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Abstract. This paper introduces the development of an autonomous driving system in autonomous electric vehicles, 
which consists of a simplified motion-planning program and a Model-Predictive-Control-Based (MPC-based) control 
system. The motion-planning system is based on polynomial parameterization, which computes a path toward the ex-
pected longitudinal and lateral positions within required time interval in real scenarios. Then the MPC-based control 
system cooperates the front steering and individual wheel torques to track the planned trajectories, while fulfilling 
the physical constraints of actuators. The proposed system is evaluated through simulation, using a seven-degrees-of-
freedom vehicle model with a ‘magic formula’ tire model. The simulations and validation through CarSim show that 
the proposed planner algorithm and controller are feasible and can achieve requirements of autonomous driving in 
normal scenarios.
Keywords: autonomous electric vehicles; motion planning; model predictive control.

Introduction

Autonomous driving has become a fast-developing and 
promising area in recent years (Urmson et al. 2008; Lev-
inson et al. 2011). An autonomous vehicle is required 
to perform two important tasks coherently: a motion-
planning program computes the desired trajectories in 
various scenarios and a control system manipulates ac-
tuators to track the planned path (Park et al. 2009).

A wide range of motion-planning approaches 
have been reported, including genetic algorithms, ran-
domized path planners (randomized potential field, 
rapidly exploring random tree, etc.), heuristic searching 
algorithms (Dijkstra algorithm and D* algorithm) and 
the polynomial parameterization method. The genetic 
and neural network algorithms can solve complex actual 
problems within a reasonable accuracy, but the conver-
gence time is problematic and it is difficult to determine 
a set of conditions systematically to ensure convergence 
(Phinni et al. 2008; Lafta, Hassan 2013). For the poten-
tial field approach, adjustments are made directly in the 
vehicle’s operational space instead of preprocessing be-
fore the start of vehicle motion. Nevertheless, this meth-
od can easily be trapped into local minima especially 
in a complex environment with multiple obstacles (Lin, 

Chuang 2010). The sampling-based Rapidly-exploring 
Random Tree (RRT) enables the online use on robotic 
vehicles with complex dynamics and significant drift, 
but the difference between the original prediction and 
the re-propagation is difficult to converge in a dynamic 
and uncertain environment (Kuwata et  al. 2009). The 
Dijkstra’s algorithm finds the path with lowest cost be-
tween vertexes, but the planning problem for autono-
mous driving among dynamic obstacles is complicated 
(Yershov, LaValle 2011). Although the improved D* al-
gorithm can update the path based on moving obsta-
cles, the algorithm is difficult to deal with unfixed goals 
in on-road scenarios (Koenig, Likhachev 2002). Shim 
et al. (2012) developed a new polynomial parameteri-
zation method to obtain a collision-free path, which is 
optimized by a minimum detour, but the boundary con-
ditions are complex and the utilization of parameter es-
timation is unaware. This paper will present a simplified 
polynomial parameterization method for motion plan-
ning in real scenarios and make the best use of initial 
and terminal motion states of the autonomous vehicle. 

Once the motion-planning program determines a 
reference trajectory, proper control methodologies are 
chosen to control the steering and speed actuators to 
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make the vehicle follow the generated trajectory. These 
control logics mainly include sliding-mode control, 
fuzzy logic and Model Predictive Control (MPC). Du-
rali et al. (2006) designed a sliding mode controller to 
guarantee that the vehicle tracks that desired trajectory, 
which has few computational difficulties and is appro-
priate for real time implementations. Fuzzy logic was 
utilized to incorporate human procedural knowledge 
with control algorithms and enhance the performance 
of tracking trajectories and avoiding obstacles, but vast 
work needed to be done in order to ensure the precision 
of control and dynamic quality (Naranjo et  al. 2007). 
Falcone et al. (2007) proposed a MPC approach to best 
follow a given path by controlling the front steering an-
gle and the brakes at the four wheels independently. As 
many of the control logics assume that the computed 
inputs of control system never reach the physical satu-
ration limit of the actuator, MPC has the property of 
considering constraints in computation of the optimal 
solution and makes itself preferred over other methods 
(Kim et al. 2004). In this paper, an MPC-based control-
ler is designed for four-wheel-drive electric vehicles to 
follow the planned trajectory by actively cooperating the 
front steering and wheel torques at each wheel.

