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Abstract. The problem of Rapid Transit Network Design (RTND) is studied in this paper. Due to the noticeable con-
tribution of rapid transit lines in public transportation network of large urban areas, this problem is interesting to 
the transportation specialists. On the other hand, the success stories of Bus Rapid Transit (BRT) systems in different 
countries have motivated us to study BRT network planning. BRT systems can be developed with less investment costs 
and construction time in comparison with rail-based systems. Therefore, planning Bus Rapid Transit lines, either to 
develop a new rapid transit network or extend a current one can be an interesting research topic. This problem, like 
other network design problems is difficult to solve for large scale networks. In this study, a mixed-integer mathematical 
model that addresses the Transit Network Design Problem (TNDP) is presented. The objective function of the model 
is maximization of trip coverage. To solve the model, an algorithm is proposed and implemented in C# environment. 
The main modules of the algorithm are the following: (1) routes generation, (2) search tree, (3) solution evaluation, and 
(4) inference. In Route Generation module, the candidate transit route set is determined. Afterwards, the Search Tree 
module provides a strategy which guarantees that all feasible combinations can be considered in the search process. 
To evaluate the performance of each transit route combination, a transit assignment algorithm is used in the Solution 
Evaluation part. Finally, the intelligence core of the search process, that is called Inference, helps the algorithm to find 
parts of the search space which cannot contain the optimal solution. The algorithm is tested on a real size network, 
i.e., the extension of the Greater Isfahan rapid transit network with BRT routes. The output of the algorithm is the set 
of BRT routes that maximizes the daily trip coverage index while satisfying the budget constraint. By solving the case 
study problem, it is shown that our proposed model and algorithm are capable of tackling real size rapid transit net-
work design problems. 
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Introduction 

Optimization problems in public transit attract research-
ers’ attention due to their size, complexity and practi-
cal importance. The problems of optimization of public 
transit systems are categorized into strategic, tactical, 
operational, and real-time control levels (Desaulniers, 
Hickman 2007). At the strategic level, transit route net-
work design is considered while frequency setting and 
timetabling are usually studied at a tactical level (Ba-
gloee, Ceder 2011). Crew and vehicle scheduling prob-
lems are solved in operational planning (Ceder 2002; 
Bartodziej et al. 2009; Smith et al. 2007). At real-time 
control level, the main concerned is minimizing the ef-

fect of minor and major disruptions in transit networks 
(Desaulniers, Hickman 2007; Mesa et al. 2013). 

Transit route network design at the strategic plan-
ning level has been studied by many researchers since 
1960s. A comprehensive review of the literature was 
reported by Kepaptsoglou and Karlaftis (2009). Some 
researchers noticed the sources of transit route network 
design complexity (Baaj, Mahmassani 1991; Newell 
1979). To make the real world problems smaller and 
more probable to solve with exact methods, decompos-
ing them into rapid transit and feeder bus network de-
sign can be helpful. There are at least 2 reasons which 
motivate researchers to approach rapid and feeder line 



network design problems differently. First, Rapid transit 
lines usually are long, high capacity lines with dedicated 
paths while feeder lines connect urban areas to one or 
more rapid transit stations on mixed traffic paths. Sec-
ond, rapid transit lines normally pass through freeways 
and arterial streets, but feeder lines are usually in minor 
arterials and collector-distributer streets. Feeder lines 
are supposed to provide better access to rapid transit 
stations. Once the rapid transit network is planned, ap-
propriate feeder services can be designed to serve it. 
Regarding this decomposition idea, the Rapid Transit 
Network Design (RTND) was studied by a number of re-
searchers (Laporte et al. 2007; Marín 2007; Kermanshahi 
et al. 2010) as an independent problem. The Feeder bus 
network design was also noticed as an independent 
problem (Mohaymany, Gholami 2010; Kuan et al. 2006; 
Shrivastava, O’Mahony 2009), as well.

