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Abstract. The purpose of this paper is to develop a mathematical model that could guide certain speed limits 

for vehicles on roads. Excessive speeds on roads have been a major indirect cause of deaths on highways due to 

the sudden impact of vehicles that lead to accidents. The model presented here is developed on a measure of 

impact force of two vehicles engaged in a head-on collision. A hypothetical case study was investigated based 

on the impact of force on the human body. The results showed a variation of speed with occupation position 

distance. The paper also examines the role of seatbelt as a safety feature for vehicle occupants. Practically, de-

veloping a quantitative approach for evaluating the impacts of speed would help road regulatory authorities in 

reducing accidents and deaths on roads. It would also assist them in tracking “road traffic offenders” by setting 

controls to which road users must conform. 

Keywords: speed limits, seatbelt, head-on collision, impact force, roads or highways. 

1. Introduction 

A speed limit can be defined as the maximum 
speed allowed by the regulatory authorities for ve-
hicles using a particular highway. Speed limits are 
imposed on road highway users in order to prevent 
accidents and traffic fatalities. 

Unfortunately, many other causes of accidents 
have been identified, such as: 
1) the role of heavy drinking or alcohol on drivers’ 

behaviour [1–3]; 
2) drug abuse among drivers [4]; 
3) other causes [5]. 

Researchers have argued that a common cause 
of road accidents is that no clear information is avai-
lable on national levels on the prevalence of acci-
dents due to driving under the influence of illicit 
drugs and drinking of alcohol. Thus, there is a high 
crash risk in drinking and driving and taking illicit 
drugs and driving [6]. 

In order to control speeds, regulatory authori-
ties have installed various alternative approaches in 
order to attain results. One of these approaches is 
the use of road bumps, designed under conditions of 
variable speeds [7, 8]. The study in paper [7] consi-
ders the conical-shaped road bump for theoretical 
and experimental analysis. The paper first determi-

nes bump’s height and width, as well as the effective 
distance between two consecutive road bumps. For 
the first relationship, tangent of angle of inclination 
of bump is proportional to the ratio of bump’s 
height and width.  For the second instance, the ef-
fective distance is proportional to the square of 
maximum speed and the acceleration component of 
the model.  However, speed of vehicle at the side of 
speed and cosine of angle of inclination of bump 
side with road surface. The paper [8] is consistent 
with that described earlier. 

Despite efforts by regulatory authorities to 
control speeds on roads, judgments on speed limits 
are usually intuitively made. This implies that varia-
tions in the implementation of road speed limits 
may be pronounced since no universal measurement 
exists. Therefore, the need to develop and test a 
mathematical model that would guide speed limits 
of vehicles on roads is important. With this, a scien-
tific basis for setting speed limits would be in place. 
The speed limits proposed by this mathematical 
model help to keep the momentum change of vehic-
les within a range that will not constitute danger to 
vehicle occupation in case of a collision. Head-on 
collision was used in the model development for the 
worst-case scenario, as this will give the largest mo-
mentum change. Based on this impact force, the 
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force required of the seatbelt to restrain the occu-
pant in case of a collision is now evaluated. Other 
areas considered include the effect of the mass of 
the occupant, the distance travelled by collided ve-
hicles on impact, distance of occupant from 
dashboard and whether or not the occupant used 
the seatbelt. 

2. Methodology 

Vehicles on highways move at high speed. 
While in an ideal case, the vehicles moving in oppo-
site direction are separated by a dividing strip, they 
are not in many roads (in Nigeria for example). This 
makes it possible for fast moving vehicles to be in-
volved in head-on collision. This will give the largest 
momentum change and consequently, force of im-
pact on the occupant. If not using a seatbelt, the risk 
of injury is increased as the occupant’s movement is 
unrestrained and will consequently be hurled 
forward by inertia.  

The approach utilized is the law of conservation 
of linear momentum. This states that the total mo-
mentum of the bodies before impact is equal to the 
total momentum of bodies after impact. Using the 
change in kinetic energy or energy lost due to the 
impact the impact force can be calculated consider-
ing the distance travelled by the vehicles on impact 
(due consideration given to energy lost by sound 
during impact). The impact force is now used for 
other calculations, such as the restraining force of 
the seatbelt.  