The main contribution of this paper lies in two as-
pects. First, this is among the first attempts to incorpo-
rate together with motion-planning and control system 
for four-wheel-drive autonomous electric vehicles. The 
motion-planner delivers real-time information (posi-
tion, velocity and acceleration of vehicles) to control 
system and the controller calculates input of actuators 
to track the planned trajectory. The cooperation be-
tween motion-planning system and control system can 
enhance the ability to deal with complex driving require-
ments quickly and effectively in autonomous electric ve-
hicles. Second, a new method is adopted to calculate the 
wheel torques indirectly in MPC-based control system, 
which chooses the wheel slip ratios as the control inputs 
and utilizes their closer relation with control outputs in 
order to reduce overall computational complexity of the 
model predictive control problem.

The rest of this paper is structured as follows. In 
Section 1 we introduce a simplified polynomial param-
eterization method for motion planning in common 
driving scenarios. The vehicle model and the MPC ap-
proach are formulated in Section 2. Section 3 presents 
simulative results and validation of two normal driving 
scenarios to evaluate the feasibility of the motion-plan-
ning program and MPC-based controller. Finally, the 
paper is closed with concluding remarks and ideas for 
future work.

1. Motion Planning

This section describes the motion-planning method 
with a simplified kinematic vehicle model, as shown in 
Fig. 1. δ is the front steering-wheel angle, (X(t), Y(t)) are 
the longitudinal and lateral positions of the midpoint at 
the rear axle in a inertial frame, y is the heading angle, v 
is the longitudinal vehicle speed, and l is the wheel base. 

The kinematic equations are given by:

( ) ( )= ⋅ ψcosX t v t ;

( ) ( )= ⋅ ψsinY t v t ;

( ) ( )⋅ δ
ψ =

tanv t
t

l
 .  (1)

According to the polynomial param-
eterization method, let the initial state be q0 = 
( )=0 0 0 0 0 0 0, , , , ,q X X X Y YY   at the initial time t0 and the fi-
nal state be ( )= , , , , ,f f f f f f fq X X X Y YY    at the final 
time tf . The initial state can be detected via various sen-
sors and the terminal state can be estimated based on 
driving requirements. It shows that the initial and final 
configuration have six constraints in lateral and longi-
tudinal directions respectively. Therefore, parameter 
expressions need at least six coefficients to accommo-
date these constraints. With above considerations, the 
planned path is defined by fifth-order polynomials that 
have six parameters given as:

( )
=

= ⋅∑
5

0

i
d i

i
X t a t ;

( )
=

= ⋅∑
5

0

i
d i

i
Y t b t .  (2)

The coefficients a


 and b


 can be computed as:
−= ⋅1

xa T q


;
−= ⋅1

yb T q


,  (3)
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Fig. 1. The simplified vehicle model
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Once polynomial parameters a


 and b


 are de-
termined, the desired trajectory (Xd,  Yd) is generated 
and the desired heading angle can be calculated by the 
Eq. (1) simultaneously. In order to evaluate the effective-
ness of the developed motion-planning approach, two 
normal driving scenarios will be discussed below.

The first scenario is a lane-change maneuver, as 
shown in Fig.  2. The vehicle needs to perform a lat-
eral maneuver when changing lanes, but ends with a 
pure longitudinal motion. Suppose the initial longi-
tudinal and lateral velocities of the vehicle are taken 
as 10  m/s and 0  m/s respectively, the time interval is 
5 seconds, the initial way point is at (0, 0) m position 
and the final way point is at (50, 3) m. Since the longi-
tudinal and lateral velocities need not change sharply 
in this scenario, it is assumed that the final velocities 
are the same as the initial state and both the initial and 
final accelerations are zero. In this way, the longitudi-
nal state ( )= 0,  10,  0,  50,  10,  0xq  and the lateral state 

( )= 0,  0,  0,  3,  0,  0yq  are obtained. The planned trajec-
tory is shown in Fig. 3. Fig. 3a and 3b show the longi-
tudinal and lateral positions respectively. The heading 
angle is shown in Fig. 3c and 3d depicts the relation be-
tween longitudinal and lateral positions.

The second scenario is a right-angle turn maneuver, 
as shown in Fig. 4. During a right-angle turn, the mo-
tion of vehicle switches from a longitudinal motion to a 
lateral motion in the inertial frame, along with signifi-
cant changes of longitudinal and lateral velocities. There-
fore, it is necessary to select proper accelerations for the 
initial and final states. Similar to the planning process 
of double-lane change case, suppose that the longitudi-
nal state is ( )= 0,  5,  – 2,  10,  0,  0xq , the lateral state is 

( )= 0,  0,  –1,  –10,  – 2,  –1yq  and the time interval is 10 
seconds. The planned trajectory is shown in Fig. 5. 