Laporte et  al. (2007) studied and presented a 
mixed-integer mathematical model for RTND. In their 
study, they used maximization of the trip coverage as the 
objective function. Marín (2007) presented an extension 
of the previous works by relaxing the predefinition of 
the starting and ending points of rapid transit routes. 
He used CPLEX to evaluate the model performance on 
two sample networks with 6 and 9 nodes. Escudero and 
Muñoz (2009) developed a two-stage method to solve 
RTND. The first stage resulted in a connected graph that 
maximized the network coverage. The second stage was 
designed to extract transit routes from the connected 
graph. Small networks were used in these former studies. 
Marín and Jaramillo (2009) applied Accelerated Benders 
Decomposition to solve the RTND problem. They used 
the abstract network of the City of Seville with 24 nodes 
as the case study. As in the former study, the transfer 
penalty was not considered in his model. Kermanshahi 
et al. (2010) studied RTND and presented a new model 
and solution algorithm that considered the transfer pen-
alty. Additionally, a noticeable decrease in computation 
time in comparison with Escudero and Muñoz (2009) 
was reported. 

In all aforementioned RTND studies, maximization 
of the covered trips is the objective function. It forces 
the model to select a combination of rapid lines which 
offer an acceptable service to as many trips as possible. 
A transit service is acceptable if its travel time is smaller 
than a predefined value. In this study, maximizing trip 
coverage is selected as the objective function. Further-
more, a new concept of target travel time is defined in 
this study which addresses the maximum acceptable 
travel time for each transit trip regarding its origin and 
destination.

In a recent study by Hensher and Golob (2008), it 
was concluded that connectivity and frequency have a 
considerable effect on attracting public transit demand; 
from this viewpoint, the BRT system is in the right place. 
BRT is one of the most attracting transit systems and 
can be categorized as a rapid or semi-rapid transit sys-
tem (Vuchic 2007). BRT is defined as ‘…a high-quality 
bus based transit system that delivers fast, comfortable, 
and cost-effective urban mobility through the provision 

of segregated right-of-way infrastructure, rapid and fre-
quent operations, and excellence in marketing and cus-
tomer service’ (Wright, Hook 2007). It is a leading tran-
sit system for improvement and development of transit 
networks in numerous cities all over the world (Deng, 
Nelson 2011; Cain et al. 2007; Polzin, Baltes 2002). Its 
lower construction cost in comparison with rail-based 
systems makes it more attractive for decision makers. 
RTND can help extending the rapid transit network of 
cities using BRT lines. So, we were motivated to develop 
a new model and algorithm to solve BRT network design 
problem in a real-size network. 

A new mathematical model for Transit Network 
Design Problem (TNDP) is presented in the problem 
formulation section. Following that the solution al-
gorithm modules are illustrated. The modules are de-
scribed in four subsections: route generation, search 
tree, solution evaluation, inference. Next, the problem 
of extending the of greater Isfahan rapid transit network 
using BRT routes is solved and computational results 
of different experiments are reported in the case study 
section. Finally, the paper’s findings are reflected in the 
concluding section.

1. Problem Formulation 

The TNDP can be stated as a discrete combinatorial 
optimization problem: The selection of some transit 
routes from a given candidate set of routes that maxi-
mize the defined coverage index while satisfying the 
budget constraints. It is assumed that a trip is covered 
with the transit system when the travel time provided by 
the transit system is not greater than a predefined value. 
We called this predefined value the Target Travel Time. 
The main inputs of the model are the set of candidate 
routes, demand matrix, and Target Travel Time matrix. 
A set of binary variables, each of which corresponds to 
a candidate route, makes up the decision variable ar-
ray. Another important input parameter of the model is 
the available budget. The problem can be formulated as  
follows:

= ⋅∑max w w

w
z c g ; (1)

⋅ ≤∑ l l

l
y c B , ∀ ∈l L ; (2)

≤ δ ⋅ ⋅l l l
ij ijx y M , ∀ ∈ij E , ∀ ∈l L ; (3)

( )− ⋅ + ⋅ − ≥* 1 0w w w wT c t M c , ∀ ∈w W ; (4)

