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Abstract. To reduce rear-end collision risks and improve traffic safety, a novel rear-end collision escape algorithm is pro-
posed for intelligent vehicles supported by vehicular communication. Numerous research has been carried out on rear-end 
collision avoidance. Most of these studies focused on maintaining a safe front clearance of a vehicle while only few con-
sidered the vehicle’s rear clearance. However, an intelligent vehicle may be collided by a following vehicle due to wrong 
manoeuvres of an unskilled driver of the following vehicle. Hence, it is essential for an intelligent vehicle to maintain a 
safe rear clearance when there is potential for a rear-end collision caused by a following vehicle. In this study, a rear-end 
collision escape algorithm is proposed to prevent rear-end collisions by a following vehicle considering both straight and 
curved roads. A trajectory planning method is designed according to the motions of the considered intelligent vehicle and 
the corresponding adjacent vehicles. The successive linearization and the Model Predictive Control (MPC) algorithms are 
used to design a motion controller in the proposed algorithm. Simulations were performed to demonstrate the effective-
ness of the proposed algorithm. The results show that the proposed algorithm is effective in preventing rear-end collisions 
caused by a following vehicle.

Keywords: rear-end collision, collision avoidance, model predictive control, intelligent vehicle, traffic safety, vehicular 
communication.

Introduction

With the growing number of vehicles, a very large num-
ber of traffic accidents occurs around the world; most of 
them caused by human factors. An effective way to pre-
vent these traffic accidents is the application of intelligent 
vehicle technologies. Recently, several advanced technolo-
gies for intelligent vehicles (Eskandarian 2012) have been 
investigated to enhance vehicle performance and improve 
traffic safety. The rear-end collision avoidance system (Ne-
kovee, Bie 2013) is one of the most popular study topics of 
intelligent vehicles. A variety of mass-produced passenger 
vehicles have been equipped with Autonomous Emer-
gency Braking (AEB) systems to avoid rear-end collision. 
According to the road accident statistics in France (Fildes 
2012), AEBs could reduce about 1.4% of fatal accidents 
and 4% of serious injuries each year. Specifically, a study 
indicated that the Volvo  XC60 with an AEB could have 
more than 20% fewer rear-end crashes (Rizzi et al. 2014). 
Using logistic regression, Fildes et al. (2015) analysed the 
rear-end traffic accident data in 6 countries and found that 
there is about 38% overall reduction of rear-end collision 

for the vehicles equipped with AEBs at low speeds. These 
analyses indicated that the previously investigated AEB is 
essential for the vehicles in order to reduce on-road rear-
end collision accidents.

A variety of studies have been made for rear-end 
collision avoidance. These studies can be classified into 
3 groups: 

»» the 1st group focuses on rear-end collision warning 
systems. Based on vehicular ad-hoc networks and 
real-time traffic data, Lv et al. (2016) proposed a col-
lision warning system to avoid rear-end collisions. 
When a potential rear-end collision is observed, the 
proposed system can transmit warning messages to 
drivers. Petrovai et  al. (2016) designed a rear-end 
collision warning system based on stereovision, 
which is used to estimate the motion of the vehicle 
in front of a host vehicle. The system will issue a 
warning to the driver of the host vehicle when there 
is an imminent crash. Meng et al. (2015) introduced 
a method based on a dynamic vibrotactile collision 
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warning signal to warn drivers in dangerous condi-
tions. The experiment results show that this method 
can significantly reduce the reaction times of drivers. 
Li et al. (2014) suggested a system for rear-end col-
lision avoidance based on Vehicle-to-Vehicle (V2V) 
communication. When a vehicle is in danger of col-
lision, the system will warn the driver of the vehicle 
to slow down. Using low cost inter-vehicular com-
munications, Benedetto et al. (2015) investigated a 
collision warning system for preventing rear-end 
collisions. Yang et  al. (2003) proposed an alerting 
system to prevent rear-end collision based on per-
formance metrics; 

»» the 2nd group focused on active speed control of 
vehicles. Kavitha et  al. (2009) designed a rear-end 
collision avoidance system based on inter vehicle 
communication. Using the system, several vehicles 
can be slowed down when an emergency warning 
message is observed through V2V communication. 
Chen et  al. (2016) proposed a rear-end collision 
avoidance system using a fuzzy logic controller. By 
the investigated controller, the relative distance can 
be maintained by the control of following vehicles. 
Kim et al. (2007) constructed a hierarchical layered 
structure to prevent rear-end collisions, where an 
upper layer was designed for the decision making of 
vehicle behaviour and a lower layer was constructed 
by the terminal sliding model method to control the 
longitudinal motion of the vehicle; 

»» the 3rd group focused on combining braking and 
steering. Shah et al. (2015) proposed an integrated 
braking and steering control algorithm for rear-
end avoidance, which can reduce traffic accidents 
by active lane changing. These studies are effective 
for reducing the risks of rear-end collisions and im-
proving traffic safety, which are of great value for 
practical application. 

