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1. Introduction 

All of us are either drivers or pedestrians. Although 
these two groups are not satisfied with each other, as a 
rule, they have one main feature in common: both driv-
ers and pedestrians want there would be as less road 
traffic accidents as possible (Elvik et al. 1997).

The analysis of data for the period from 2000 to 
2008 showed that 67% of all officially registered acci-
dents were caused by drivers and 20% by pedestrians.

Most accidents are caused by persons who feel a 
lack of driving experience or have no driving license. Ap-
proximately 90–95% of road accidents in Lithuania are 
directly or indirectly caused by people, i.  e. road users 
(Accident Rate Information 2009; Šliupas 2009, etc.). The 
studies carried out in other countries show that this fac-
tor determines only 65% of all accidents.

For instance, in 2004, the situation of road traffic 
safety in Lithuania was complicated. According to sta-According to sta-
tistical data, among 25 EU Member States, the situation 
was worse only in Latvia: 218 fatalities per 1 million in-
habitants in Lithuania and 225 in Latvia in 2004 (versus 
41 in Malta, 58 in Great Britain, 61 in the Netherlands).

In 2009, road traffic safety in Lithuania was much 
better. In 2008, compared with 2007, the number of fa-
talities decreased by 25.6%, whereas in 2009, compared 
with 2008, it decreased by 20.2% (Accident Rate Infor-
mation 2009; Accident Statistics in Lithuania 2010). 

These are encouraging data showing that the situation 
is improving. To have a wider scope of the initial data, 
we shall purposefully use statistics on the previous years.

This study analyzes statistics on the dependence of 
the number of road accidents on driving experience (Ac-Ac-
cident Statistics in Lithuania 2010). The second section 
provides an exponential approximation of these acci-
dents and analyzes deviations from real accidents con-
sidering the obtained approximation. The carried out 
analysis has shown it is reasonable to divide driving ex-
perience (less than 40 years) into two intervals: less than 
15 and from 15 to 40 years. The deviations of real acci-
dents from the theoretical curve have been approximat-
ed by harmonic functions. The mathematical model de-
scribing the dependence of the number of road accidents 
on driving experience is offered in the third section. The 
obtained model has been tested by performing a new ap-
proximation employing the eigenfunctions of the math-
ematical model. The results of using the mathematical 
model offered in the conclusions may be applied for 
long-term forecasts for the dependence of the number of 
road traffic accidents on driving experience.

2. Dependence of the Number of Accidents on 
Driving Experience

The application of mathematical models in the field 
of transport became popular and effective in the sec-
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ond half of the last century (Ortúzar and Willumsen 
2001; Pečeliūnas and Prentkovskis 2006; Bonzani 2007; 
Chen  et al. 2007; Dragčević et al. 2007; Prentkovskis 
et al. 2007 and 2009; Sokolovskij and Pečeliūnas 2007; 
Sokolovskij et al. 2007; Beljatynskij et al. 2009; Junevičius 
and Bogdevičius 2009; Liu et al. 2009; Vansauskas and 
Bogdevičius 2009; Viba et al. 2009; Prentkovskis et al. 
2010a and 2010b, etc.). 

This concerns the implementation, analysis and 
efficiency of safety systems and analysis as well as the 
simulation of car accidents (Лукошявичене 1988; 
Иларионов 1989; Lukoševičienė 2001; Sokolovskij et al. 
2007; Liu et al. 2009; Viba et al. 2009; Prentkovskis et al. 
2010b, etc.). 

When analyzing the accidents that occurred on the 
roads of Lithuania, attention was focused on the most 
frequent type of those − collisions with pedestrians. This 
allowed to draw both long-term and short-term forecasts 
for the dynamics of car accidents, to develop a mathe-
matical model of car movement in an accident situation 
(Lukoševičienė 2001) and to carry out the analysis of cal-
culation methods applied in order to assess the accuracy 
of the results of studied road traffic accidents (Nagurnas 
et al. 2007 and 2008). 