*wt  is obtained from transit assignment ∀ ∈w W , 
 (5)

where: cw – binary variable of coverage, which is 1 if w is 
covered and 0, otherwise; gw – number of trips between 
w OD pair; yl – binary variable of selecting route l which 
is 1 if route l is selected and 0, otherwise; cl – construc-
tion cost of route l; B – budget level; l

ijx  – if link ij be-
longs to route l and route l is selected in the solution; 
δlij  – is 1 if link ij belongs to route l and 0, otherwise; 
Tw – target travel time between w OD pair; *wt  – transit 
travel time; M – a big enough number.
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The definition of trip coverage used in this model is 
a generalization of the definition of Laporte et al. (2007). 
Our definition considers the provision of an acceptable 
transit service that offers an acceptable generalized travel 
time (including access time, egress time, waiting time, 
transfer penalty and in-vehicle time) to OD passengers. 
It seems that the target travel time of a given OD pair 
may depend on many parameters such as the travel time 
by way of private car between them, the socio-economic 
characteristics of the passenger and the trip purpose, 
characteristics of origin and destination as well as the 
current provided transit travel time. In this study, it is 
assumed that the target travel time matrix between OD 
pairs is given, but it may be valuable to study passenger 
preferences to generate a target travel matrix, probably 
for different passenger market segments.

Equation (1) represents the objective function that 
is the summation of covered trips over all OD pairs. The 
constraint in equation (2) stands to guarantee that the 
solution is budget feasible. The construction cost of each 
single route is calculated at route generation procedure 
(section 2.1). The constraints in equation (3) guarantee 
that if a route is not selected, it is not used by transit pas-
sengers. The constraints in equation (4) reflect the cover-
age definition for an OD pair w; if the provided service 
by transit system *wt  is greater than cw (the target travel 
time of w), then the corresponding coverage binary vari-
able, is forced to be zero. Finally, *wt is obtained from 
the transit assignment procedure and stated in equation 
(5). The procedure of transit assignment is described in 
section 2.3. Some of the major constraints of BRT route 
layout and passengers movement in the transit network 
are not presented in this formulation. Indeed, route lay-
out related constraints are considered implicitly in the 
route generation module. Besides, flow conservation 
constraints are embedded in transit assignment (Eq. 5). 

2. Solution Algorithm 

To solve the model presented in the previous section, 
an algorithm is developed based on implicit enumera-
tion and is implemented in C# environment. The main 
modules of the algorithm are the following: 

 – Route Generation; 
 – Search Tree; 
 – Solution Evaluation;
 – Inference. 

In Fig. 1, a flowchart of the algorithm is shown. 

2.1. Route Generation 
The purpose of the proposed TNDP is to find the op-
timal routes from a set of candidate routes. To identify 
candidate routes, a Route Generation module is de-
signed. This module generates routes between prede-
fined terminals by selecting a sequence of links on the 
given base network. In this procedure sub-tours in the 
generated routes are avoided and routes with sub-tours 
are not included in the candidate set. The base network 
includes links that are appropriate for transit vehicles 
to pass through. Two constraints in Route Generation 

module are considered. First, the length of routes should 
be between a given minimum and maximum amount. 
Second, the acceptable routes should be direct, i.e., they 
cannot be longer than (1 + α) times the shortest distance 
between their terminals on the base network. These con-
straints are embedded in the route generation module 
and do not appear in the model formulation explicitly. 

2.2. Search Tree
The Search Tree is developed to search through different 
combinations in a systematic manner to benefit from the 
information that is gathered through the search process. 
A schematic search tree is shown in Fig. 2. In the search 
tree, each node corresponds to a route combination (a 
subset of a candidate route set). In this figure, the bold 
path, which starts at the root and passes nodes 1, 4 and 
6, shows a combination of the following three routes: 1, 
4 and 6. Therefore, at each node, the nodes on the back 
track connecting it to the root show the corresponding 
combination. When a branch cannot grow, a reverse 
movement on the tree is necessary to jump to the next 
unseen node. The search process terminates when there 
are no unseen nodes in the search tree. 

2.3. Solution Evaluation (SE)
The transit travel time between each w OD pair is ob-
tained from transit assignment (Equation (5) in the 
problem formulation). In this study, it is assumed that 
passengers choose the shortest path in the transit net-
work to reach their destination. The following two major 
assumptions are made: 

 – the transit travel time of each route is independ-
ent from the transit volume using it;

 – the capacity constraint of transit routes is not 
considered. 

Fig. 1. Solution algorithm flowchart

Transport, 2015, 30(1): 93–102 95



To solve the shortest path problem on the transit 
network, the Floyd–Warshall algorithm (Ahuja et  al. 
1993) is applied. Because it is important in the transit 
network to consider the waiting time at boarding and 
the transfer penalty (when a transfer between transit 
routes occurs), a network transformation procedure is 
used:

Step 1: each sk rapid station on the initial network 
is replicated to nodes a

ks  and b
ks , which respectively 

denote alighting and boarding at station sk (see Fig. 3b, 
nodes 2a and 2b).