While, most previous investigations on rear-end col-
lision avoidance only considered the front clearances of 
host vehicles. The rear clearances were seldom discussed 
in these studies. Because of cost and personal preference, 
there are still many vehicles that are controlled by hu-
mans without any assistance system. Rear-end collisions 
will probably occur due to wrong manoeuvres of inexperi-
enced drivers. Thus, an intelligent vehicle may be collided 
by a following vehicle driven by an unskilled driver. It is 
critical to design a control system for intelligent vehicles to 
prevent rear-end collisions caused by a following vehicle. 
However, few previous studies considered such a danger-
ous condition.

In this study, a rear-end collision escape algorithm is 
proposed for intelligent vehicles supported by vehicular 
communication. Different from conventional rear-end 
collision avoidance systems, which are design to maintain 
a safe front clearance, the proposed algorithm is investi-
gated to maintain a safe rear clearance of an intelligent ve-
hicle. To distinguish the objectives between the proposed 

algorithm and previous studies, the concept of rear-end 
collision escape is used to emphasize that the studied rear-
end collision is caused by a vehicle, which is behind the 
host vehicle. Furthermore, the performance of lane keep-
ing is considered in the proposed algorithm. Thus, the 
proposed algorithm can be used on general straight and 
curved roads.

The structure of the proposed algorithm is shown in 
Figure 1. There are 2 layers in the proposed algorithm:

»» the upper layer is the trajectory planning layer, which 
is designed to detect a potential rear-end collision 
and plan suitable trajectories. In this layer, a state 
machine is used to determine the planned trajecto-
ries. When there is no potential rear-end collision, 
the vehicle is in the normal state. When there is a 
potential rear-end collision, the vehicle turns to the 
escape state. The vehicle trajectory is planned ac-
cording to the vehicle state. For the normal state, a 
cruise trajectory is planned for normal driving con-
ditions when there is no frontal vehicle; a following 
trajectory is planned when there are frontal vehicles. 
For the escape state, an escape trajectory is planned 
for the host vehicle to avoid potential rear-end col-
lisions; frontal trajectories will be planned for the 
frontal vehicles. The planned frontal trajectories can 
be sent to the corresponding vehicles by vehicular 
communication;

»» the lower layer is the motion controller layer includ-
ing 2 controllers, which is investigated to track the 
planned trajectory. At any instance the considered 
intelligent vehicle is either in the normal state or in 
the escape state. Thus, there is only one kind of tra-
jectory planned for the intelligent vehicle and one 
motion controller is used to control the vehicle. 

The main contribution of this study is the proposal of 
a rear-end collision escape algorithm, which can maintain 
a safe rear clearance when there is a potential rear-end 
collision caused by a vehicle behind the host vehicle. The 
proposed algorithm can be applied for intelligent vehicles 
to prevent rear-end collisions and improve traffic safety.

The remainders of this paper are organized as follow-
ing: 

»» in Section 1, the problem of the considered rear-end 
collision escape is shown; 

»» in Section 2, the method of trajectory planning is 
introduced; 

»» in Section 3, vehicle models for the design of motion 
controllers are constructed; 

»» in Section 4, motion controllers are designed for the 
considered intelligent vehicle to track the planned 
trajectory;

»» in section 5, simulations on different roads are con-
ducted to verify the effectiveness of the proposed 
algorithm;

»» finally, the conclusions of this paper are made as a 
summary.
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1. Problem statement

The problem of the considered rear-end collision escape is 
shown in Figure 2, in which there is an intelligent vehicle 
(host vehicle), a following vehicle and n frontal vehicles. 
One possible condition is n = 0, which means that there 
is only a following vehicle and an intelligent vehicle (host 
vehicle). The intelligent vehicle and frontal vehicles are 
equipped with vehicular communication devices. Under 
a dangerous condition, the host vehicle can send planned 
trajectories to the frontal vehicles and the frontal vehicles 
can follow the planned trajectories. Without considering 
rear-end collisions from the back of the host vehicle, this 
vehicle should follow a desired speed when n = 0 or fol-
low the adjacent frontal vehicle when n ≥ 1, respectively. 
Obviously, a rear-end collision will occur if the follow-
ing vehicle moves with high speed towards the intelligent 
vehicle, which may be caused by wrong manoeuvres of 
an unskilled driver of the following vehicle. There are 3 
objectives that should be achieved for the proposed al-
gorithm: 

»» the considered rear-end collision should be avoided; 
»» the frontal clearance of the host vehicle should be 

maintained if there are frontal vehicles; 
»» the intelligent vehicle should follow the road path 

without departure. 
The path and the motion sates of the considered ve-

hicles can be obtained by product sensors and vehicular 
communication, which are not the focus of this study. 
The investigated intelligent vehicle is equipped with 4 in-
wheel motors, which can directly control the drive torque 
of each wheel. 

For a road with multiple lanes, rear-end collisions can 
be easily avoided by the manoeuvre of lane changing. 
However, it is much more dangerous for rear-end colli-
sions on a single-lane road, because a lane changing ma-
noeuvre cannot be conducted in this situation. Hence, in 
this study, a single-lane road is considered.