It seems that the number of accidents should de-
pend on both environmental and human factors. How-
ever, the analysis of accidents shows that the main cause 
of road accidents is the latter factor. Among other poten-
tial factors, it is worth mentioning the influence of sleep-
iness and time interval from awakening which has been 
recently studied (Akerstedt et al. 2008). It is well known 
that the reaction time of drivers depends on the age and 
driving experience (Lukoševičienė 2001). This reflects 
the influence of driver’s experience on the dynamics of 
road traffic accidents. As a result, the authors have raised 
a hypothesis that the number of road traffic accidents de-
pends on two components – experience and physical as 
well as mental condition. To verify this hypothesis, the 
mathematical simulation of the dependence of road ac-
cidents on driving experience has been performed. 

2.1. Data Analysis 
We have analyzed the dependence of the number of ac-
cidents on driving experience (Accident Statistics in Li-Accident Statistics in Li-
thuania 2010) (see Fig. 1). 

In order to generate a mathematical approximation, 
the analyzed data must be properly prepared. For this 
purpose: 

 –  the number of accidents that occurred during 
the first  year (340 accidents) must be assigned 
to time t = 0.5; 

 –  the total number of accidents, i. e. 20, in which 
the drivers having driving experience of more 
than 40 years are involved, must be simply elimi-
nated. 

Later, special analysis is carried out, i.e. the extent to 
which these assumptions change the generated approxi-
mation is verified.  

It should be noted that the list of accidents contains 
only data registered by traffic police. We agree that re-

quirements for a report on all motor traffic accidents to 
the police are reasonable. First, this would allow more 
comprehensive and in-depth analysis. On the other 
hand, the results of such analysis would be more reliable.

2.2. The Main Trend
By using data given in Fig. 1, the assumptions gener-
ated above and a certain mathematical package we are 
able to generate an approximation of these data. The au-
thors have used software package ‘Mathematica’ (license: 
L2990-7548). Exponential approximation N(t)=ae-bt+c is 
generated when:

a = 307.3, b = 0.1072, c = 14.62. (2.1)

Parameter a is equal to the initial number of acci-
dents; parameter b may be referred to as the accident rate 
constant which indicates the relative reduction of the 
number of accidents per year and determines the rate of 
changes in the number of accidents with respect to time; 
parameter c is an asymptotic value which is equal to the 
number of accidents when driving experience exceeds 40 
years. 

The correlation intervals of parameters a, b and c 
are as follows: 

282.5      332.1;
0.08549     0.1289;   
0.09     29.33,  

a
b

c

 < <
 < <
 < <

 (2.2)

i  .e. halves of the correlation intervals of these param-
eters are often associated with absolute errors and are 
respectively equal to a∆  ≈ 24.8; b∆  ≈ 0.0217; c∆  ≈ 14.6. 

The approximation curve (trend) with parameters 
(2.1) and the correlation interval are presented in Fig. 2. 

The ‘Mathematica’ package allows not only ob-
taining approximation parameters indicated in formula 
(2.1), but also assesses the efficiency of the approxima-
tion. The efficiency of a mathematical approximation is 
expressed by a correlation matrix the correlation coeffi-
cient of which is equal to 0.814.

Parameter 14.6 ≈ 15 may be used to assess the in-
accuracy of data, since when t >> 40, the number of ac-
cidents should reduce to zero (very old people do not 
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Fig. 1. The dependence of the number of road 
traffic accidents on driving experience 
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drive). On the other hand, a half of the correlation in-
terval of parameter c (2.2) and the related correlation 
interval show it is approximately equal to the value of 
parameter c itself. 

Also, when parameter a is reduced by 10%, the total 
number of accidents decreases by 36.8%, and in case of 
reducing parameter b by 10%, the total number of acci-
dents decreases by 17.8%, i.e. their ratio is equal to 2.07. 
This means that the reduction of the number of accidents 
during the first driving year is more efficient almost two 
times than the reduction of accident rate constant b in-
dicating a relative reduction in the number of accidents 
per year. 