Step 2: each sk rapid station on the initial network 
is replicated n times (to the maximum number of routes 
in each of the possible combinations). These nodes are 
denoted as the following: 1

ks , 2
ks , …, n

ks  (see Fig.  3c, 
nodes 2–1 and 2–2).

Step 3: The candidate routes in the given combi-
nation are sorted and each route is set up on its cor-
responding replicated node, i.e. the i-th route may be 
positioned on (see Fig. 3d; route 1 is positioned on node 
2–1 and route 2 on 2–2).

Step 4: a
ks  and b

ks  are connected to 1
ks , 2

ks , …, n
ks  

with proper one-way links. For boarding links, the cost 
is equal to the related route waiting time and for alight-
ing links, the cost is zero. Additionally, a

ks  and b
ks  are 

connected to each other with a one-way link, which de-
notes a transfer penalty i

ks (see Fig. 3e; WT1 and WT2 
are the link costs of boarding links from 2b to 2–1 and 
2–2; link from 2a to 2b has TP cost).

Step 5: for each sk station, outgoing trips are as-
signed to the corresponding boarding node b

ks  and in-
coming trips to the alighting node a

ks (see Fig. 3f; outgo-
ing trips from node 2 are assigned to node 2b; incoming 
trips are assigned to node 2a). 

2.4. Inference 
Design of faster algorithms is valuable because they help 
solving larger problems in faster and save time on analy-
sis. To do that, recognition of parts of the search space 
that cannot reach the optimal solution is a possible strat-
egy. In the proposed algorithm, all the tools which help 
the search process know more about the search space are 
included in the Inference module. Albeit the algorithm 
can work without Inference Module, its implementation 
can accelerate the algorithm. The efficacy of this mod-
ule is evaluated in the computational results section of 
the case study problem. The followings are the Inference 
Module components:

1.  Budget infeasibility: Each branch of the search 
tree may grow until it is cut on the basis of 
branch cutting criteria. If a combination’s cost 
exceeds the budget level, it is infeasible and none 
of the predecessors of the corresponding node 
in the search tree can be feasible. Therefore, the 
branch should be cut at this node. After branch 
cutting, a back-track movement is needed to 
continue the search process. 

2.  Extendable routes: A route is considered extend-
able if a link can be added to the route and the 
extended route still belongs to the candidate 
route set. Obviously, the coverage index of the 
extended route cannot be lower than the initial 
route. If an extendable route lm is in a given nc
combination with enough budget for extending 
it, then there is another ′nc  combination in which 
lm is replaced by its extended ′ml  route, and this 
combination provides coverage that is greater 
than or at least equal to that provided by cn. So, 
it is not necessary to evaluate cn in SE module. 

Fig. 2. Schematic search tree

a)

b)
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3.  Free transfer network: If the transfer penalty and 
the waiting time are supposed to be zero, then 
SE may overestimate the coverage (Kermansha-
hi et al. 2010). If the transfer penalty is ignored, 
then a simpler presentation of the network is 
possible (Fig.  4). Replicated nodes are reduced 
in this network presentation and a considerably 
lower computation time can be expected. In this 
presentation, some BRT route combinations may 
lead to the same free transfer network (presented 
networks in Figs 4a and 4b have the same free 
transfer network as shown in Fig.  4c). There-
fore, one single computation for a transfer free 
network may be used for several route combina-
tions. The objective value can be saved in a look-
up table and called whenever necessary. 

4.  Recognition of transfer-necessary trips: The calcu-
lated upper bound in the transfer-free network 
can be tightened by identifying trips that can-
not be served without a transfer between rapid 
transit routes. If the origin and destination of 
w OD pair are not located on the same route, 
then each trip requires at least one transfer to be 

completed. Accordingly, a distance matrix that is 
derived from the previous part, (i.e. free transfer 
network) can be modified and a tighter upper 
bound can be achieved.

