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Abstract. Left-turn bays are often installed on the road segment between paired intersections. Such left-turn bays may 
reduce the approach capacities and impact on one another. Four optimization models are put forward for uncoordinated 
paired intersections with left-turn bays. The phase effective green times and the left-turn bay lengths are the decision vari-
ables, maximizing the intersection capacities, minimizing the intersection delays and both of them are respectively regard-
ed as different objective functions, and minimizing the total delay for paired intersections is viewed as another objective 
function. The total capacity-to-delay ratio is defined to evaluate the operations of paired intersections as a whole. Using 
the field data, the sensitivities of the optimized outcomes to the weighting factors of the objective functions are analysed. 
To clarify the influences of different scenarios on traffic stream operations, seven scenarios are tested using VISSIM. The 
interval estimation and hypothesis testing are used to analyse the simulated data. Three concrete models are recommended 
to apply in practice with the procedure of model application being provided. The achievements can be applied to optimally 
assign the temporal-spacial resources for paired intersections when left-turn bays need to be installed and coordinated 
signals do not need to be considered.

Keywords: paired intersections, left-turn bays, uncoordinated signals, signal timings, optimization, sensitivity analysis.

Notations

Abbreviations:
CP – existing scenario;

WP – Webster’s scenario;
max – maximize;
min – minimize;

s.t. – constraints.

Variables and functions:

jQh, fjSh , sjSh – capacity, full-lane saturation flow rate, 
and left-turn bay saturation flow rate for 
lane group j at intersection h, respectively 
[pcu/h];

ij
hφ  – indicator for identifying whether vehicles in 

lane group j can traverse the intersection in 
phase i at intersection h, if yes, 1ij

hφ = , oth-
erwise – 0ij

hφ = ;
j
hd  – indicator for identifying whether a left-turn 

bay is added in lane group j at intersection 
h, if yes, 1j

hd = , otherwise – 0j
hd = ;

nh – number of phases for intersection h;

igh, jgh  – effective green time for phase i and left-turn 
bay queue full discharge time for lane group 
j at intersection h, separately [s];

Ch – cycle length for intersection h [s];
Lh – total lost time for intersection h [s];

jDh – left-turn bay length for lane group j at inter-
section h [m];

h, t  – average queue spacing [m] and saturation 
headway [s] between consecutive vehicles, 
respectively, and they are set to 6 m and 2 s  
in this paper;

Qh, mh – capacity [pcu/h] and number of lane groups 
for intersection h;

jdh, jxh, jqh – average delay [s/pcu], saturation degree, and 
arrival flow rate [pcu/h] for lane group j at 
intersection h, respectively;

juh – green ratio for lane group j at intersection h;
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Introduction

Left-turn bays are often added to increase intersection 
capacity. Sometimes, left-turn bays are installed on the 
road segment between paired intersections. In the High-
way Capacity Manual (2000), left-turn bays are generally 
viewed as exclusive left-turn lanes. Such a treatment does 
not consider the blockage and overflow of left-turn bays.

Many scholars have investigated the influences of left-
turn or right-turn bays on traffic stream operations. Akçe-
lik (1998) denoted that the saturation flow rate may drop 
for the approach with a left-turn bay at a signalized inter-
section. Tian and Wu (2006) considered the characteristics 
of traffic stream to formulate the probabilistic model to 
estimate the capacity of a signalized intersection approach 
with an added right-turn bay. Wu (2007) also used the 
theoretical-empirical method to calculate the capacity of 
a signalized intersection approach with an added left-turn 
bay. The estimation models were presented to calculate the 
lane utilization factors under the concern of intersection 
types (Lee et al. 2005). Zhang and Tong (2008) established 
the probabilistic model in which the left-turn bay length 
was an independent variable to estimate the capacities of 
the left-turn and through movements. When left-turn ve-
hicles overflow on the left-turn bay, the estimation models 
were proposed to compute the discharge rate and capacity 
for the affected through movement (Osei-Asamoah et al. 
2010). At a pretimed intersection, Yin et al. (2010, 2011) 
gave the theoretical models to estimate the delays for the 
left-turn and through movements with left-turn bays and 
protected left-turn operations. Some researchers investi-
gated the potential safety and operational benefits of sig-
nalized intersections by adding left-turn bays (Tageldin 
et al. 2018) or adopted the extreme value theory to ana-