From the generated trajectories of two specified 
scenarios, it is shown that the autonomous vehicle cor-
rectly reach the expected longitudinal and lateral posi-
tions within required time interval. In addition, these 
trajectories and heading angles transmit smoothly and 
steadily, without break points. Therefore, the motion-
planning algorithm can effectively produce desired tra-
jectories in normal scenarios.

2. Vehicle Control System

This section introduces the development of a vehicle 
control system to track the desired trajectories in dif-
ferent scenarios. The controller mainly includes two 
parts, vehicle modeling and control methodologies. It is 
preferred that the selected vehicle model is dynamically 
close to those of an actual vehicle. The control method-
ology should be well suited to the system complexity and 
computational burden. The vehicle model and control 
logic are presented in following sections.

2.1. Vehicle Model
It is widely recognized that an ideal vehicle model, pro-
ducing reasonable computation burden, has dynamic 
characteristics close to those of an actual vehicle. The 
choice of a seven-degrees-of-freedom vehicle model 
meets those requirements well (Falcone et  al. 2008), 
and the schematic diagram of vehicle model is depicted 
in Fig. 6. We denote by Fl, Fc the longitudinal and lat-
eral tire forces, respectively, a, b, c the vehicle geometry 

Fig. 2. The lane change maneuver

Fig. 3. The planned path for lane change

Fig. 4. The right-angle turn maneuver

Fig. 5. The planned path for right-angle turn
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parameters, ψ  the yaw angular velocity, vl, vc the lon-
gitudinal and lateral wheel velocities respectively, and δ 
the wheel steering angle. The subscript symbols denote 
variables related to the four wheels: the first subscript 
denotes the front and rear axles, and the second denotes 
the left and right sides of the vehicle. As example, Ffl is 
referred to the front left wheel force. 

This vehicle model has three DOFs for the chassis 
velocities and one DOF at each of the four wheels, rep-
resenting the wheel spin dynamics. The chassis velocities 
include the longitudinal velocity x , the lateral velocity 
y  and the yaw angular velocity ψ . The vehicle dynamic 

model is built as follows:

⋅ = ⋅ ⋅ψ + + + +
, , , ,f l f r r l r rx x x xm x m y F F F F  ;

⋅ = − ⋅ ⋅ψ + + + +
, , , ,f l f r r l r ry y y ym y m x F F F F  ;

( ) ( )⋅ψ = + ⋅ − + ⋅ +
, , , ,f l f r r l r ry y y yI F F a F F b

( )− + − + ⋅
, , , ,f l f r r l r rx x x xF F F F c ,  (4)

where: m is the vehicle mass; I is the yaw moment 
of vehicle inertia. The forces acting on the center of 
gravity Fx and Fy are computed by resolving the longi-
tudinal force Fl and lateral force Fc as:

= ⋅ δ − ⋅ δcos sinx l cF F F ;

= ⋅ δ + ⋅ δsin cosy l cF F F .  (5)

A ‘magic formula’ model (Pacejka, Bakker 1992) is 
used to generate tire longitudinal and lateral forces. Tire 
forces for each tire are obtained by: 

( )= α µ, , ,l l zF f s F ;

( )= α µ, , ,c c zF f s F ,  (6)

where: α is the slip angle; m is the road friction coef-
ficient; Fz is the normal tire load and s is the slip ratio 
defined as:


− < ω⋅ ≠ ω⋅= ω⋅ − > ω⋅ ≠



1 if , 0 (driving);

1 if , 0 (braking),

l
l

l
l

v
v r w

rs r v r v
v

  (7)

where: vl is the longitudinal wheel speed, r and w is the 
wheel radius and angular speed respectively. The wheel’s 
angular speed is calculated as:

( )ω = ⋅ − − ⋅
1

ij dij bij lij
w

T T F r
I

 ,  (8)

where: Iw is the wheel inertia; Tdij and Tbij are the driv-
ing and braking torques respectively at each wheel, and 
the subscript ij denotes the four independent wheels.