3. Case Study

The proposed model and algorithm were applied to the 
Isfahan metropolitan road network. Currently, about 
1000 buses are operating on 90 routes in the metro-
politan area transit system. In the transportation mas-
ter plan, a rapid transit system consisting of three LRT 
routes is approved (Fig. 5). LRT1 is under construction 
and the detailed design of LRT2 is in process. Further-
more, BRT1 route, which is approximately 17 km in 
length and connects a southwest terminal to a northeast 
one, is under construction. To extend the current rapid 
transit network of Greater Isfahan, additional BRT lines 
were considered. Therefore, only BRT lines are in the 
routes candidate set for the RTND problem. In other 
words, our goal is to extend rapid transit network of 
Greater Isfahan using BRT lines. Rail based lines were 
planned earlier (55.3 km length in 3 LRT lines) and now 
our problem is to extend it by a lower cost system: BRT. 

Fig. 3. Network transformation steps on a small network

a)

d) e) f)

b) c)

a) b) c)

Fig. 4. Transfer-free network
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In the following sub-sections the Input of the model is 
described in three different parts: 

 – BRT System specifications; 
 – Network information; 
 – Demand Information. 

The Input data files are also available at http://www.
mehdibagherian.com 

3.1. BRT System Specifications
The construction cost of BRT routes depends on the 
selection of the system’s main features, including the 
path type, vehicle type, fare collection method, station 
facilities, and ITS. It can be calculated for each route 
independently according to its specifications. In this 
study, the average construction cost per km was sup-
posed to be USD 2 million based on certain Asian and 
Latin American systems (Wright, Hook 2007) that are 
more applicable to developing countries. This value was 
used to calculate routes construction costs at route gen-
eration procedure (section 2.1). Furthermore, minimum 
and maximum input values for BRT routes’ length were 
assumed to be 8 and 15 km, respectively. The directness 
ratio was supposed to be 1; thus the shortest path be-
tween each terminal pair corresponded to a BRT route. 
Applying these constraints, 56 BRT routes were gener-
ated by Route Generation Module and composed the 
candidate routes set. 

To prepare the network for executing the algo-
rithm, the following assumptions are made. The auto 
assignment target travel time matrix, resulted from mul-
tiplying the predicted private car travel time matrix by a 
scalar value of 2. To consider the transit travel time, BRT 
and LRT routes speeds are assumed to be 30 km/h and 
40 km/h, respectively.

3.2. Network Information
A base network that is a subset of the transportation 
network is shown in Fig. 6. It contains arterials that are 
physically appropriate for BRT vehicles to pass. In this 
network, a set of 113 rapid transit stations, including 14 
given terminals, are selected. BRT routes can start and 
end only in terminal stations. 

3.3. Demand Information
From the predicted 6 240 000 daily trips in the metropol-
itan area in horizon year, 2 148 000 are started and ended 
in our study area being presented in a 180×180 OD ma-
trix (initial segmentation). A transformation procedure 
was needed to convert the 180×180 daily OD matrix to 
a new matrix which its elements were potential trips be-
tween rapid stations (secondary segmentation). In this 
procedure, two assumptions were made: 

1. each trip is assigned to its nearest station;
2. traffic analysis zones are homogenous. 
An illustrative example is presented in Fig.  7. In 

this figure, P zones (Pi, Pj, Pk, Pl ) and Q zones (Qm, Qn) 
are from the initial and the secondary segmentations of 
the area, respectively. The OD-matrix components of 
secondary segmentation can be written as:

=∑∑mn mn
ij

i j
t t , 

∈ initial segmenta n, tioi j , 

∈ secondary segmenta n, tiom n . (6)

Fig. 5. Greater Isfahan rapid transit network
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In the illustrated example,

= + + +mn mn mn mn mn
ij il kj klt t t t t . Also from the homogene-

ity assumption, 
( ) ( )

= ⋅ ⋅1 2mn
ij ij

i i

S S
t t

S P S P
, where ( )iS P  is 

the area of polygon Pi. This equation is the base of OD-
matrix transformation procedure.

4. Computational Results and Sensitivity Analysis

The model was solved on this network and a brief de-
scription of the model output under different budget 
scenarios is presented in Table 1. As shown in the table, 
the objective function increases together with the budget 
level. The computational time is affected by budget level 
as well; the higher the budget level the larger the search 
area and therefore, the longer the computation time. The 
results show that the CPU time increased as much as 
3700 times when the budget was increased from USD 
30 million to USD 120 million. 