T – analysis period [h], and a value of 1 h is 
adopted in this paper;

dh – average delay for intersection h [s/pcu];

minigh , pjLh  – pedestrian effective green time for phase 
i  [s] and crosswalk length for lane group 
j [m] at intersection h, separately;

j
hϕ  – indicator for identifying whether vehicles 

in lane group j can traverse intersection h 
in a single phase, if yes, 1j

hϕ = , otherwise – 
0j

hϕ = ;
vp – pedestrian walking speed [m/s], and it is 

set to 1.2 m/s in this paper;
iIh – intergreen time between phase i and the 

next phase at intersection h [s];
minCh , Yh – minimal cycle length [s] and total flow ra-

tio for intersection h, respectively;
jyh – flow ratio for lane group j at intersection h;

maxCh  – maximal cycle length for intersection h [s];

minˆ igh , max igh  –
estimated minimal and maximal effective 
green times for phase i at intersection h, 
separately [s];

minigh  – minimal effective green time for phase i at 
intersection h [s];

max jDh  – maximal left-turn bay length for lane group 
j at intersection h [m], and a value of 300 m 
is used in this paper;

A
kγ  – indicator for identifying whether the left-

turn bay in lane group k at intersection A 
is installed on the road segment between 
paired intersections, if yes, A 1kγ =  , other-
wise – A 0kγ = ;

B
lγ  – indicator for identifying whether the left-

turn bay in lane group l at intersection B 
is installed on the road segment between 
paired intersections, if yes, B 1lγ = , other-
wise – B 0lγ = ;

A
kD  – left-turn bay length for lane group k at in-

tersection A [m];
B
lD  – left-turn bay length for lane group l at in-

tersection B [m];
D0 – road segment length for paired intersec-

tions [m];
TD – total delay for paired intersections [s];

dA, dB – average delays for intersections A and B, 
respectively [s/pcu];

qA, qB – arrival flow rates for intersections A and B, 
separately [pcu/h];

mA, mB – number of lane groups for intersections A 
and B, separately;

A
jq , B

jq  – arrival flow rates for lane group j at inter-
sections A and B, respectively [pcu/h];

A
jd , B

jd  – average delays for lane group j at intersec-
tions A and B, separately [s/pcu];

a1, a2 – paired weighting factors;
QA, QB – capacities of intersections A and B, sepa-

rately [pcu/h];

b1, b2 – paired weighting factors;
c1, c2 – paired weighting factors;
d1, d2 – paired weighting factors;

Z – normal population, which represents the differ-
ence between normal populations X and Y;

X – normal population, which represents the perfor-
mance measure of the reference scenario;

Y – normal population, which represents the per-
formance measure of the comparative scenario;

t – statistic to testify whether null hypothesis 
0 0:H m = m  is accepted or rejected;

m – mean of normal population Z;
m0 – known mean of normal population Z, and it 

equals 0 in this paper;
z  – sample mean of normal population Z;
s – sample standard deviation of normal population 

Z;
n – sample size, which is the number of simulation 

runs in this paper;
~ – subject to;

( )1t n−  – t-distribution with the freedom degree of n – 1.
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lyse the conflicts at a signalized intersection with left-turn 
bays (Zheng et al. 2018). Most recently, Liu et al. (2019) 
proposed the probabilistic model to calculate the total ca-
pacity of a signalized intersection with left-turn bays by 
taking account into stochastic vehicle arrivals and signal 
timing plan.

