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Abstract. A mathematical model of the vibrating system equivalent to the vehicle in the mode of emergency braking is 
developed and the solution is offered. The problem associated with the comparison of the vibrations of the braking 
vehicle with the oscillations of a uniformly translating vehicle is considered. On the basis of the analysis of the available 
research data some assumptions and constraints are introduced, allowing the vibrating system equivalent to the condi­
tion of the vehicle in the mode of emergency braking to be developed. The system obtained differs from the data found 
in the theory of the vehicle in the description of the applied tangential forces caused by the force of inertia applied to the 
center of gravity. Based on the equivalent system developed, the differential equations describing the displacements of 
masses of the above system are derived and solved. 
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1. Introduction 

A motor vehicle may be looked upon as a system 
consisting of particular masses (i. e. the body, axles, 
wheels, etc.). These separate masses (parts) may displace 
with respect to each other, rotate or change their position 
in some other way. This is especially relevant for study­
ing the vehicle dynamics (for example, in breaking). 

When a vehicle is subjected to the action of trans­
verse and longitudinal forces, the axles and right and left 
side wheels are more heavily loaded on one side of the 
vehicle then on the other, therefore its body may be dis­
placed or turned. 

The following types of displacements are practically 
important [ 1 J: 

linear vertical vibrations of the body (swinging); 
angular vibrations of the body in the longitudinal 
plane of the automobile (jumping); 
angular vibrations of the body in the transverse plane 
of the automobile (rocking). 
The EC Council Directive 71/320 [2] emphasizes 

that the vehicle should be designed to be able to keep the 
rectilinear translation in case of emergency braking. 

1 E-mail: robec@ti.vtu.lt 
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However, the authors of the present investigation are 
concerned with the problem of redistribution of the par­
ticular masses in a vehicle which is slowing down dur­
ing the emergency braking. 

2. Major Assumptions and Constraints 

The study of literature on the problem [3-10] has 
shown that to develop a mathematical model of the pro­
cess considered, some assumptions have to be made, al­
lowing for the comparison of vehicle vibrations. The task 
is to compare the vibrations occurring in emergency brak­
ing with those found when a vehicle is in the mode of 
uniform translation. In order to identifY the differences of 
the above types of vibration, maintaining the equivalent 
vibrating system at the same level of complexity as found 
in the theory of uniform translation and vehicle suspen­
sion, the particular relationships should not be taken into 
account or evaluated. The latter refer to some minor kine­
matic relations of the revolving wheels and the supporting 
frame (plane). Moreover, the approach suggested allows 
the assumptions introduced in developing the vibration 
model of a braking vehicle to be more clearly grounded. 

This approach to developing a mathematical vibra­
tion model of the vehicle taking into account the treat­
ment of similar problems by other authors determine the 
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following constraints and assumptions adopted in the 
present investigation: 

1. Taking into account that phase 1 and phase 2 of 
braking considered in [ 1 0] make only a fraction of the 
whole process, it is assumed that at these stages the pro­
cess of braking follows the same path as determined for 
the main phase 3. In other words, it is assumed that the 
wheels of the vehicle are brought to a stop as soon as the 
brakes are applied. 

2. The coupling coefficient between the tyre and 
the surface of the road pavement is independent of the 
speed, with its instability being assessed statically by an 
average value of the coupling coefficient of braking on 
the road. 

3. Since only vertical vibrations in the longitudinal 
plane are considered for the vehicle with non rotating 
wheels when the brakes are applied, the tangential stiff­
ness of the kinematic contacts of tyre and pavement is 
assessed together with the normal stiffness. 

4. The equivalent vibrating system of the vehicle is 
considered in a longitudinal plane assuming that the road 
pavement symmetrically acts on the right and left side 
wheels of the vehicle. Moreover, all forces and moments 
occurring in the suspension due to tangential braking 
forces in the zone of tyre and road contact are assumed 
to be the responses of a guiding lever. The guide pro­
vides only for one vertical displacement freedom of the 
axle and the flexible mounted mass. 

5. The equivalent vibrating system of the vehicle is 
reduced to a system with concentrated masses and linear 
characteristics of recovering and damping forces and the 
defonnation functions and their derivatives of all the elas­
tic elements and dampers. 