2.3. Analysis of Deviations of Real Accidents from 
the Approximation Curve
It follows from Fig. 2 that the approximation curve cor-
rectly reflects the downtrend in the number of road 
traffic accidents. In this subsection, we will analyze the 
deviations of the number of real accidents from the ob-
tained approximation curve. 

The approximation formula allows finding the 
number of predicted accidents at any time. For instance, 
according to the approximation curve, the drivers with 
10 years of driving experience cause 119.8  ≈  120 road 
accidents on average and the number of real accidents 
which follows from the data given in Fig. 1 is 142 ac-
cidents. This shows that deviation is the difference be-
tween the number of real accidents, i.e. 142 and the ap-
proximation value, i.e. 120 and is equal to 22 accidents 
in this case. The data compiled in accordance with this 
principle are given in Fig. 3 in which the deviations of 
real values from the approximated ones when driving ex-
perience is less than 40 years are reflected.

The first important conclusion based on the given 
deviation diagram is that deviations produce periodic 
vibrations. It is worth noticing that minimum devia-
tion is – 1.04 when driving experience is 35 years and 
maximum deviation is 49.4 when driving experience is 
11 years.

The second important conclusion based on Fig. 3 
is that two maximums are evident in case the most fre-
quent causers of road traffic accidents are drivers hav-
ing 2−3 years of driving experience and those driving 
for 11−12 years. If the first maximum is well known to 
everyone, the authors believe that the second one when 
driving experience reaches 11−12 years is noteworthy.

To analyze deviations (Fig. 3), it is appropriate to 
divide the whole time interval of driving experience into 
two intervals – less than 15 years and more than 15 years. 
Deviations when driving experience is less than 15 years 
form a periodic curve the period of which is approxi-
mately 10 years and the amplitude of vibrations from the 
accidents consists of approximately 50 accidents. When 
driving experience exceeds the period of 15 years (i.e. 
in the second interval), the periodicity of accidents de-
creases to 5 years and the value of amplitude vibration 
reduces to 15 accidents. 

Fig. 3 reflects the approximation of deviations of 
road accidents by harmonic functions  
the parameter values of which are given in Table 1.

Table 1. Values of parameters, N20, ω, φ of approximating 
harmonic function 

Interval, years N20 ω φ

I  (0−15) 50.0 0.6 1.2

II  (15−40) 6.80 1.21 4.86

2.4. Comments on the Generated Approximations
Let us specify the extent to which the assumptions gen-
erated in the beginning of this section change parame-
ters a, b, and c of approximation curve btae c− + . To this 
end, a new approximation procedure shall be performed 
with the changed initial data. If we do not eliminate the 
last value (the number of accidents caused by drivers 
with driving experience exceeding 40 years, i. e. 20 ac-
cidents), we will obtain the following parameter values:

a = 307.3; b = 0.1073; c = 14.74 (2.3)

and their correlation intervals:

282.9 < a < 331.7;
0.08635 < b < 0.1283; (2.4)
0.84 < c < 28.63.

It is evident that the obtained values of parameters 
a, b and c (2.3) and correlation intervals (2.4) insignifi-
cantly differ from respective values (2.1) and (2.2). This 
is also confirmed by the maximum value of the correla-
tion matrix, i. e. 0.805, obtained with parameters (2.2). 
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It may be proved that a change of the initial value 
(340 accidents) when t = 0.4, or t = 0.6 change the values 
of parameters a, b and c and their correlation intervals 
even less than in expressions (2.3) and (2.4). Thus, we are 
sure that the assumptions generated in the beginning of 
this section are correct. 

Another question arising when generating any ap-
proximation is the choice of the type of the approxi-
mation curve. Indeed, why have the authors used an 
exponential rather than, for instance, a logarithmic ap-
proximation?