2. Trajectory planning algorithm

The key point of rear-end collision escape is to maintain a 
safe rear clearance of an intelligent vehicle. When there is 
a potential rear-end collision, the intelligent vehicle should 
speed up and maintain a safe clearance from the following 
vehicle. If there are frontal vehicles ahead of the intelligent 
vehicle, the intelligent vehicle should plan safe trajecto-
ries for the frontal vehicles and send the trajectories to 
the frontal vehicles. Following the planned trajectories, 
the frontal vehicles can also speed up and maintain a safe 
clearance with the intelligent vehicle. When there is no 
potential rear-end collisions, the intelligent vehicle should 
follow the desired speed or the adjacent frontal vehicles. 
In this section, 4 kinds of trajectories are designed for 
rear-end collision escape and normal driving.

2.1. Car-following model

Before the discussion of trajectory planning, a car-follow-
ing model is discussed to analyse the considered rear-end 
problem. A variety of car-following models have been 
proposed in previous studies. Hoogendoorn et al. (2010) 
compared the Helly’s model and intelligent driver model 
using a driving simulator and found that the Helly’s mod-
el is more suitable for experimental data. Based on opti-
cal information, Andersen and Sauer (2007) proposed a 
Driving by Visual Angle (DVA) model for car-following 
control. Instead of the relative speed and clearance to the 
frontal vehicle, the visual information is used for the DVA 
model to determine the controlled acceleration. Rakha 
et  al. (2009) designed a simplified car-following model 
that took traffic stream parameters into account. Consid-
ering the influence of space gap, Li et al. (2018) investi-
gated a car-following model that focused on the response 
of drivers to velocity difference. Among these models, the 
Helly’s driver model is of a simple structure and can be 
easily applied in analysis and simulation. Moreover, this 

Figure 1. Structure of a rear-end collision escape algorithm (source: created by the authors)

Figure 2. Problem of rear-end collision escape (source: created by the authors)
Following vehicle Intelligent vehicle Frontal vehicle 1 Frontal vehicle n
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model is also found to be suitable for the study of driv-
er behaviour in fog weather (Hoogendoorn et al. 2010). 
Thus, in this study, the Helly’s driver model is considered:

( ) ( ) ( )( )a t v t c t S= a ⋅D ⋅ − t +b⋅ ⋅ − t − ,  (1)

where: a is the controlled longitudinal acceleration of the 
driver; a, b are the parameters of the driver model; t is the 
reaction delay time; Dv means the difference between the 
frontal speed and the vehicle speed; c is the actual clear-
ance between vehicles; S is the desired clearance with the 
frontal vehicle; t is time.

Equation (1) indicates that, under normal conditions, 
the driver can maintain a synchronous speed and a safe 
clearance with the frontal vehicle.

2.2. Assertion of potential rear-end collision 

Under dangerous conditions, such as fog and attention di-
version, a driver may fail to maintain sufficient clearance 
and collide with the frontal vehicle. A commonly used 
index to measure such a dangerous condition is Time To 
Collision (TTC) (Li et al. 2016). If TTC is too low, it is rea-
sonable to deduce that there is potential for a rear-end col-
lision accident. Therefore, if the control system of the host 
vehicle detects that the TTC between it and the following 
vehicle is to low, the host vehicle should speed up to avoid 
a potential rear-end collision. In this study, a TTC thresh-
old is used to assert the potential for a rear-end collision:

tc < tcri,  (2)

where: tcri is the threshold for a potential accident, which 
is a commonly used method to assert rear-end collisions; 
tc is TTC.

On the one hand, if the actual TTC is higher than tcri, 
the algorithm will assume the driver of the following ve-
hicle can maintain a safe clearance. On the other hand, if 
the actual clearance is lower than tcri, the algorithm will 
assume that the driver of the following vehicle may cause 
a rear-end collision accident. 

2.3. State machine

When there is a potential rear-end collision, the rear 
clearance should be considered for the intelligent vehicle. 
When there is no potential rear-end collision, the intel-
ligent vehicle should follow the desired speed or the fron-
tal adjacent vehicle. Thus, the trajectory of the intelligent 
vehicle should be planned based on different conditions 
of the vehicle.

As shown in Figure 3, a state machine, which includes 
a normal state and an escape state, is designed for the in-
telligent vehicle. If the TTC between the following vehicle 
and the host vehicle is lower than the threshold, it can 
be deduced that the driver of the following vehicle may 
fail to maintain a safe clearance. A rear-end collision will 
probably occur without proper control of the intelligent 
vehicle. Hence, the intelligent vehicle should turn to the 
escape state under that condition and the manoeuvre of 
rear-end collision escape should be conducted. There are 

2 conditions that should be satisfied if the state changes 
to a normal state:

»» the 1st one is tc ≥ tcri, which means a sufficient TTC;
»» the 2nd one is |Dvr| ≥ vc, where Dvr is the change of 

the speed of the following vehicle and vc is a con-
stant threshold. 

This condition is used to ensure that the driver of the 
following vehicle can control the speed of the following 
vehicle. If there is attention diversion of the driver and 
the driver fails to adjust the speed, the intelligent vehicle 
should escape and maintain a sufficient clearance from the 
following vehicle.