6. In the equivalent vibrating system some external 
factors such as air resistance, road rnicroprofile gradient 
or downgrade, etc. are not taken into account as it is com­
monly done in the theory of vehicle when the dynamics 
of braking is handled. 

Hence, it leads us to conclude that the equivalent 
vehicle vibrating system to be used in modelling the vi­
brations of a braking automobile differs from the system 
commonly used in the theory of vehicle vibration and uni­
form translation [5, 6] only by tangential forces acting 
under the interaction ofthe wheels and road pavement and 
causing the force of inertia to act on the center of gravity. 

3. The Equivalent Vibrating System of the Vehicle 

The vibrating system equivalent to the vehicle in 
the braking mode is schematically shown in Fig 1. 

The diagram is drawn taking into account the ex­
pressions commonly used in the theory of uniform ve­
hicle translation and the assumptions made, as well as 
using the following notation: 

M - flexible mounted mass; 

I y- inertia moment of a flexible mounted mass, 
depending on central cross axle 0 ; m1,2 - inflexible 
mounted masses of the front and rear axles; c sp1,2 -stiff­
ness coefficients of the front and rear suspension springs; 
111,2- proportionality coefficients of the deformation 
velocity and inelastic forces of dampers, springs and sus­
pension; c p1,2 -normal stiffness coefficient of the tyre; 
q1,2 - the values of the ordinates of the road surface 
microprofile with respect to time during the contact with 
the front and rear wheels; ~1,2 -vertical displacements 
of inflexible mounted masses of suspensions; z1,2 - ver­
tical displacements of flexible mounted masses of sus­
pensions; zo - vertical displacements of the center of 
gravity denoted by 0 of a flexible mounted mass; a -
angular displacements of a flexible mounted mass about 
the center of gravity; P1:1,2 - the tangential forces of the 
road in contact with the front wheels of a braking ve­
hicle; Fi - the force of inertia of the total mass of a 
braking vehicle; r1,2- a couple of forces equivalent to 
the moment of tangential forces and inertia; L- base of 
a vehicle; a , b - the distance from the center of gravity 
to the vertical planes of the front and rear inflexible 
mounted masses; he -the height of the vehicle center of 
gravity up to the middle line of road surface. 

Indices 1 , 2 of the vibrating system equivalent to the 
vehicle in emergency braking denote that the parameters 
refer to the front or rear suspension or are valid in the verti­
cal plane passing through the front and rear wheel axles of 
the vehicle. The coordinates of the vehicle masses in the 
vertical plane are detennined in tenns of the time function 
t with respect to the static equilibrium. Moreover, the in­
crease of the equilibrium height he over the middle line of 
road pavement rnicroprofile is considered negligible com­
pared with its value of coordinates defining the location of 
a flexible mounted mass at the moment. Their interrelation­
ship may be expressed in the following way: 

Z 
_ z2a+z1b. z1 -z2 

o- a+b , a= a+b (1) 

Then, when the variables are differentiated with re­
spect to time, the values with respect to their argument 
are denoted by a dot over a variable symbol. 

In order to derive the equilibrium equations of the 
masses of the system in motion the relationship between 
the forces of inertia and the equivalent vertical forces in 
the suspension plane should be considered first. 

For example, ifthe swinging of the vehicle [10] is 
considered, the total moment acting on the flexible 
mounted mass due to braking forces under the condi­
tions specified is equal to: 

M,. = (P1:1 +Pc2)he. 

The effect of the above moment is practically the 
same as the action of the force couple r1 = r2 , having an 
arm equal to the base of the vehicle. Hence: 

M r = (P'tl + P't2 )he = rL , 
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Fig 1. A schematic view of the vibrating system equivalent to the vehicle in the braking mode: a- basic parameters and 
coordinates; b- interrelations of coordinates at any moment of time (dotted line shows the state of equilibrium) 

therefore, 

(2) 

Braking forces acting on the wheels cause the verti­
cal forces proportional to their sum, acting on the verti­
cal flexible mounted mass in the vertical planes of the 
front and rear suspensions in an opposite direction as 
shown in the diagram. 

It should be emphasized that the expression (2) is 
valid only for the assumption that the guide of the sus­
pension ensures the transfer of the longitudinal forces 
applied to the wheels to the vehicle body on account of 
the internal forces, while the suspension kinematics is 
independent of the relative vertical displacements of the 
points of fixing the springs and flexible mounted or in­
flexible mounted masses. 