On the determination of the required left-turn or right-
turn bay length, some scholars developed the procedure 
for determining the left-turn bay length (Kikuchi et  al. 
2004). The appropriate turn bay lengths were examined 
for the case of which an approach lane was transformed 
into left-turn, through and right-turn lanes (Kikuchi et al. 
2007). Kikuchi and Kronprasert (2010) proposed the ana-
lytical flowchart to calculate the left-turn bay lengths at 
signalized intersections in order to prevent the blockage 
and overflow of left-turn bays. Recently, Yang and Zhou 
(2011) proposed the coordination methodology to com-
bine signal timing and the requirement of each compo-
nent so that left-turn bays could be properly designed. Qi 
et al. (2007, 2012) utilized the simulation and analytical 
methods to determine the queue storage length and the 
deceleration length for left-turn bays.

The above-mentioned researches indicate that: the left-
turn or right-turn bays have an important effect on traffic 
stream operations; and they should be well determined to 
enhance the intersection capacity and level of service. On 
the basis of the preliminary studies (Yao et al. 2011, 2012; 
Yao 2013a, 2013b, 2016), the joint optimization models 
are formulated for uncoordinated paired intersections 
with left-turn bays.

The remainder of the paper is arranged as below. The 
proposed methodology, which includes the basic assump-
tions, optimization models, model solutions and selection 
is developed in Section 1. A case study is demonstrated 
with the traffic data, sensitivity analysis and simulation 
tests in Section 2. To testify the reliabilities of the formu-
lated models, the interval estimation and hypothesis test-
ing are used to analyse the sample data from the simulated 
scenarios. Some discussions and suggestions are given 
with the procedure of model application in Section 3. The 
achievements and contributions are summarized at last.

1. Proposed methodology

1.1. Basic assumptions

According to the previous work (Yao et  al. 2011; Yao 
2013a, 2016), there is an optimal scheme of intersection 
layout and signal timing design, which can maximize ca-
pacity and minimize delay for an intersection with left-
turn bays. Similarly, there should be an optimal scheme 
for each intersection as far as uncoordinated paired inter-
sections with left-turn bays are concerned.

This paper focuses on uncoordinated paired intersec-
tions with left-turn bays. The Guidelines for Traffic Signals 
(RiLSA) (FGSV 2003) pointed out that Green Waves for 
motorized traffic are recommended for a traffic signal 
spacing of up to 750 m, under particularly favourable 

conditions up to 1000 m. There are two cases in which 
coordinated signals do not need to be considered. On the 
one hand, although the distance between paired intersec-
tions is shorter than a threshold, there is no movement 
controlled by coordinated signals when special manage-
ment is adopted, such as one-way streets or three-leg in-
tersections. On the other hand, paired intersections can 
be regarded as isolated intersections when the distance 
between them is longer than such a threshold. For these 
two cases, vehicles in each lane group randomly arrive at 
the intersection approach.

Figures 1 and 2 illustrate two cases of paired four-leg 
intersections with left-turn bays. In Case 1, the distance 
between paired intersections is shorter than a threshold; 
in Case 2, the distance is longer than such a threshold. It 
is assumed that right-turn traffic can go at any time under 
the condition of safety.

As shown in Figure 1a, the eastbound traffic at inter-
section A, the westbound traffic at intersection B, and the 
northbound and southbound left-turn traffic at intersec-
tions A and B are all prohibited. On the road segment be-
tween paired intersections, one exclusive right-turn lane, 
one through lane, one exclusive left-turn lane, and one 
left-turn bay are installed at each approach. One exclu-
sive right-turn lane and two through lanes are installed at 
any northbound or southbound approach. In Figure 1b, 
there are two phases for the signal cycle of intersection A,  
that is, Phase 1 for the northbound and southbound traf-
fic, and Phase 2 for the westbound traffic; there are two 
phases for the signal cycle of intersection B, that is, Phase 1  
for the northbound and southbound traffic, and Phase 2 
for the eastbound traffic. Case 1 can be extended to have 
more right-turn, through or left-turn lanes at the west-
bound approach of intersection A or at the eastbound ap-
proach of intersection B, or to have more right-turn or 
through lanes at the northbound or southbound approach 
of intersection A or B. A shared through-right lane can be 
installed at the southbound approach of intersection A or 
at the northbound approach of intersection B. A shared 
through-left lane can be installed at the westbound ap-
proach of intersection A or at the eastbound approach of 
intersection B. Case 1 can also be simplified to the cases of 
prohibiting the southbound traffic at intersection A or the 
northbound traffic at intersection B, or three-leg intersec-
tions; and the signal phasing may be simpler.