Logarithmic approximation lna t b− +  has at least 
two advantages: it may be generated with only two pa-
rameters: a = 79.67; (73.26 < a < 86.07); b = 300.1; (281.8 
< b < 318.4); moreover, the maximum value of the corre-
lation matrix is even 0.94. This shows that the correlation 
between the logarithmic curve and given data is better 
than in the case of an exponential approximation. How-
ever, the logarithmic approximation has three significant 
disadvantages: 

 – it follows from the logarithmic approximation 
that the initial number of accidents is equal to 
infinity; 

 – there is such driving experience t when the 
number of road traffic accidents turns to a nega-
tive number; 

 – when driving experience highly exceeds 40 years, 
the number of accidents is negative and infinite.  

The authors suggest that the abovementioned dis-
advantages of the logarithmic approximation prevail 
over its positive characteristics mentioned above.

When generating a general approximation, several 
important principles should be followed: 

 – an absolutely clear and mathematically strict for-
mulation of a task;

 – the optimal ratio between the elements of the 
correlation matrix and the characteristics of gen-
eral data.

The first principle determines the type of and the 
interval in which an approximation is generated etc. For 
instance, if we are interested in the number of road traf-
fic accidents caused by drivers with driving experience 
of 1.5 years, we have to perform data interpolation of the 
initial diagram between values t = 1 and t = 2. This may 
be power, polynomial or other interpolation. However, 
if we are interested in the common dependence of road 
traffic accidents on driving experience in interval [0; 40], 
an interpolation is not appropriate in this case and other 
methods should be applied.

By applying the second principle, we will come to 
the conclusion that the approximation curve containing 
an optimal ratio between the elements of the correla-
tion matrix and conditions for general data would give 
the value as close to unity as possible for the maximum 
element of the correlation matrix on the one hand and 
would be in compliance with the general limits of the ini-
tial data, additional conditions or characteristics on the 
other. For instance, a polynomial or spline approxima-
tion is not appropriate in our case because it has no phys-
ical meaning. A number of approximation types should 

be eliminated due to poor asymptotic characteristics and 
the like.  

3. The Mathematical Model of Accidents

The main assumption of the mathematical model for 
accidents is the statement that the total number of ac-
cidents caused by drivers with driving experience t con-
sists of two members:

1 2( ) ( ) ( )N t N t N t= + , (3.1)

where: 1N  is the number of accidents influenced by 
driving experience and 2N  is the number of accidents 
influenced by the physical and emotional condition of 
drivers. 

This statement is substantiated by the mathemati-
cal analysis of the total number of accidents carried out 
in the second section. It follows from the second section 
that the total number of accidents can be expressed as 
in (3.1), however, the dependency of function N = N(t) 
and the equation the solution to which is worked out still 
remain unclear. The purpose of this section is to find a 
differential equation and its initial conditions describing 
the total number of accidents ( )N t . 

It follows from the approximation characteristics of 
physical and emotional conditions that it is convenient 
to represent the whole interval of time [0; 40] as the con-
junction of two intervals: [0; 40] = [0; 15] ≈ [15; 40]. This 
means that it is indeed appropriate to develop two mod-
els − each model in its interval.

The number of accidents that depend on the experi-
ence of drivers 1( )N t  may be quite well approximated by 
exponential function btae c− +  having parameters (2.1) 
and correlation intervals (2.2). The damped exponential 
function is a typical quenching process defined by the 
first-order differential equation:

1 1( ) / ( )dN t dt bN t= − , (3.2)

where: the value of parameter b is equal to the value in 
the second section (accident rate constant which  indi-
cates relative reduction in the number of accidents per 
year and determines the rate of changing the number 
of accidents with respect to time) and 10N  is the initial 
number of accidents. 

It is quite evident that a solution to this equation is 
damped exponential function:

1 10( ) btN t N e−= . (3.3)

The results provided in the second section show 
that the accident number that depends on the physical 
and emotional condition of drivers is a periodic func-
tion. From all possible types of periodic functions, we 
will use harmonic functions the differential equation of 
which is as follows:

2 2 2
2 2( ) / ( )d N t dt N t= −ω , (3.4)

where: ω is the angular frequency of the periodic process. 
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It is not difficult to make sure that function:

, (3.5)

where: N20 is the initial value of vibrations and φ − the 
initial phase which is a solution to harmonic vibration 
equation (3.4). 