According to Fig 1, with the vibrations in the plane 
of the drawing, the flexible mounted mass is acted upon 
by the following forces, in addition to the force couple 
r moment equivalent to the inertia moment of a braking 
vehicle: the force of inertia for the vertical displacements 
of the center of gravity ~n , vertical resisting forces 
PT11,2 of inelastic springs and dampers, elastic spring 
forces Psp1,2 and their moments with respect to the cen­
ter of gravity as well as the inertia moment M i of the 
flexible mounted mass when the latter revolves about 
the cross axle passing through the center of gravity. These 

forces and moments are expressed in terms of the coor­
dinates of the masses at the moment of time, their de­
rivatives and the proportionality coefficients of the elas­
tic and inelastic suspensions. 

4. Differential Equations of Mass Motion of the 
Equivalent Vibrating System 

When deriving the equations for the equilibrium of 
masses with all the above described forces acting the 
following symbols were introduced: 

2csp1,2 
- '0)12= 

M1,2 ' m1,2 

tion frequencies of the front and the rear flexible mounted 

and inflexible mounted masses found on the springs and 

tyres; 

k - 111,2 
1,2- M 

1,2 
- coefficients of inelastic resistance 

of the front and rear suspensions; 

m1,2 r 
ll1,2 = M- . r1 2 = M . 

1,2 ' , 1,2 ' 
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Having evaluated the above given expressions and 
combined the equilibrium equations, it is possible to write 
the systems of the second order differential equations 
describing the vibrations of the braking vehicle masses. 

For strong inertial relation between the vibrations 
of the flexible mounted front and rear masses the fol­
lowing equations are obtained: 

M1i1 +M3i2 +21lt(zl-~1)+2cspl(zl-~l)+rt =0 

M2i2 +M3i1 +2112(z2 -~2)+2csp2(z2 -~2)+r2 =0 

m1~1 +2cpl(~l-ql)-21lt(zl-~l)-2cspl(zl-~J)=O (3) 

m2~ 2 +2cp2 (~ 2 -q2)-2Tl2(z2 -~2)-2csp2(z2 -~2)=0, 

or introducing the conditional notation values we get: 

(4) 

If the inertial relation between the front and rear mass 
vibrations is not observed, the equation (4) is of the form: 

z1 +2k1(z1 -~ 1 )+nf(z1 -~1 )=-vir1 
2 

~~ +mf~1-2!:L(z1-~1)-~(z1-~1)=mfq1 
1-LJ 1-LJ 

z2 +2k2 (z 2 -~2 )+n~(z2 -~2)=-v2r2 (5) 

In dealing with the theory of vehicle suspension and 
uniform translation the problem of the analysis of the 
elastic elements (springs and tyres), the deformation 
rather than the variations of the coordinates and their 
derivatives (i.e. the acceleration of the flexible mounted 
mass at the points z1 and z2 of the vertical vibrations 
z1 and z2 may often arise. Because of this fact, having 
made some transformations, we consider relative rather 
than absolute mass displacement of the system: 

x1. 2 = z1,2 -~1.2- the instantaneous value of the 
deflection of the springs; 

Y1,2 = ~1.2 - q1,2- the instantaneous value of nor­
mal tyre deformation. 

Hence: 

Z1,2 = X1,2 + Y1,2 + q1,2 ; 

z1,2 = i1,2 + Y1,2 + ih,2 ; 

(6) 

Substituting the above expressions into (4) the sys­
tem of equations for strong inertial relation between the 
front and rear parts of the flexible mounted mass, may 
be written as follows: 

.X\+ Yt +x1x2 +xth + 2kti:t +Ofxl = -vlr-iit -x1ii2 

x2 + Y2 +X2X[ +X2Yl +2k2i:2 +0~x2 =-V2r-q2 -x2rh 

.. 2 k1 . Of .. 
y1 +m1 y1-2-xl--XJ =-ql 

Ill Ill (7) 

.. 2 k2 . Q~ .. 
Y2 +W2Y2 -2-x2 --x2 = -q2. 