2.4. Trajectory design

As there are 2 states of the intelligent vehicle, considering 
the presence of frontal vehicles, 4 kinds of trajectories are 
designed. Since a single-lane road, path planning is not 
considered in this study. The intelligent vehicle should fol-
low the lane on the road.

2.4.1. Trajectory planning in the normal state
When the vehicle is in the normal state, if there are no 
frontal vehicles, the planned cruise trajectory for the host 
vehicle can be expressed as:

vp = vnd  ,  (3)

where: vp is planned speed of the intelligent vehicle; vnd is 
desired speed of the intelligent vehicle. 

Equation (3) means that there is no constraint of the 
longitudinal position of the intelligent vehicle. It is desir-
able for the intelligent vehicle to follow the desired speed 
along the path. 

If there are frontal vehicles, the intelligent vehicle 
should maintain synchronous speed and safe clearance 
from the adjacent frontal vehicle. The following trajectory 
is planned for the host vehicle to satisfy such require-
ments:

;
,

p f s

p f

s s d
v v

= −
 =  

 (4)

where: sp means the planned longitudinal position of the 
intelligent vehicle along the path; vp is planned speed of 
the intelligent vehicle; sf is longitudinal position of the ad-
jacent frontal vehicle; vf is the longitudinal speed of the 
adjacent frontal vehicle; ds is the desired clearance, which 
can be expressed as:

0 min ,s fd s h v= + ⋅   (5)

where: s0, hmin are parameters for determining the desired 
clearance. 

Figure 3. State machine (source: created by the authors)
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2.4.2. Trajectory planning in escape state

When the vehicle is in the escape state, to avoid rear-end 
collision with the following vehicle, the planned escape 
trajectory of the host vehicle can be expressed as:

;
,

p r r

p r

s s d
v v

= +
 =

  (6)

where: sr means the longitudinal position of the following 
vehicle along the path; vr is speed of the following vehicle; 
dr is the desired rear clearance, which is calculated as:

( )min ,r s g gd d f d= ⋅ ,  (7)

where: dg is the visible distance in fog weather; fg is a fac-
tor to calculate the rear clearance (fg < 1). 

Generally, in fog weather, it is more suitable to main-
tain the frontal vehicle within a visible distance (Wu et al. 
2017). The above equation means that, if there is fog 
weather, the intelligent vehicle should be within the sight 
of the driver of the following vehicle. Thus, the driver can 
see the intelligent vehicle and follow the intelligent vehicle 
safely. Otherwise, the driver cannot see the intelligent ve-
hicle and might maintain an unsafely high speed.

Equation (6) means the intelligent vehicle should 
maintain a synchronous speed and safe clearance from 
the following vehicle. However, if the speed of the intel-
ligent vehicle is too high, the vehicle may collide with the 
frontal vehicle. To handle this problem, the intelligent ve-
hicle should plan safe trajectories for the frontal vehicles. 
Following the planned trajectories, the frontal vehicles 
can maintain a safe clearance with the intelligent vehicle. 
Based on the discussion above, the frontal trajectories can 
be planned for the frontal vehicles as:

, ,

, ,

;
,

p f i r r s

p f i r

s s d d i
v v

= + + ⋅
 =

  (8)

where: sp, f, i is planned longitudinal position of the ith 
frontal vehicle; pp, f, i is planned longitudinal speed of the 
ith frontal vehicle.

The Equation (8) means that, similar to the intelligent 
vehicle, the frontal vehicles should also maintain a syn-
chronous speed with the following vehicle. The clearances 
between the intelligent vehicle and the frontal vehicles are 
ds. Following the planned trajectories, the frontal vehicles 
will not collide with the intelligent vehicle.

3. Vehicle modelling

In this section, several vehicle models are constructed for 
the design of motion controllers:

»» the longitudinal and lateral dynamic model of the 
intelligent vehicle is constructed;

»» the model of path tracking is built;
»» then, the model of trajectory tracking is shown; 
»» at last the model of path tracking and speed tracking 

is provided. 
The constructed models provide a foundation of the 

motion controller design.

3.1. Longitudinal and lateral dynamic model

As shown in Figure 4, a single-track model considering 
the planar motion with 3 degree-of-freedom is employed. 
It is assumed that the vehicle is moving on a horizontal 
level road without wind. The longitudinal and lateral dy-
namics vehicle model can be written as (Yin et al. 2011):

2
1 1

3
2 2

4 5 3 4

;

;

,

x y r x x
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x x
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  (9)

where: 
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wr denotes the yaw rate; vx, vy are the longitudinal and 
lateral velocities at the Centre of Gravity (CoG) of the ve-
hicle, respectively; m is the total mass; Iz is the moment 
of inertia round the vertical axis; Cf , Cr are the front and 
rear axle cornering stiffness, respectively; CD represents 
the air drag coefficient factor; Ar denotes the vehicle front 
area; r is the air density; because the lateral velocity is 

lr lf

vx

vy

wr

Fx

MA

d

Figure 4. Single-track model (source: created by the authors)
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Path

pc

pd
e1

e2

e3
CoG

small, only the longitudinal air drag force is taken into 
consideration; the dynamics of the wheel and motor are 
ignored; d is the steering angle; Fx represents the result-
ant force of the longitudinal tire forces with respect to the 
longitudinal direction ( )( )x lf fr rl rrF T T T T= + + + ; Rw rep-
resents the resultant force of the longitudinal tire forces 
with respect to the longitudinal direction; Ti when i = fl, 
fr, rl, rr represents the drive torque of the front-left, front-
right, rear-left and rear-right wheels, respectively; MD is 
the resultant yaw moment of the longitudinal tire forces 

( )( )s w fr rr fl rlM l R T T T TD = ⋅ ⋅ + − − ; ls is half of the wheel 
tread; Rw is the radius of each wheel.