 

2.1. Assumptions 

The problems of traffic can be very complex 
considering the infinite possibilities of events that 
can lead to a collision and what can follow. 
However, to obtain realistic result and simplify the 
problem, certain assumptions have to be made.  
These are:  

• Only two of the vehicles on the highway are 
involved in the collision. If more than two vehi-
cles collide, the impact analysis would be multi-
body, multi-directional, and therefore complex.  

• The collision is head-on. This is to have a focus 
and an initial starting point.  

• Energy is lost basically through work done by 
impacting force (crumbling both vehicles) and 
sound. Other sources of energy losses could be 
available in practice. However, they are treated 
as negligible to a research strategy and to avoid 
computational complexity. 

• The vehicles, on impact, are “fixed” together 
and more through a distance with a common ve-
locity before coming to rest.  

• The impact force does not reach the occupant 
using a seatbelt when he/she is outside the 

crumbling zone (meant to dissipate energy due 
to impact force).  

• The seatbelt acts as a rigid body when it holds 
the occupant in his seat against the pull of iner-
tia on impact. 

 

2.2. Model development 

In developing a model that would practically 
represent the speed control model presented in this 
work, a number of notations are stated in this sec-
tion, which would be utilized in the model develop-
ment. The notations relate to the masses of the two 
vehicles with which collision occurs.  Another im-
portant consideration is the velocities of the first 
and second vehicles as well as the common velocity 
after collision must have occurred. An important 
consideration is the issue of energy during collision.  
Here, it is known that there is energy change before 
and after collision.  This energy change accounts for 
loss of energy through sound-wave propagation. 
Other aspects to consider are the area of impact 
during the collision process as well as the density of 
the vehicular body which is assumed to be mainly 
aluminium. An important consideration is also the 
common distance travelled on collision. 

Thus, the following mathematical notations 
represent those discussed above in relation to the 
collision of the two vehicles: 

1m  – mass of 1st vehicle; 

2m  – mass of 2nd vehicle; 

1v  – initial velocity of 1st vehicle; 

2v  – initial velocity of 2nd vehicle; 

3v  – common velocity of the two vehicles from colli-

sion; 
EΔ  – energy lost through sound wave propagation; 

A  – area of impact; 
ρ  – density of vehicle body (aluminium); 

dt  – common distance travelled on collision; 

td  – a measure at the sense of the incidence; 

τ  – shear strength of the human bone; 

A  – cross-sectional area of an average human bone 
assumed to be approximately circular annulus; 

0d  – distance of occupant from dashboard; 

*F  – inertia force on occupant due to impact; 

d  – diameter of pin; 

w  – width of belt; 

t  – thickness of belt; 

0m  – mass of occupant; 

σ  – strength of belt. 

At the instance of collision, the concept of mo-
mentum is introduced. Since the vehicles are assu-
med to move in a linear and one-directional path, 
we can introduce the law of conservation of momen-
tum to guide the collision. Thus, from the law of 
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conservation of momentum, we then have equation 
1 stated as follows: 

( ) ( ) 3212211 vmmvmvm +=−+ . (1) 

The negative velocity attached to the descrip-
tion of momentum for vehicle 2 indicates that the 
second vehicle moves in the opposite direction of 
the first. From equation (1), it is observed that the 
sum of the momentum before and after collision is 
the same. Before collision, the first vehicle has a 
specific mass and velocity. Also, the second vehicle 
has a different mass and velocity. However, the mass 
of the bodies after collision is the sum of the indivi-
dual bodies. They also have a common velocity after 
collision. 

Now, considering the energy balance, we would 
obtain an equation that shows the change in kinetic 
energy of the two bodies before and after collision 
on one side, and the energy changes in general as a 
result of the impact created on the other side of the 
equation. Therefore, the left-hand side of the 
equation would contain the kinetic energy of the 
moving first vehicle (A) plus the kinetic energy of 
the second vehicle (B) minus the kinetic energy of 
the collided vehicles moving together for a short 
period (see Fig 1). The right-hand side would con-
tain the product of the force and distance as well as 
the energy lost through sound-wave propagation. 
Thus, equation shown below represents the mathe-
matical expression for the energy balance: 

( ) =+−+ 2
321

2
22

2
11 2

1

2

1

2

1
vmmvmvm  

EdF t Δ+1 ,  (2) 

where 1F  – impact force. 