In our opinion, the shift of physical and emotional 
conditions is more complicated than a harmonic func-
tion; however, we will use harmonic functions as the 
simplest periodic ones the characteristics of which are 
well known. It would be appropriate to use the functions 
that are more complicated than harmonic ones; however, 
in order to determine the exact difference between har-
monic and non-harmonic functions, a larger base of sta-
tistical data is necessary. 

Having in mind that the total number of accidents
( )N t is the sum of two trends (3.1), using differential 

equations (3.2) and (3.4) and defining these trends, we 
obtain that the function defining the total number of ac-
cidents ( )N t satisfies the differential equation:

 
2 2

0 0

/ / ( ) 0;
(1) ; (1) ,

d N dt bdN dt f t
N N N N

+ + =
′ ′= =

 (3.6)

where: ( )f t  is the known function and 0N  and 0N ′  are 
initial conditions. 

It is worth noting at least two significant character-
istics of this equation:

 – it is a simple differential equation rather than the 
equation involving partial derivatives;

 – this differential equation is linear.
These characteristics allow obtaining an analytical 

solution to differential equation (3.6):

 (3.7)

The second-order simple differential equation in-
cluding initial conditions (3.6) and its analytical solution 
(3.7) constitutes the mathematical model of the depend-
ence of the total number of road traffic accidents on driv-
ing experience. 

In order to define this model in terms of quantity, 
parameter b, function f(t) and initial conditions should 
be specified in more detail. 

We will find initial conditions 0N  and 0N ′  from the 
approximation exponential function given in the second 
section showing that 0 307.3N = . 

Considering that parameter b shows the reduction 
of accidents per year, we will determine the value as 0bN . 

From b = 0.1072 and 10N  = 307.3, we obtain that 
0 0N bN′ = =  0.1072×307.33 = 32.95.

Functions f(t) are different in both intervals:

63cos(0.5 2.3);
3cos(0.9 2.6).

I

II

f t
f t
= −
= −

  (3.8)

A summary of parameter b, function f(t) and initial 
conditions is given in Table 2.

In Fig. 4, one can find the approximated results of 
the offered model (3.6).

Table 2. Values of approximating parameters N0, 0N ′ , b, N20, 
ω, φ in the corresponding expressions 

Parameters
Intervals, years

I (0−15) II (15−40)

N0 307.3

b 0.1072

0N ′ 32.95

N20 63 3

ω 0.5 0.9

φ –2.3 –2.6

The maximum elements of the asymptotic corre-
lation matrix (ACM) have been given in the respective 
intervals of driving experience (less than 15 years and 
from 15 to 40 years). The areas of an abnormally high 
accident rate, i.e. 2−3 years and 11−12 years, have been 
distinguished

4. The Main Characteristics of the Model

It should be noted that a differential equation of the 
main model (3.6) may be replaced by the first-order dif-
ferential equation after changing the variables in terms 
of mathematics. Only one initial condition is necessary 
for its solution and it seems that such a model would be 
simpler. However, we will not get an advantage in terms 
of initial conditions: in order to compare the number of 
real accidents (Fig. 1), the integration of the solution to 
the differential equation should be performed and the 
necessary integration constant should be predefined.  

In physics, the second-order differential equation:

2 2 2/ / ( )d N dt bdN dt N f t+ +ω =  (4.1) 
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is referred to as the equation of damped forced vibra-
tions in which parameter b is referred to as a damped 
coefficient, ω  is the frequency of free vibrations and 

( )F t  – forced external force. When forced external force 
is a harmonic function, the solution to this equation is 
well known. 