Note that, in Equation (9), the control inputs are de-
fined as d, Fx and MD, which should be calculated from 
the motion controller. After obtaining these control in-
puts, the drive torque of each wheel can be calculated as:

;
2

;
2

;
2

.
2

fl x w
s

rl x w
s

fr x w
s

rr x w
s

M
T F R
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M

T F R
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T F R
l

D

D

D

D

  
= − ⋅   ⋅  

  
= − ⋅   ⋅     = + ⋅   ⋅    = + ⋅   ⋅   

 (10)

3.2. Path tracking model

The trajectory tracking model of the intelligent vehicle is 
shown in Figure 5, which is used to demonstrate the rela-
tive motion of the intelligent vehicle to a path. There are 3 
key points in this figure:

»» point pd is the desired point at that time;
»» point CoG is the CoG of the vehicle;
»» point pc is the closest point on the path to point 

CoG. 
The position error along the path is e1, the distance 

between pc and CoG is e2 and the yaw angle error is e3. 
Assuming e3 is small, one has:

1 3

2 3

3

;
;

,

y x p

y x

r des

e v e v v
e v v e
e

 = − ⋅ + −
 = + ⋅
 = w −w







  (11)

where: p
des

v

R
w =  is the desired yaw rate; R is the path ra-

dius at pc. 

As to the trajectory tracking performance, the desired 
longitudinal, lateral position errors and yaw angle error 
are defined as e1d = 0, e2d = 0 and e3d = 0, respectively. 

3.3. Trajectory tracking model

When the intelligent vehicle is in the escape state or 
following the frontal vehicle, it is desirable to track the 
planned trajectory along the desired path and longitudinal 
position. Since the trajectories shown in Equations (4) and 
(6) define a moving point along the path, Equation (11) 
can describe the error of the vehicle to the planned tra-
jectory. Combining Equations (9) and (11), the trajectory 
tracking model of the escape state can be expressed as:
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  (12)

3.4. Path tracking and speed tracking model

When the intelligent vehicle is in the normal state without 
frontal vehicles, it is desirable to track the planned speed 
and follow the path for the intelligent vehicle. Compared 
with Equation (6), there is no constraint for the longitu-
dinal position of the intelligent vehicle in the trajectory 
defined in Equation (3). Thus, e1 is ignored. According to 
Equations (9) and (11), the path tracking and speed track-
ing model can be expressed as:

2 3

3
2

1 1

3
2 2

4 5 3 4

;

;

.

;

;
y x

r des

x y r x x

y
y x r

x x

y r
r

x x

e v v e
e
v v a v b F

v a
v a v b

v v
v

a a b b M
v v D

⋅



⋅ ⋅ ⋅

 ⋅ ⋅

 ⋅ ⋅ ⋅ ⋅

= +
= w −w
= w + +

 
= + − ⋅w + d  

 
w
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               (13)

4. Controller design

The models shown in Equations (12) and (13) are non-
linear, which are hard to analyse using conventional lin-
ear control algorithms. Thus, the successive linearization 
(Zhai et al. 2010) is utilized for these models. At each sam-
ple time, the constructed models are linearized at current 
states. Then the linearized models are discretized to facili-
tate the application of Model Predictive Control (MPC) 
(Camacho, Bordons 2007). In the previous section, there 
were 3 kinds of trajectories designed for the intelligent 
vehicle. In this section, a trajectory tracking controller is 
designed to track the following trajectory and the escape 
trajectory; a path tracking and speed tracking controller 
is designed to track the cruise trajectory.Figure 5. Path tracking model (source: created by the authors)
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4.1. Linearization and discretization  
for the model of trajectory tracking

According to the 1st order linearization (Zhai et al. 2010), 
the model represented by Equation (12) can be approxi-
mated by:

1 0 3 30 0 30

2 0 3 30 0 30

3
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;
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where:
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where: vx0, vy0, wr0, e30 are current states; Fx0, d0, MD0 are 
the previous control inputs.

Equation (14) can be rewritten as:

c c c c c c c= ⋅ ⋅+ + ⋅x A x B u E d ,  (15)

where: Ec is an identity matrix; 
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The model in Equation (15) can be discretized by the 
conventional forward Euler scheme with a fixed sampling 
time Ts:

1k k k k+ = ⋅ + ⋅ + ⋅x A x B u E d ,  (16)

where: k is the current time step; xk, uk, dk are the dis-
cretized system states, control inputs and disturbances, 
respectively; A, B, E denote the matrices of the discre-
tized system with respect to the corresponding continuous 
model in Equation (15). 

