =1/2fcedv, 4

v
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T, =1/2[pW?dy, )

v

where G, €are the stress and the strain in the pipe
respectively; W is velocity of pipe; P is the mass density
of pipe.

Since the fluid is assumed to be incompressible, the
potential energy of the fluid is zero, e.g.,

Iy =0. ©®

The kinetic energy for the fluid is

- 2 7
Ty =1/2[p Widv )
v

where Wy is the flow velocity; P f is the mass density of
fluid.

Large displacement relationships are considered.
The deformed position of any point may be described in
terms of u and v. Assuming the Euler-Bermnoulli theory,
namely that plane sections before deformation will re-
main plane even after deformation, one may write

u=-ydvldx, v=v(x). (8)
The total strain in the pipe is:
£:8b+£c+£p, ®

where €;,E..€, are strains of bending, centrifugal force
and fluid pressure respectively.
The strain of bending of pipe is:

€p =—yd2v/dx2+1/2(dv/dx)2, (10)
and sin(0) = dv dx

cos(8)=1-1/20% = 1-1/2(dv/dx)*.

When the pipe is rotating with uniform angular
velocity (), it experiences a centrifugal force field de-
fined by:

:pAQZI_r(xwon)dx:
pAQz[l/Z( —x )+x0(L x)] (1

In view of this, the pipe experiences a strain field
given by:

e. =F, /(AE), | (12)

where A is cross section area of pipe.
Therefore the strain pressure of fluid in the pipe is:

spzapp/E, (13)

where a,, — coefficient.
Using the above equations the expression for the
potential energy [T may be written as:

EJ(dzv/dxz)z +1/4EA(dv/dx)* +

L
I =1/2[| F? /(EA)+ a3 Ap® | E+ F,(dv/dx)* +
0 (14)
2a,pF, ! E+a,Ap(dv/dx)

The pipe velocity may be written as:

wi={Qx{r}+{au dr}+{v}, (15)

where {Q}is vector of angular velocity, {Q¥ =[0,0,0Q]
{r}is radius-vector ir} =[xp +x,v,0], and {U }vector
of displacement {U}' =[0,v,0].

Substituting the above equations into equation (15)
yields:

Wi=[-Qv,Q(xq +x)+dv dt,0]. (16)

The flow velocity Wy is

w r p={Qfr}+{du dry+ v}, (17)
where fluid velocity is:

V1=V cos(®),Vsin(8)0], 1g(6)=dv/dx .

Substituting the above equations into equation (17)
yields:

{Wf }T [V cos(0)—Qv, Q(xy + x)+dv/dt +V sin(8),0].(18)
The pipe kinetic energy is:

L
T, =1/2jAp(92v2 +Q%(xg +x)* +(dv/dt) +
0

2Q(xy +x)dv/dt )dx (19)
and the fluid kinetic energy is:

L
Ty =1/2(j)Afpf(V2+92v2(dv/dt)2 +Q% (x +x)2 +

2Vdv/ dt sin(8)+2QV (x; + x)sin(8)+

2Q(xg + x)dv/ dt —2QVvcos(8) )dx - (20

The work of centrifugal force may be written [6]:
L x

A =112[(pA+p ;AL 02| (xg +x)] (dv/ dxfdx—v? |dx .(21)
0 0

Applying the finite element scheme the pipe is di-
vided into elements as shown in Fig 1. Two degrees of
freedom per node, namely v and 8 =dv/dx are consid-
ered. In each finite element the displacement field is cho-
sen as:

v=[~NKq}, (22)
where [N] is a matrix of shape functions and {g}is the
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element displacement vector which depended on the
time. Here [N] is taken as:

[N]=[N\NyN3N, ], (23)

where

Ny =1-38%+283;
N, =8-282+E%;, Ny =382-28%;

Ny=8>-E%2, &=x/L. 24)

3. Nonlinear Dynamic Response Analysis

In non-linear dynamic analysis it is well known that
sub- and super-harmonic components of the response
are also to be considered.

Using equation (22) in equations (14) and (19-21)
one obtains the potential and kinetic energies of a finite
element:

11 = 1724V [k, ¥g}+1/ 20V [K, Y+

24 Pk fak+ 120l pli fal @9)
(M 3 Hgh+1/2{gF Q2.
+gl-{aY aviM o+
solat-

{af QviM g 1+{a¥ (M 1+ Iy N+ g
vIM o gt iaf QM 51+ {3 gt (26)
A8 =112{g¥ Q2 (M 15+ (M1, Mg}
12{a} @ (M ]+ M, g} 27)

where [K,]=1/4[[B, I EA(dv/dx)*[B, bix,
0

(5] =T 8,1 F.[BJax

0

7 =1/2{g¥ v2

([Ms1]+ [M

112y} Qvm

[K4]=[[B1]" a, AplBy Jax

Ot~

(M ] ?31]TPfAfV (x)(By Jdx ,
0

[M13]=1/4I_r[31]TPfAfV(x)2(B1)dx- (28)
0

The total energies of the system and the work done
then become:

I = ZH(E) T= ZT(e) A, —ZA() 29)

e=1 e=1

Using equations (25) to (27) and Hamilton‘s prin-
ciple (1) yields the governing equation of motion:

[aKg}+[BHg}+[CKa}={D}, (30)

where [4]=M |+ (M), [8]=v (M, ]- [, "),
[Cl=[K ]+ (K, ]+ P[K4]—V2[Ms13]—
Q* (M 5]+ M D-QviM 1.
{D}=Qv(M]-IMy). (31)

To facilitate their direct evaluation the element dis-
placement is expressed as:

ijsz Sln[( I)O)t]-f- 9 jci COS[( 1)(1)t]+

i=l1
nz .
ijhsi sm[(mt/i)+ q jhi cos((ot)/i]’
i=2

Jj=L...4, (32)
or {g}=I[s}o}, (33)

{Q}:{ 1515+ 91sn, > Dlcl > Dleng » Dhs2 o

ihsny »Qlhc2s+Dlheny -+ 9dsl -+ Dasn s D4cl>-o

T
94cn, »94hsy > 94hsny s D4hcy >+ D4hen, ¥
[s]=diag(2]),

[z]= [O,Sin((p),...,sin((nl ,cos(nl ~1)o),

sin(Q/2),...,sin(q/ny ),...,cos(@/2),...,cos(p/n, ) ) 1,

—1)1,cos(@),...

o= 0.

Thus one has v=[Nlg}=]

N]sKot. 34

Substituting expression (34) in the element energy
expressions gives:

11 =1/2{0} [4, Ko} (35)

T =1/2{0¥ [a Ko} +{o} [4,]. (36)

A = 1/2{Q}T ;43}{9} 37
where [ ” K2]+ p K4 ])[S]dth
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(Vz[Ms13]+QZ([Ms1]+ (M, ])+

. T
(4 ]=[[[S]
00

Qv ) Yskixar + [ [, + @y + 3,
00

[C, ]+ [C1]TV[M
= ST 471~ 80 10 D+ [ 0 3 1+ {01 i,
00

52 IS] )dth,

e T

= []15) (@2 (M 12+ 412D~ @2 4 1, Dfs b,
00

[ci]=dlsVar, T=2n/w.

All matrices and vectors of the finite element method
are derived using symbolic computation systems Maple
[6-8].

Applying Hamilton‘s principle then gives the gov-
erning equation of motion as:

[k (@)Ko}=1{P(Q)}, (38)
where
T T
(k@)= JIs] (&, 1+ K, 1+ plK,1-v2[M 53]
0
QM ]- Q% (M 5]+ M5 ]) S kxdr,
TCF @11+ ey ) viM T Dt
0
T
{P(Q)}= J QV({M ;7 }-{M 5o H+
[T QM g3 }+ {3 Yt 39

After applying the boundary conditions, equations
(39) are solved iteratively for the evaluation of {Q} us-
ing Newton method.

4. Numerical Example

For numerical studies a pipe of a circular cross-sec-
tion with the inner diameter 4 =0,008 m, thickness
A =0,001 m and length 7 =1m is considered. The
material of the pipe was taken steel with £ =2,1.10!! Pa.

The boundary conditions for a cantilevered pipe are:

x=0,v=0,0dvodx=0,

x=L, 3% ax? =0, 3% ax* =0.

0.000

Figs 2-4 show the one-third sub-harmonic of the
rotating cantilevered pipe conveying fluid dependence
on the frequency and the fluid pressure, flow velocity
and the angular velocity respectively.
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Fig 2. The one-third subharmonic q3j,3(x=L)/L as
function of the frequency @ and the fluid pressure p:
L=1m, x4 =0m, d;, =0,008m, d =0,010m,

E=2]1-10'! Pa
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Fig 3. The one-third subharmonic 434s3 (x=L)/L as
function of the frequency wand the flow velocity v :
L=1m, x5 =0m, dj, —0008m d =0,010m,

E=21 10! Pa
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Fig 4. The one-third subharmonic G343 (x =L)/ L as
function of the frequency wand angular speed Q : L =1}m
xy=0m, d;, =0,008m, d =0,010m, £E=21-10

5. Conclusions

The nonlinear dynamic analysis of the rotating pipe
conveying fluid is presented. The one-third sub-harmonic
amplitudes of the rotating cantilevered pipe conveying
fluid are obtained. The one-third sub-harmonic ampli-
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tudes depend on fluid pressure, flow velocity and angu-
lar velocity.
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