Now, let us consider the two vehicles colliding. 

The length of the first vehicle (A) is given as 1x , 

while the distance between the extreme end of ve-

hicle (A) and the end of vehicle (B) is 2x . The total 

length (i.e. 21 xx + ) is designated as L . This is 

shown in Fig 1.  
 

 
 

Fig 1. The “work done” analysis of colliding vehicles 

 
We consider the energy lost by sound-wave pro-

pagation through each vehicle. Thus, we calculate 
the work done by each vehicle and the total work 
done by the vehicles. The work done by vehicle (A) 

is indicated as 111 xFW = . For the second vehicle, the 

work done is 212 xFW = . Therefore, the total work 

done, designated as TW  is shown mathematically as 

21 WWEWT +=Δ= . The symbols 1W  and 2W  could 

be replaced by factors 1F , 1x  and 2x . Therefore, we 

have 21 WWEWT +=Δ= . This leads us to 

( ) LFxxFEWT 1211 =+=Δ= . However, we know 

that vAv
t

v
mF Δρ=Δ=1 .   

Also, we know that: 

vLAvE Δρ=Δ .  (3) 

However, by substituting equation (3) for 
equation (2), we have: 

( ) =+−+ 2
321

2
22

2
11 2

1

2

1

2

1
vmmvmvm  

vLAvdF t Δρ+1 . 

Therefore: 

( ) ( )

td

vLAvvmmvmvm
F

⎟
⎠

⎞
⎜
⎝

⎛ Δρ++−+
=

2
321

2
22

2
11

1
2

1

2

1

. (4) 

It is assumed that this impact force will not 
reach an occupant using a seatbelt. In the design of 
the vehicle, the occupant will be positioned such 
that the energy associated with the impact force 
would have been dissipated in the vehicle crumple 
zone before it reaches him/her. An occupant who 
did not fasten his seatbelt will be hurled forward by 
inertia and will take this force on his body. Conside-
ring the force required to shatter a bone is based on 
its strength and the impact force from equation (4). 
Consider the transverse force acting on the bone as 
shown in Fig 2. 

12 FA ′≤τ ,    (5) 

where 1F ′  is the minimum force required to break 

the bone. The occupant will therefore sustain a frac-
ture if: 

AFF τ≥′≥ 211 .   (6) 

Therefore, to sustain a fracture: 

( ) ( )
.2

2

1

2

1 2
321

2
22

2
11

A
d

vLAvvmmvmvm

t
τ≥

⎟
⎠

⎞
⎜
⎝

⎛ Δρ++−+
(7) 

 

 
Fig 2. Transverse force acting on the bone 

 
Variants of equation (7) are as follows: 

• Vehicle 1 initially at rest: 01 =v . 
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• Vehicle 2 initially at rest: 02 =v . 
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• Both vehicles are brought to rest after impact: 

03 =v . 

 
( )

.2
1

1

2
22

2
11

F
d

vmvm

t
=

+
  (10) 

• If all the energy lost is due to work done by 

impact force i.e. no energy lost by sound wave 

propagation. 

 02
3 =ρ LAv ;  

( ) ( )
.2

1

2

1 2
321

2
22

2
11

1
td

vmmvmvm
F

+−+
=  (11) 

Alternatively, the analysis can be done based on 
the occupant himself and not on the vehicles. Con-

sider an occupant of mass 0m  inside vehicle 1 mo-

ving with an initial velocity 1v . Initially, it is assu-

med for the purpose of analysis that the occupant is 
not using the seatbelt. The velocity of the occupant 

on impact 02 =v . This is because he will be hurled 

against the dashboard and suddenly brought to rest. 
Therefore: 

0
2
20

2
10 2

1

2

1
Fdvmvm =− ;  (12) 

02 =v ;  