112 112 

Here, similar to the equality (5), the following no­
tation is introduced: 

1 
V1 =-and v 2 = 

Ml M2 

When the inertial relations are insignificant, we 
may write the following expression substituting (5) into 
(6): 

x1 +)i1 +2k1.X1 +Qfx1 =-v1r1 -iiJ 

2 
.. 2 kl . Ql - .. 
Y! + ffii: Y! - 2 Xj - . Xj - -ql 

I-ll I-ll 

x2 + h + 2k2.X2 + Q~x2 = -v2r2- ih 

2 
.. 2 k2 . Q2 - .. 
Y2 + m2 Y2 - 2 x2 - x2 - -q2 · 

l-l2 l-l2 

(8) 

To any of the system equation the condition ofbrak­
ing forces formation, and, evidently, the force of inertia 
and the force couple r equivalent to them, belonging to 
differential equations, are added. Besides, three major 
features of their formation should be analytically ex­
pressed. 

The first one means that braking forces at any mo­
ment of time are proportional to normal forces (re­
sponses), while for the linear elasticity characteristic of 
tyres, the above forces are proportional to tyre defonna­
tions due to mass vibrations on a rough surface. This 
proportionality is assessed by the coupling coefficient of 
tyres and road pavement. 

The normal values of deformations denoted by 

y1 and y2 in differential equations are counted off from 

the static equilibrium as found in the theory of uniform 
translation and shock proofing. To express the values of 
the instantaneous braking forces in terms of normal forces 
(responses), it is necessary to assess the total deforma-
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tion of tyres, taking the initial contact of tyres with the 
pavement as the point of departure. This follows from a 
physical meaning of braking, implying that when the 

brakes are applied, y1 = y2 = 0 , the force of inertia and 

the equivalent force couple r immediately come into play. 
Based on the above statement, the equality (2) may be 
written in the following way for any moment after brak­
ing the wheels: 

(9) 

here: PN1 2 - instantaneous values of normal forces 
during the' contact of the wheels and pavement, Yn1 2-

maximum normal tyre deformations, y stl,2- tyre defor­
mations for the vehicle in static equilibrium on a ho­
rizontal road. 

Thus the force r , being a violating factor in the 
differentiation equations, is expressed in terms of the 
instantaneous value deviation of the nonnal deformations 
oftyres from the constant level corresponding to the static 
load. 

The second peculiarity found in the analytical de­
scription of the formation of the forces r refers to the 
instantaneous addition of the statistical component to the 
obtained expression (9). In order to give the analytical 
description of the above phenomenon it is necessary to 
match the beginning of time counting with the time of 

initial braking, using the Heaviside unit function 80 (t), 
expressing a single jump: 

{

0, when t < 0 
80 (t)= 

1, when t > 0. 

Then, multiplying the above function by the static 
component of the braking force and determining that in 
braking y1 and y2 become the time functions due to 
the occurring mass vibration of the system, the forces r 
may also be expressed for any moment of time in this 
form: 

(10) 

For brevity, the following notation is introduced: 

h he he 
{cpMq=ao; 2cp1cp L =a1; 2cp2 cp L =a2. 

Thus, we fmally get: 

(11) 

The third peculiarity of the forces r(t) formation 
is associated with the fact that the braking of the vehicle 
may take place at any time, when the vehicle is uniformly 
translating along the rough road. The flexible mounted 
and inflexible mounted masses, being in the state of con­
tinuous vibration at the time of the emergence of the brak­
ing forces (t = 0), acquire a certain defmed state and 
speed determined by the coordinates. To emphasize these 
instantaneous values at the time of occurrence of brak­
ing forces and responses, the zero symbols may be intro­
duced into the notation index. 

Then, it should be assumed that: 

ZJ,2 = ZQJ,2 ; ~>1,2 = ~01,2 ; q1,2 = q01,2; 

z1,2 = ZoJ,2 ; ~1,2 = ~01,2 ; tl1,2 = tJo1,2, when t = 0. 

Taking into account the above statements, the fol­
lowing initial conditions should be evaluated in further 
consideration of the vehicle vibrations, when t > t0 . 