In Table 1, it can be seen that increasing the budget 
level from USD 30 million to USD 120 million, increases 
the coverage from 67.2% to 73.8%. The increasing trend 
is as expected; the more money we invest the more 
trips we can cover. Noting that about 63% of trips can 
be covered by the existing plan of rapid transit systems, 
it can be seen that every additional coverage percent, 
costs about USD 11.1 million in infrastructure (10.8% 
increase for USD 120 million investment). In Fig.  8, 
the optimal network for a budget of USD 120 million 
is shown.

To evaluate the efficiency of the Inference module, 
its effect on CPU time is analysed by two experiment 
sets. In the first, the inference module is included in the 
algorithm, in the second it is removed (Table 2). It is 
noticeable that the algorithm speed may increase up to 
10 times when this module is used. Additionally, the In-
ference module efficiency seems to be more remarkable 
in larger problems (Table 2).

Fig. 6. Base rapid transit network

Fig. 7. Illustration of OD-matrix transformation
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Fig. 8. Optimal network

Table 1. Model outputs under different budget scenarios

Budget [million USD] Objective function Optimal combination CPU time [s] Coverage ratio [%]

30 1444856 Route 5: 6–9–22–24–26–12–13–14–15 0.2 67.2

60 1499122 Route 5: 6–9–22–24–26–12–13–14–15
Route 17: 2–15–14–30–28–16 6 69.7

90 1558164

Route 17: 2–15–14–30–28–16
Route 23: 5–7–10–9
Route 25: 6–9–22–24–26–12–13–14
Route 38: 5–7–11 

130 72.5

120 1586499

Route 5: 6–9–22–24–26–12–13–14–15
Route 9: 5–7–11–18–17
Route 17: 2–15–14–30–28–16
Route 23: 5–7–10–9
Route 27: 3–1–20–17–18–11

1112 73.8
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Table 2. The effect of inference module on the algorithm’s performance

Budget 
[million USD]

CPU time [s]
Time saving [%] Speed up ratio

With inference Without inference
30 0.2 0.2 4 1.0

40 0.8 0.8 6 1.1

50 3 5.8 49 1.9

60 6 12.5 52 2.1

70 24 86 71 3.5

80 38 149 75 4.0

90 130 807 84 6.2

100 209 1492 86 7.1

110 566 5475 90 9.7

120 1112 11985 91 10.8

Conclusions

Due to the noticeable contribution of rapid transit lines 
in public transportation network of large urban areas, 
this problem is interesting for the transportation spe-
cialists. Over the past years, development of Bus Rapid 
Transit (BRT) systems has attracted the attention of de-
cision makers in many countries. Developing A model 
and algorithm for planning a rapid transit network by 
BRT lines can be interesting. As a result, solving Bus 
Rapid Transit network design on a real size network was 
established as the main goal of our study. 

In this paper, a new mathematical model for a rapid 
transit network design problem was presented and ap-
plied to a real-size case study. The model is a Mixed In-
teger Program which aims at finding the best combina-
tion of transit routes which maximizes trip coverage. To 
solve the model, a solution algorithm was developed and 
coded in C# environment, consisting of 4 major parts: 
(1) route generation, (2) search tree, (3) solution evalu-
ation and (4) inference. The algorithm was capable of 
solving the problem of extending BRT routes on Greater 
Isfahan network. In this study, solving a rapid transit 
network problem on a large real network in less than  
1 hour was a remarkable achievement. Additionally, ap-
plying a set of simple computations to recognize non-
optimal solutions made the algorithm up to 10 times 
faster. This is interesting from practical viewpoints be-
cause large problems like Greater Isfahan BRT network 
design can be solved in an acceptable amount of time, 
using the proposed algorithm.

For Greater Isfahan case study, computational re-
sults show that by developing new BRT routes, the trip 
coverage index increases about 10% with a budget of 
about USD 120 million. The change in the objective 
function is interesting because it is obtained from a 
budget that is only enough to construct a shorter than 
6 km LRT line. It is interesting that a remarkable im-
provement in transit network performance can be ob-
tained from developing BRT lines with a relatively small 
investment in construction of routes. Finally, our results 
verifies previous studies (Hensher, Golob 2008; Wright, 

Hook 2007; Deng, Nelson 2011) which recommend BRT 
as an effective solution to encourage citizens to use rapid 
transit instead of private cars. 
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