By analogy with damped vibrations in physics, two 
important identities correlating with parameters of the 
offered model may be formulated in our case:

0
0 2 2

2

2

m
m

m m

f
N

b
=
ω + ω

; 1
btg ϕ =
ω

, (4.2)

where: 0mf  (m =I, II)  are the values of the amplitude 
of functions ,I IIf f  (3.8) and their frequencies and mω  
is phase difference between function f(t) and solution 
N(t). It follows from formula (3.10) that by inserting the 
respective values from formula (3.8) into this expression, 
we will obtain that 0 0m mN f≈  and 1 0ϕ ≈ . This means 
that amplitude deviations from the main tendency 
(trend) are equal to the amplitude values of function 
fm(t) and phase difference between these functions is 
negligible. 

Another consequence resulting from this analogy 
in physics is the fact that if the initial number of acci-
dents is reduced, then the number of all accidents not 
only decreases but also may completely disappear. Since 
the number of accidents may not be negative, if the ini-
tial number of accidents is reduced to ~50, we will obtain 
that, for instance, the number of accidents in the group 
of drivers having driving experience of 11−13 years will 
entirely disappear which additionally reduces the total 
number of accidents.

It is probably impossible to generate a uniform ap-
proximation within the limits of a linear model in the 
whole interval [0; 40] because periodic functions ,I IIf f  
in intervals [0; 15] and [15; 40] (this follows from expres-
sion (3.9) differ not only in the amplitude but also in the 
period. Continuous transition without division into two 
intervals is probably possible in the approximation of a 
non-linear model and requires more detailed information. 

Finally, we will verify the model by means 
of the functions approximating five parameters 

 similar to the eigen-
functions of the proposed mathematical model.

Table 3. Values of approximating parameters N10, b, N20, ω, φ

Parameters
Intervals, years

I (0−15) II (15−40)
N10 337.1

b 0.1061
N20 29.72 2.953
ω 0.7826 0.8858
φ –2.343 –2.568

Let us note that the values of the asymptotic cor-
relation matrix of this verification are 0.84 for the first 
driving experience interval (0–15 years) and 0.97 for the 

second (15–40 years). Such values of the elements of the 
asymptotic correlation matrix could be considered as 
very good (Ortúzar and Willumsen 2001).

5. Conclusions

We would like to emphasize that this article is not mere 
processing of statistical data which provides a mathe-
matical model allowing forecasting the situation in case 
of changing one or another parameter of the model. 

We will remind that our ultimate purpose is de-
creasing the total number of road traffic accidents, i.e. 
the possibly smallest data distribution area (Fig. 1) rather 
than the development of the model.  

The properties of the proposed mathematical mod-
el are as follows:

 – it is reasonable to represent the total number of 
accidents as a sum of two processes: experience 
+ physical and emotional condition;

 – separate mathematical models proposed for each 
interval indicating the experience of drivers: less 
than 15 years and from 15 to 40 years;

 – the number of accidents exponentially de-
creases with an increase in driving experience: 

1( ) 307.3exp( 0.1072 ) 14.62N t t= − − ;
 – the number of accidents that depend on the phys-
ical and emotional conditions of drivers 2( )N t  is 
a periodic rather than a harmonic function and 
has the following characteristics: a) two-time in-
tervals [0; 15] ∪ [15; 40] and two maximums – 
2/3 years and 11−12 years. These time intervals 
correlate with the dependence of divorces on the 
length of marriage; however, quantitative results 
require more in-depth analysis;  

 – the maximum elements of the asymptotic corre-
lation matrix have the value of ~0.8 and the co-
efficient of such correlation is regarded as quite 
high also in the statistical analysis of transport 
systems (Ortúzar and Willumsen 2001);

 – if the initial number of accidents N0 is reduced in 
the group of drivers having experience of 11−13 
years, the number of accidents will totally disap-
pear. 

Our goal is not to comprehensively and explicitly 
answer the question of how to reduce the total number 
of fatalities in Lithuania. We have only analysed the con-
sequences of the available statistical data for the depend-
ence of the number of accidents on driving experience 
and believe that the results of this analysis deserve con-
sideration.
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