The lateral and longitudinal motion equations of 
vehicle in an absolute inertial frame are:

= ⋅ ψ + ⋅ ψsin cosY x y

  ;

= ⋅ ψ − ⋅ ψcos sinX x y

  .                                     (9)

With above equations, the vehicle model can be 
rewritten as: 

( )ξ = ξ,f u ;

( )η = ξh ,                                                       (10)

where the state and input vectors are { }ξ = ψ ψ, , , , ,X Y x y    
and { }= δ , , , ,,  ,  , ,  f l f r r l r ru s s s s  respectively, and the out-
put h is obtained by:

( )
 
 η ξ = ξ 
  

0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

.  (11)

2.2. MPC-Based Controller
Next an MPC controller calculating the steering angle 
and the slip ratios is established in order to track a de-
sired path, while keeping the longitudinal and lateral po-
sitions as close as possible to a given reference. The slip 
ratios can be further delivered to compute wheel torques 
by resolving the wheel angular speed algorithm at each 
sampling instant. Since the outputs of model predictive 
controller will be conducted a series of discretization, 
it is beneficial to calculate the derivative of Eq. (7) nu-
merically and obtain the wheel’s angular acceleration. 
The driving or braking wheel torques can be figured out 
finally by substituting previous-derived wheel’s angular 
acceleration into the differential Eq. (8). Fig. 7 depicts 
the control scheme of autonomous electric vehicle.

Fig. 6. The schematic diagram of vehicle model
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Fig. 7. The control scheme for autonomous electric vehicle
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In order to obtain a finite dimentional optimal con-
trol problem, discretize system dynamics with the Euler 
approximation (Borrelli et al. 2005), and obtain:

( ) ( ) ( )( )ξ + = ξ ∆1 ,k f k u k ;

( ) ( )( )η = ξk h k ;

( ) ( ) ( )∆ = − −1u k u k u k .                                (12)

Consider the subsequent cost function:

( )( ) + +
=

ξ ∆ = η −η +∑ , ,
2

1

ˆ,
p

t k t t k t

H

t ref Q
k

J t U

− −

+ +
= =

∆ +∑ ∑
1 1

2 2
, ,

0 0

c cH H

t k t R t k t S
k k

u u ,  (13)

where: + +∆ = ∆ … ∆, 1, , ,t t t t Hc tU u u  is the optimal vec-
tor at time t; +η ,ˆ t k t  and 

+
η

,t k tref denote the predicted 
and desired output vectors at time t respctively. Hp is the 
prediction horizon and Hc is the control horizon with 
Hp > Hc. Q is the output weight matrix, R is the input 
weight matrix and S denotes the weights for control in-
put rates.

The linearization of non-linear system (12) is car-
ried out at general non-equilibrium points (Chang, Gor-
don 2007), and at each sampling instant the optimizatin 
problem is solved as:

( )
∆

ξmin ,
t

t tU
J U

 
 (14a)

Subject to:

+ξ = ξ +1, , ,k t t k t t k tA B u ,  (14b)
 
 η = ξ 
  

, ,

0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

k t k t   (14c)

= + −with ,..., 1pk t t H ;

−= + ∆, 1, ,k t k t k tu u u ,                                      (14d)

≤ ≤min , maxk tu u u                                         (14e)

= + −with ,..., 1ck t t H ;
∆ ≤ ∆ ≤ ∆min , maxk tu u u .                                 (14f)

Eqs (14b) and (14c) represent the system equations, 
where At and Bt are the parameter matrices at each in-
stant. Eq. (14d) gives the control sequence of optimal 
steering and increments in the slip ratios computed 
at sampling instant k by optimizing the cost function 
(Eq. (14a)) for the state xk and the input at the previous 
sample step ( )−1u k . The first element of the obtained 
optimal control input sequence uk,t will be applied to 
control the vehicle. The constraint defined in Eq. (14e) 
limits the steering angle and wheel slip ratios. A limit on 
the input rates is defined in Eq. (14f ). 

3. Simulation and Analysis

To evaluate the feasibility of the motion-planning pro-
gram and MPC-based controller, we consider two sce-
narios where the vehicle intelligently changes lane and 
accomplishes a right-angle turn respectively. The con-
trol goal is to track the trajectory as close as possible by 

minimizing the vehicle deviation from the expected path 
and the control inputs are the front tire steering angle 
and the wheel slip ratios.

For the lane-change case, the planned tajectory 
shown in Fig. 3 is tracked on the basis of MPC control-
ler. The following control parameters have been used: 

 – sampling time: 
T = 0.05 s;

 – horizons: 
Hp = 12, Hc = 4;

 – bounds: 
–10  ≤  δ  ≤  10 deg;
–1 ≤ Δδ ≤ 1 deg;
–3 ≤ s ≤ 3%;

 – weights on tracking errors:
= 20YQ ;

ψ =100Q ;
ψ =1Q


;
 – weights on input rates:
δ =100R ;

= = = =
, , , ,

0.01
f l f r r l r rs s s sR R R R ;

= ≠0 for ;ijR i j
 – weights on inputs:

−
δ =

710S ;
−= = = =

, , , ,
510

f l f r r l r rs s s sS S S S ;

= ≠0 forijS i j .