4.2. Constraints of controller

The system inputs and speed should be limited to avoid 
exceeding physical limits. The constraints of the system 
inputs are written as:
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min max ,k≤ ≤u u u   (17)

where:

min min min min
T

xF MD = d u ;

max max max max
T

xF MD = d u ,

where: dmin, Fxmin, MDmin are the lower limits of the corre-
sponding control inputs, respectively; dmax, Fxmax, MDmax 
are the upper limits of the corresponding control inputs, 
respectively.

The constraints of vehicle speed are written as:

min max ,x x xv v v≤ ≤   (18)

where: vxmin is the lower limit of the vehicle speed; vxmax 
is the upper limit of the vehicle speed.

4.3. Trajectory tracking controller

After obtaining the discretized model shown in Equation 
(16), the trajectory tracking controller can be designed 
based on the MPC. In the MPC algorithm, the future 
states of the controlled system can be predicted based on 
the current state and the control inputs within certain 
predictive horizons. Based on these predicted states, the 
performance of the controller can be optimized to calcu-
late the optimal control input. At each sampling instance, 
only the 1st element of the control input is used, and the 
optimization is repeated at the next sampling instance 
(Camacho, Bordons 2007). 

In the predictive model shown in Equation (15), there 
may exist model mismatch caused by parameters uncer-
tainty, which can be handled using a feedback correction 
method (Deng 2000). In each control step, the predicted 
error can be estimated by comparing the predicted states 
in the previous step and the measured state in the current 
step:

( )| 1k kk k−= −e x x ,  (19)

where: (k + i|k) means the predicted value at step k + 1 
based on the information at step k. 

To reduce the effects of parameter uncertainties, based 
on the feedback correction method (Deng 2000), the pre-
dictive model in Equation (16) can be rewritten as:

1 k kk k k+ = ⋅ + ⋅ ⋅ ++x A x B u E d  ,  (20)

where: ·k kh= e  is the feedback correction item, which is 
defined to compensate model uncertainty (where: h is a 
constant factor of the feedback correction). 

At step k, the future control inputs can be represented 
by:

( ) ( ) ( )| 1| 1|

T
T T T

k k k k k k c k+ + −
 =   

q u u u ,  (21)

where: (k + i|k) means the predicted value at step k + 1 
based on the information at step k; c is the control horizon 
(c = 7).

The future states of the system can be predicted using 
the iterative calculation of Equation (16):
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(22)
where: p is the predicted horizon (p = 7).

Equation (22) indicates that the future system states 
can be predicted based on the planned control inputs. 
Thus, the optimal control performance can be obtained 
by optimizing the future control inputs. The aim of the 
controller is to track the planned trajectory. To achieve 
this task, the objective function L is defined as:

( ) ( )( )
1 2

|
0

c

k u k i k
i

L
−

+
=

= +⋅∑q w u

( ) ( )( )2| |
1

p

x k i k k i k
i

+ +
=

− +⋅∑w r x

( ) ( )( )
1 2

| 1|
0

c

u k i k k i k
i

−

D + + −
=

−⋅∑w u u , (23)

where: wu, wDu, wx are the weight matrices of input, in-
censement of input and state error, respectively; r represents 

the desired value 1 2 3
T

d d d p yd dese e e v v 
 


 = w  
r . 

A large lateral velocity may lead to instability; hence, it 
is preferred to keep the lateral velocity as low as possible. 
Thus vyd = 0 is set as the desired value.

At each sampling instant, the future states can be pre-
dicted based on Equation (22). The optimization problem 
of the controller is solved as:

min L (qk),  (24)
subjected to: Equations (17) and (18).

Using sophisticated optimal methods such as interi-
or-point (Wächter, Biegler 2006) and active-set (Birgin, 
Mario Martínez 2002), the optimization problem can be 
solved. Then the steering angle, the resultant longitudi-
nal force and the resultant yaw moment are obtained. 
The drive torque of each wheel can be calculated through 
Equation (10).

4.4. Path tracking and speed tracking controller

Similar to the design of the trajectory tracking control-
ler, the path tracking and speed tracking controller can 
be designed based on the model shown in Equation (13) 
by the same method as the design of the trajectory track-
ing controller. Using 1st order linearization and a forward 
Euler scheme, a discretized model similar to Equation (16) 
can be obtained. The constraints of the system inputs and 
speed in Equations (17) and (18) can be used as well. Then 
an objective function can be constructed considering the 
discretized model and constraints. Finally, the optimiza-
tion problem can be solved using sophisticated optimi-
zation methods and optimal control can be obtained to 
control the intelligent vehicle.
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5. Numerical simulation

In this section, 3 simulations are conducted using MAT-
LAB (https://www.mathworks.com/products/matlab.html) 
and CarSim (https://www.carsim.com) to show the ef-
fectiveness of the proposed algorithm. The driver model 
described in Equation (1) is used to control the following 
vehicle. Both straight and curved roads are considered in 
these simulations. The main parameters of the intelligent 
vehicle used in simulation are listed in Table. The com-
plex collision analysis is not considered in the simulation. 
Thus, the effect of rear-end collisions on these vehicles are 
ignored to simplify the problem. If the clearance between 
2 vehicles is lower than zero, a rear-end collision will oc-
cur. For simplification, in this section, the Following Vehi-
cle is represented by FV; the Intelligent Vehicle is denoted 
by IV; the FRontal Vehicle is represented by FRV.