0
2
102

1
Fdvm = ,  

where 0Fd  – work done in bringing occupant to 

rest. 

d

vm
F

2

2
10= .   (13) 

Alternatively, if the occupant was in vehicle 2 

moving with an initial velocity 2v , the force of im-

pact on the occupant will be: 

d

vm
F

2

2
20= .  (14) 

It is obvious from equations (13) and (14) that 
the force on the occupant depends directly on the 
product of his mass and velocity before impact and 
inversely proportional to his distance from the 
dashboard. Based on this force and the force to cau-
se fracture, the velocity of the vehicle to cause injury 
on collision can be estimated. Recall that the mini-

mum force required to cause fracture is given by 

AF τ≥′ 21 . 

If 1FF ′≥ , bone fractures. 

Therefore: A
d

vm τ≥ 2
2 0

2
10 . 

Therefore: 

0

0
1

4

m

Ad
v

τ≥ ;   *
11 vv ≥ ;  

0

0*
1

4

m

Ad
v

τ= .     (15) 

This gives the limiting velocity of the vehicle 
that will prove hazardous on impact for a commuter 
travelling without using the seatbelt. A speed limit 
can therefore be obtained using equation (15). Now 
assuming the occupant uses a seatbelt as shown 
below, the restraining force and consequently 
strength of the belt that will not fail in event of an 
impact can be estimated. If we consider the sitting 
position of the occupants before the impact, then 
the forces on the seatbelt (this is an inextensible 
fabric which in configuration will act as a rigid bo-
dy), i. e. the free body diagram of the forces acting is 
as shown in Fig 3. 

 

 
Fig 3. Free body diagram of the forces acting 

 
Therefore: 

xi FF 2= ;    (16) 

xFF 2* = ;  

 

d

vm
F i

i 2

2
0= ;   x

i F
d

vm
2

2

2
0 = .  

Therefore: 

d

vm
F i

x 4

2
0= .     (17) 

Equation (17) gives the minimum force the 
seatbelt must be able to withstand at the pinned 
ends to be able to restrain the occupant in the event 
of an impact. Taking a section of the belt through 
one of its pinned ends, we will have the strength of 

the seatbelt defined by xFA =σ .  

Therefore (see Fig 4): 

( )dwt

F

A

F xx

−
==σ .   (18) 
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Fig 4. Seatbelt scheme 

 

 
Equating (17) and (18): 

( )dwtd

vm i

−
=σ

0

2
0

4
.    (19) 

Recall that the velocity to cause fracture is gi-
ven by equation as:  

0

0*
1

4

m

Ad
v

τ= .   (20) 

Setting *
11 vv =  to obtain a minimum belt 

strength for the occupant’s safety in the event of a 
collision, we will have: 

0

0*
11

4

m

Ad
vv

τ== .   (21) 

Therefore (from equation (19)): 

( )dwtd

vm i

−
=σ

0

2*
0

4
.    (22) 

Putting (21) into (22), we will have: 
 

( ) ( )dwt

A

dwtd

m

Ad
m

−
τ=

−

τ

=σ
0

0

0
0

4

4

.   (23) 

Therefore: 

τ=σ k ,    (24) 
where 

( )dwt

A
k

−
= .   (25) 

 
From equation (24), the strength of the belt can 

be designed based on the strength of the bone of the 
occupant. An average value for the shear strength of 
a healthy human being can be used, due considera-

tion given to k  (avec ratio). Equation (22) gives a 

relationship between the strength of the belt and the 
velocity of the vehicle. These can be related toge-
ther keeping all other parameters constant. Same 
can be done for the strength of the belt and the 
mass of the occupant. 

Based on the shear strength of the human bone 

and the value of k , equation (24), the minimum 

value of σ  for safety can be set. This is now utilized 

in equation (22) to obtain the speed limit on the 
highway. 

3. Case study 

Consider a hypothetical value for the shear 

strength of the human bone say =τ 400 kN/m2. If k  

is taken as 4 i.e. the bone of a typical bone in a man 
say Femur is 4 times the cross-section of the seat-
belt. The outer diameter of the Femur is taken as 
4 cm with a thickness of 1 cm. The Femur is thus as 
shown in Fig 5. 
 