Fig.  8 shows the demanded steering angle and 
Fig. 9 reports the tracking variables, including the lat-
eral vehicle position, the yaw angle and the yaw rate. In 
Figs 10 and 11 the slip ratios and wheel torques at the 
four wheels are shown. The simulation reflects a good 
tracking, but the delay of steering operation is noticed 
in Fig. 8, which has to be properly traded off with the 
precision of tracking planned trajectories. It is observed 
that the controller is able to well coordinate wheel 
torque control and the steering manoeuver in Figs  8 
and 11. Between 0 and 2.5 s, the vehicle steers to the left 
to generate a positive yaw moment. Meanwhile, brak-
ing torques at both left-hand side wheels and traction 
torques at both right-hand side wheels are generated, 
which produces a positive yaw moment and helps the 
steering action. An opposite behavior can be observed 
for the rest of simulation.

Fig. 8. Steering angle (lane-change case)
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Figs 12–15 present the simulation results in the sce-
nario of right-angle turn. The following control param-
eters have been used:

 – sampling time: 
T = 0.05 s ;

 – horizons: 
Hp = 20, Hc = 6 ;

 – bounds: 
–10 ≤ δ ≤ 10 deg ;
–1 ≤ Δδ ≤ 1 deg ;
–3 ≤ s ≤ 3% ;
 – weights on tracking errors:

= 20YQ ;

ψ =100Q ;

ψ =1Q


;
 – weights on input rates:

δ = 310R ;
−= = = =

, , , ,
310

f l f r r l r rs s s sR R R R ;

= ≠0 for ;ijR i j
 – weights on inputs:

−
δ =

710S ;
−= = = =

, , , ,
310

f l f r r l r rs s s sS S S S ;

= ≠0 forijS i j ;

Fig. 9. Tracking trajectory comparison (lane-change case)

Fig. 10. Wheel slip ratios (lane-change case)

Fig. 11. Wheel torques (lane-change case)
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Fig. 12. Steering angle (right-angle turn case)
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Fig. 13 shows a good tracking of the planned path 
in the right-angle turn scenario. In Figs 12 and 15, we 
also notice the cooperation of the steering and wheel 
torques in order to achieve the necessary yaw moment. 
When the controller executes a right steering in the first 
6 seconds, the combination of wheel torques at the two 
sides achieves a negative yaw moment. After 7 s the ve-
hicle nearly completes the right turn, the steering angle 
approaches to zero and wheel torques no longer generate 
any yaw moment.

The feasibility of proposed MPC-based controller 
on the actual electric vehicle is further evaluated with 
a high-fidelity full-vehicle model from CarSim, which 
replaces the mathematical vehicle model in Fig. 7. The 
parameters in the CarSim model are listed in Table and 
the comparisons between the calculated and referred 
trajectories are shown in Figs 16–17. The validation re-
sults prove that the adopted MPC-based controller can 
guarantee an overall good tracking of planned trajecto-
ries, although the tracking performance should be im-
proved (probably through more tuning work) in order to 
eliminate oscillations and partial deviations.

Conclusions

In this paper a motion-planning system and an MPC-
based controller are developed for autonomous electric 
vehicles. 

The motion-planning program determines desired 
tajectories for specified scenarios, and then the MPC 
controller computes the steering angle and torques at 
each wheel. 
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Fig. 14. Wheel slip ratios (right-angle turn case)

Fig. 15.Wheel torques (right-angle turn case)
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Fig. 16. Validation of controller compared with  
the reference path (lane-change case)

Fig. 17. Validation of controller compared with  
the reference path (right-angle turn case)

Table. Main parameters of vehicle model in CarSim

Parameter Symbol Value

Sprung mass m 1125 kg

Yaw moment of inertia I 1519 kg·m2

Distance of c.g to front axle a 1.1 m

Distance of c.g to rear axle b 1.3 m

Half track of front and rear axle c (0.7, 0.7) m

Effective wheel rolling radius r 0.3 m

Wheel rotational inertia Iω 1.28 kg·m2
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The simulation results and validation in CarSim 
show that the proposed planner algorithm and control-
ler are feasible and can achieve requirements of autono-
mous driving in normal scenarios. 

Future research will aim to improve the motion-
planning algorithm and deal with a more complex driv-
ing environment considering possible obstacles.
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