5.1. Simulation on a straight road  
with no frontal vehicle

In this simulation, a probabilistic approach including 2 
groups of scenarios is constructed to evaluate the pro-
posed method. Each group consists of 100 scenarios for 
comparison. In the 1st group, the escape algorithm is not 
considered for the intelligent vehicle. In the 2nd group, the 
escape algorithm is considered. The initial conditions be-
tween the scenarios among these groups are a one-on-one 
correspondence. The initial and desired speed of the intel-
ligent vehicle is 20 m/s as plotted in Figure 6a. For each 
scenario, a straight road is used as indicated in Figure 6b.  
In these scenarios, the initial speeds and frontal clearances 
of the following vehicle, the visible distance, and the at-
tention division times of the driver are randomly selected 
from the following range: the initial speeds of the follow-
ing vehicle range from 21 to 25 m/s; the initial frontal 
clearances of the following vehicle range from 30 to 100 m;  
the visible distances range from 30 to 500 m; the attention 
division times of the driver range from 15 to 18 s. Due to 
the attention diversion of the driver of the following ve-
hicle, the driver does not notice the intelligent vehicle at 
the beginning. The statistics of the simulation results are 
plotted in Figure 7.

As indicated in Figure 7a, without considering rear-
end escape, there are totally 34 rear-end collisions among 
the 100 conducted scenarios, which indicates that it is crit-
ical to maintain a safe rear clearance for an intelligent ve-
hicle. Since a following vehicle controlled by an unskilled 
driver may lead to dangerous accidents. The rear clearance 
of an intelligent vehicle should be considered to avoid the 
collision caused by a following vehicle. For the group with 
rear-end escape, no rear-end collision occurred among the 
considered scenarios. It can be found that the proposed al-
gorithm can prevent a potential rear-end collision caused 
by the following vehicle. The main reason is that the pro-
posed algorithm can maintain a certain rear clearance be-
tween the host vehicle and the following vehicle. Hence, 
when undesired potential rear-end collisions could occur, 

Table. Vehicle parameters

Parameter Value
m 1412 kg
Iz 1537.7 kg⋅m2

lf 1.016 m
MD  max 3000 N⋅m
dmin –10°
ls 0.77 m
Cf 86304 N/rad
Cr 67574 N/rad
MDmin –3000 N⋅m
Fx  max 3000 N
ks 2 s
d0 4 m
lr 1.564 m
dmax 10°
Fx  min –3000 N

Figure 6. Path and initial condition  
(source: created by the authors): a – initial condition; b – path; 

FV – following vehicle; IV – intelligent vehicle

Figure 7. Statistics of the simulation scenarios (source: created 
by the authors): a – without rear-end escape; b – with rear-end 

escape
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the host vehicle can speed up and maintain the rear clear-
ance and avoid such collision accidents. This simulation 
demonstrates that, the proposed algorithm can guarantee 
the rear-end collision escape performance of the intelli-
gent vehicle on a straight road.

5.2. Simulation on a clothoid road  
with a single frontal vehicle

In this simulation, a clothoid road with a decelerating 
frontal vehicle is considered. A frontal vehicle and a fol-
lowing vehicle of the host vehicle are considered. The fol-
lowing vehicle is controlled by a driver and the driver does 
not observe the intelligent vehicle in the beginning due 
to attention diversion. The initial longitudinal positions 
of the considered vehicles and the road path are plotted 
in Figure 8. Without the proposed algorithm, the speeds 
of these vehicles are shown in Figure 9a. The clearances 
among these vehicles are demonstrated in Figure 9b. It 
can be found that the host vehicle can maintain a certain 
frontal clearance during the simulation. However, as the 
rear clearance is ignored, a rear-end collision occurred at 
the back of the host vehicle. The simulation results indi-
cate that it is not sufficient to only consider the frontal 
clearance of the host vehicle.

As comparison with the scenario without the proposed 
algorithm, 2 scenarios are evaluated with different friction 
coefficients. In the 1st scenario, the friction coefficient is 
high (0.9) and in the 2nd scenario, low (0.5). Moreover, 
in these scenarios, the mass and inertia of the host vehicle 
are increased by 10%, which is used to evaluate the robust 
performance of the proposed algorithm to parameter un-
certainties. The speeds and clearances of the vehicles in 
the high and low friction coefficient scenarios are plot-
ted in Figure 10 and Figure 11, respectively. These figures 
demonstrate that the clearances among these vehicles 
are positive along the simulation. At the end of simula-
tion, the following vehicle can follow the host vehicle at 
the same speed. The path tracking performances of the 
proposed algorithm on different friction coefficients are 
further plotted in Figure 12, which indicates that both of 
the tracking errors in these scenarios are small. The above 
discussion indicates that, with the proposed algorithm, 
the front and rear clearances of the host vehicle can be 
maintained to avoid rear-end collision caused by a follow-
ing vehicle with different road conditions and parameter 
uncertainties.