 
 

Fig 5. Femur scheme 

 

( )
4

22 dD
A

−π= .   (26) 

Therefore: 

( ) =−π=
4

24 22
A 242 m10428.9cm428.9 −⋅=   (27) 

and 

( )dwt

A
k

−
== 4 .    (28) 

Therefore: 

( ) =⋅==−τ
−

4

10428.9

4

4A
dw 24 m1036.2 −⋅ .   (29) 

Put (29) into (22) 

( )
0

2*
0

3

4
0

2*
0 1006.1

1036.24 d

vm

d

vm ii ⋅=
⋅⋅

=σ − . (30) 

 
Equation (30) expresses the strength of the belt 

σ  as a function of mass of occupant 0m , distance of 

occupant 0d  from the dashboard, *
1v  velocity of the 

vehicle (and of course the occupant). 
Rewrite equation (24) with values: 

263 mN106.1104004 ⋅=⋅⋅=τ=σ k . (31) 

Equating (30) and (31) we will have: 

( ) 6

0

2*
0

3
106.1

1006.1 ⋅=⋅
d

vm i , or  

0

0*
1 85.38

m

d
v = .    (32) 

Equation (32) expresses the speed limit as a 
function of the occupant mass and his distance from 

the dashboard. The variation of *
1v  with these pa-

rameters can therefore be observed. 
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Case 1: Variation of speed with mass (distance is 
fixed) 

Assuming m5.00 =d . 

Therefore: 

00

*
1

47.275.0
85.38

mm
v == .  (33) 

Considering occupants with various mass range, 
as shown below: 

7030 0 ≤≤ m .    (34) 

The result can be expressed in a compact form 
in the Table 1. 
 
Table 1. Variation of speed with masses (distance is fixed) 

 

i  0m , kg 
0m  ( ) 1

0
−

m  
*
1v , m/s 

1 
2 
3 
4 
5 

30 
40 
50 
60 
70 

5.48 
6.32 
7.07 
7.74 
8.37 

0.183 
0.158 
0.141 
0.130 
0.120 

5.02 
4.34 
3.88 
3.55 
3.28 

 

Case 2: Variation of speed with occupant position dis-

tance 0d  

Mass is fixed, therefore ( kg600 =m ). 

Therefore: 

0
0*

1 02.5
60

85.38 d
d

v == .   (35) 

The results can be expressed in a compact form 
in the Table 2. 
 
Table 2. Variation of speed with occupant position dis-

tance 0d  

i  0d , m 0d  *
1v , m/s 

1 
2 
3 
4 
5 

0.5 
0.6 
0.8 
0.8 
1.0 

0.707 
0.775 
0.837 
0.894 
1.000 

3.55 
3.89 
4.20 
4.50 
5.20 

4. Discussion of results 

The case study validates the fact that the speed 
limit of a vehicle can be set based on the mass of the 
occupant or on the distance of the occupant from 
the dashboard. 

The variation of the speed limit with the afo-
rementioned parameters are as shown on the plots 
above. 

The first plot shows that for increasing occu-
pant mass, the velocity has to be reduced (i.e. lower 
speed limits). On the other hand, the speed limit can 

be higher for higher values of do (i.e. occupant dis-
tance from dashboard). 

5. Conclusions  

This paper has been able to develop a mathe-
matical model that determines the speed limit of 
vehicles on the highway based on parameters rela-
ting to the occupant and his position in the vehicle. 

The model is based on the fact that the strength 
of a seatbelt required to hold an occupant (restrain 
him on his seat) in the event of a collision is propor-
tional (directly) to its inertia force. 

This was used in the model to determine the 
strength of the belt as a function of other parame-
ters relating to the geometry of the belt, but mate-
rial and position of the occupant in the vehicle. 

The model shows that the speed limit can be set 
using occupant mass or position in vehicle as crite-
rion. The case study cited justifies this. 

The scope of the paper may be widened by con-
sidering multiple vehicle collision with each vehicle 
containing n  occupants ( 1>n ). 
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