When the effect of the rough road surface on the mov­
ing vehicle is described in terms of a random stationary 
process with the normal distribution law, the initial con­
ditions are described statistically in terms of random 
values also having normal distribution. This follows 
from the condition that the equivalent system is not 
varying statistically. When the brakes are applied, the 
respective values of the distribution of the initial con­
ditions of the vehicle oscillations (i. e. the average value, 
dispersion of the coordinates and their derivatives) are 
found on the basis of the microprofile effect spectral 
density and the system output parameters correspond­
ing to the transfer functions, which are in the state when 
the coordinates of the mass position or their combina­
tions are changing. In addition, the transfer functions 
are found from the same differential equations (7) and 
(8), but only when r = 0. The exact calculations of the 
transfer functions of the systems equivalent to the ver­
tically vibrating vehicle in a state of uniform transla­
tion are presented in the papers [5, 7]. It should be 
noted that when the initial conditions are assessed, the 
forces rat the initial moment will depend on the posi­
tion of masses in braking. 

The initial conditions are expressed as follows: 

ZQ1,2 = ZQJ,2 = ~01,2 = ~01,2 = q01,2 = tl01,2 = 0 ' 

or 

xol,2 = io1.2 = Yo1,2 = Yo1,2 = 0, when t = 0. 
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The physical meaning of the above conditions is that 
braking and blocking of the wheels take place at the 
moment when the system occasionally reaches the state 
of constant static equilibrium. According to the theory 
of probability, this is hardly possible though it may oc­
cur if zero values of a set of eight statistically distributed 
values coincide in time. This case is well - suited for 
theoretical research, when the systems equivalent to the 
translation of the vehicle with the wheels stopped on the 
rough road helps to more clearly define the transition 
process determined by suddenly emerging braking forces. 

The valuable theoretical description of emergency 
braking considered is finally reduced to the description 
of the tangential force change in time: 

P't = cp(80 (t )Pz + 11Pz (t )) ; (12) 

here: Pz - the normal force of the road on the wheels 
equal to the static load; Mz (t) - dynamic increase of 
the normal force due to vibration of flexible mounted 
and inflexible mounted masses. 

5. Computer Aided Test Results 

The system of differential equations (5) is consid­
ered. To solve it, the Euler method [11] is chosen: 

xt = Xr-1 + 1'1tfr-1 ; (13) 

here: xt -the unknown at the time t ; Xr-l -the unknown 
at the time t -1 ; f'...t- integration step; ft-l - the right 
hand side of the 1st order differential equation. 

The differential equations are of the second order 
in the equation system (5). Before applying the Euler s 
method it should be transformed from 4 second-order 
differential equations into 8 first-order equations in this 
way: 

(14) 

The following unknowns are found in the system of 
differential equations: Zt, z1 , ~1 , ~ 1 , Z2, i2, ~2, ~ 2 . 

A standard car possessing the following character­
istics was tested: 

M =950kg; M 1 =600kg; M 2 =350kg; 

ml=70kg; m2 =80kg; a=l,38m; b=l,29m; 
he= 0,52m; cspl,2 = 34kN /m; cp 12 = l20kN /m; 

3 3 , 
Tlt =5,34·10 kg/s; Tl 2 =7,06·10 kg/s. 

The braking is performed on an even road, i. e. 

ql =0' q2 = 0. 
The application programs (software) were developed 

in Compaq Visual Fortran Professional v 6.1 [12] for 
the computer aided test. 

The dependences of the displacements of masses 

z1 , z2 , ~1 , ~2 and the velocities of masses Z:1 , Z:2 , ~ 1 , 
~ 2 on time are given in Fig 2- 5. 
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6. Conclusiom 

1. A mathematical model of a vibrating system 
equivalent to the case of emergency braking vehicle was 
developed, allowing the position of the car body in an 
emergency to be more accurately defined. 

When the brakes are applied, the vehicle masses are 
redistributed between the front and rear axles (the front 
of the vehicle bends over the road surface, while the rear 
part is lifted). This case is illustrated by the relationships 

given in Figs 2- 5 ( z2 > z1 and ~ 2 > ~ 1 ). 

3. The systems of differential equations developed 
allow us to analyze the unstable transition modes ofbrak­
ing the car on the even and rough road. By means of 
these equations it is possible to assess the impact of the 
initial state of the vehicle at the time ofbrake application 
(mass displacements and velocities) on the above pro­
cesses. 

4. The technique developed may be practically ap­
plied to technical expertise as well as in testing the dy­
namics of the vehicle and examining the mechanism of 
collision in the mode of emergency braking depending 

on the acceleration. 
5. The software for solving the obtained mathemati­

cal model of the equivalent vibrating system for the ve­
hicle in case of emergency braking was developed in 
Compaq Visual Fortran Professional v 6.1. 
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