5.3. Simulation on a general curved  
road with 2 frontal vehicles

In this simulation, a general curved road is considered 
to further verify the effectiveness of the proposed algo-
rithm. Moreover, 2 accelerating frontal vehicles are con-
sidered in the simulation. The initial longitudinal speeds 
and clearances of these vehicles are shown in Figure 13a. 
The following vehicle is controlled by a driver without any 
driver assistant system. The path of the considered curved 
road is shown in Figure 13b. Due to attention diversion, 

Figure 8. Initial motion states and road path (source: created by 
the authors): a – initial speeds and clearances; b – path; FV – 
following vehicle; IV – intelligent vehicle; FRV – frontal vehicle

Figure 9. Vehicle speeds and clearances between vehicles (source: 
created by the authors): a  – speeds of vehicles; b  – clearances 
between vehicles; FV – following vehicle; IV – intelligent vehicle; 

FRV – frontal vehicle

Figure 10. Speeds and clearances of vehicles considering rear-end 
collision escape with a high friction coefficient (source: created 
by the authors): a – speeds of vehicles; b – clearances between 
vehicles; FV – following vehicle; IV – intelligent vehicle; FRV – 

frontal vehicle
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the driver of the following vehicle does not brake the ve-
hicle in the beginning. Without considering rear-end col-
lision escape, the speeds and clearances of these vehicles 
are shown in Figure 14. 

It can be seen from Figure 14b that the minimum 
clearance is lower than zero, which means a rear-end col-
lision occurred due to the wrong manoeuvre of the driver 
of the following vehicle. Similar to the previous simula-
tions, this simulation also indicates that a driver with at-
tention diversion may cause a rear-end collision on the 
roadway. It is essential to consider such a dangerous con-
dition for intelligent vehicles.

Using the proposed algorithm, the speeds of these ve-
hicles are shown in Figure 15a. The clearances of these ve-
hicles are shown in Figure 15b. The path tracking perfor-
mance of the intelligent vehicle is illustrated in Figure 16 
with different scopes of view. The drive torque and steer-
ing angle of the intelligent vehicle are plotted in Figure 17.

Figure 15b indicates that the actual clearance dur-
ing simulation is higher than zero, which means there is 
no rear-end collision during the simulation. Comparing 
Figures 15b and 14b, it can be found that the proposed 
algorithm is effective in preventing rear-end collisions 
caused by a following vehicle. Controlled by the proposed 
algorithm, the intelligent vehicle can maintain a safe front 
and rear clearance and avoid potential rear-end collisions. 
Figure 16 shows that the intelligent vehicle can follow the 
road path with small tracking error, which demonstrates a 
good lane keeping performance of the proposed algorithm. 

Figure 11. Speeds and clearances of vehicles considering rear-end 
collision escape with a low friction coefficient (source: created 
by the authors): a – speeds of vehicles; b – clearances between 
vehicles; FV – following vehicle; IV – intelligent vehicle; FRV – 

frontal vehicle

Figure 12. Path tracking performances of vehicles considering 
rear-end collision escape with different friction coefficients 
(source: created by the authors): a  – high friction coefficient; 

b – low friction coefficient; IV – intelligent vehicle
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Figure 13. Initial motion states and path (source: created by 
the authors): a – initial speeds and clearances; b – path; FV – 
following vehicle; IV – intelligent vehicle; FRV – frontal vehicle
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This simulation demonstrates that the proposed algorithm 
can handle the vehicle longitudinal and lateral dynamics 
simultaneously. Both of the requirements of rear-end col-
lision escape and vehicle following can be guaranteed on 
a curved road. Thus, the proposed algorithm can be em-
ployed for a wide-ranging field to improve traffic safety.

Conclusions

In this paper, the algorithm for rear-end collision escape 
on a common road is proposed. 

Compared with previous rear-end collision avoidance 
algorithms, the uniqueness of the proposed algorithm is 
that, the potential rear-end accident of the back of the host 
vehicle can be avoided. When the algorithm detects that 
the host vehicle may be collided by a following vehicle, 
the algorithm will control the host vehicle to accelerate 
to maintain a safe clearance with the following vehicle 
and send safe trajectories to frontal vehicles. Moreover, 
the performance of path tracking can also be guaranteed 
based on the proposed algorithm. 

By contrast, most of the previous relevant studies only 
considered the reduction of frontal rear-end collisions on 
straight roads. The previous algorithms will not start when 
a following vehicle is about to collide with the host vehicle, 
which is not sufficient for actual application. 

Based on the proposed algorithm, in a traffic system, 
the rear-end collision accidents caused by following vehi-
cles can be reduced. Thus, a reduction of rear-end colli-
sions and fatal traffic accidents can be expected with the 
application of this algorithm. 
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