As depicted in Figure 2a, a shared through-right lane, 
a through lane, an exclusive left-turn lane, and a left-turn 
bay are installed at each approach on the road segment 
between paired intersections, and a shared through-right 
lane, a through lane and an exclusive left-turn lane are 
installed at any other approach. In Figure 2b, there are 
four phases for the signal cycle of each intersection, i.e., 
Phase 1 for the westbound and eastbound through-right 
traffic, Phase 2 for the westbound and eastbound left-
turn traffic, Phase 3 for the northbound and southbound 
through-right traffic, and Phase 4 for the northbound 
and southbound left-turn traffic. Case 2 can be extended 
to have two or more left-turn bays at each intersection.  
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It can also be extended to have two or more through or 
exclusive left-turn lanes, or to have one or more exclusive 
right-turn lanes at each approach. In Case 2, an exclusive 
left-turn lane can be a shared through-left lane (at this 
time, the signal phasing may need to be adjusted), or there 
can be no shared through-left lane or exclusive left-turn 
lane at an approach. Case 2 can also be simplified to con-
sider three-leg intersections or one-way streets, and the 
signal phasing may be simpler.

For Case 1, the through or right-turn movement ran-
domly arrives at the southbound or northbound approach 
of intersection A or B since there is no upstream intersec-
tion; the right-turn, through or left-turn movement ran-
domly arrives at the westbound approach of intersection A  
or the eastbound approach of intersection B since it origi-
nates from the right-turn movement at the upstream in-
tersection, which is not controlled by any traffic signal. 
For Case 2, the right-turn, through or left-turn move-
ment randomly arrives at the eastbound, southbound or 
northbound approach of intersection A or the westbound, 
southbound or northbound approach of intersection B 
since there is no upstream intersection; the right-turn, 
through or left-turn movement randomly arrives at the 
westbound approach of intersection A or the eastbound 
approach of intersection B since the distance between 
paired intersections is far enough. For any of these two 
cases, the left-turn bay lengths are not independent but 
interrelated for the westbound approach of intersection 
A and the eastbound approach of intersection B, and the 
sum of the left-turn bay lengths should be less than or 
equal the road segment length for paired intersections.

According to actual situations, signal phasing can 
adopt the other scheme (e.g. split left-turn phasing) for 
each intersection in the above two cases. Considering un-
coordinated signals, random arrivals can be assumed for 
each movement, the upstream filtering/metering adjust-
ment factor and the uniform delay progression adjustment 
factor are both set to 1. Assuming no initial queue in each 
lane group at the start of the analysis period, a value of 0 
is used for the initial queue delay. Based on our previous 
study (Yao 2013a), the average phase lost time is set to 
3.47 s. Assuming that pretimed signals are used for paired 
intersections, a value of 0.5 is adopted for the incremental 
delay factor.

1.2. Optimization models

In general, maximizing the intersection capacity is pur-
sued by transportation and traffic managers, while mini-
mizing the travel delays are pursued by motorists or pe-
destrians.

Given the presence of left-turn bays (Akçelik 1998), 
the capacity of an intersection lane group can be estimated 
as:

( )

s
1 1

s
1 1

1 , ;

1 , .

n n
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Figure 1. Case 1 of paired four-leg intersections: a – geometry design; b – signal phasing

Figure 2. Case 2 of paired four-leg intersections: a – geometry design; b – signal phasing
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The capacities of all the lane groups can be aggregated 
to obtain the capacity of the entire intersection. The latter 
is called intersection capacity and computed as:

( )

s1
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Based on the Highway Capacity Manual (2000) togeth-
er with the above assumptions, the average vehicle delay 
for an intersection lane group can be given by:
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The average delay for the entire intersection is named 
intersection delay and can be obtained by the aggregation 
of the average delays for all the lane groups. The expres-
sion is:

1
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m
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Signal timings often consider the safety of pedestrians 
crossing (Wu, Li 2015), the pedestrian effective green time 
for phase i at intersection h can be calculated as:

min max 7j ij pj
i ij p

L
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v

h h h
h h
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 .  (5)

To satisfy traffic demands, the minimal cycle length 
for intersection h is:
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In view of the Webster’s formula (Akçelik 1998), the 
maximal cycle length for intersection h can be estimated 
as:

( )max
1.5 5C min ,180

1 min , 0.9
L
Y

h
h
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 − 

.  (7)

Based on the principle of equal saturation degree, the 
minimal and maximal values of the effective green time 
for phase i at intersection h can be given by:

( ) ( )min

min

min
ˆ

j ij jj
i
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Y
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h
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i
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g

Y

h h h h
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h
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When the crosswalk is relatively longer, the pedestrian 
effective green time may be greater. To guarantee the ap-
propriate upper and lower limits, the minimal effective 
green time can be estimated as:

min min max
min

min min max
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  (10)

The phase effective green time should be within the 
appropriate upper and lower limits, i.e.:

min maxi i ig g gh h h≤ ≤ .  (11)

In order to avoid the blockage and overflow of a left-
turn bay, the effective green time for the lane group should 
be greater than or equal to the queue full discharge time 
for the left-turn bay, that is:

1

n

iij j
i

g g
h

h h h

=

φ ⋅ ≥∑  , 1j
hd = .  (12)

In addition, the left-turn bay length should be non-
negative and less than a reasonable maximal value, i.e.:

max0 j jD Dh h≤ ≤ , 1j
hd = .  (13)

Finally, the sum of the left-turn bay lengths for the 
road segment between paired intersections should satisfy:

A A B B
0k k l lD D Dγ ⋅ + γ ⋅ ≤ ,  (14)

when A 0kγ =  and B 0lγ = , there is actually no such a con-
straint.

Four optimization models can be established to assign 
left-turn bay space and signal green time for paired inter-
sections. When maximizing the intersection capacity, the 
optimization problem is to maximize Equation (2) under 
Equations (11)–(14), i.e.:

s
1 1
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m n
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Similarly, when minimizing the intersection delay, the 
optimization problem is to minimize Equation (4) under 
Equations (11)–(14), i.e.:
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If maximizing the intersection capacity and minimiz-
ing the intersection delay with the same constraints, the 
optimization problem becomes:

s
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. . Equations (11)~ (14)s t .  (17)

Additionally, when minimizing the total delay for 
paired intersections with the same constraints, the opti-
mization model becomes:

A A B BminTD d q d q= ⋅ + ⋅

. . Equations (11) (14)s t − ,  (18)

where: 
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1.3. Model solutions and selection

Equation (18) is a single-objective optimization problem. 
The fmincon function provided by MATLAB can be used 
to directly solve Equation (18). Equations (15)–(17) are all 
multi-objective optimization problems. They can be trans-
formed into single-objective optimization problems. Then, 
they can be indirectly solved using the fmincon function. 
Two common methods which can convert several objec-
tives into a single-objective are the weighted sum method 
and the multiplication/division method (Gan et al. 2005).

Equation (15) is a bi-objective optimization problem 
and can be transformed into a single-objective optimiza-
tion problem to solve. Using the weighted sum method, 
Equation (15) can be converted into:

( )A B
1 2min Q Q−a ⋅ −a ⋅ , 

when: 1 2 1a +a = ; 1 0a > ; 2 0a > .                 (19)

The bi-objective function in Equation (16) can also be 
transformed into a single-objective function, i.e.:

( )A B
1 2min d db ⋅ +b ⋅ , 

when: 1 2 1b +b = ; 1 0b > ; 2 0b > .                            (20)

Equation (17) indicates a four-objective optimization 
problem. As studied previously (Yao, 2013a), the capacity-
to-delay and delay-to-capacity ratios can measure the op-

erations of an intersection. Thus, the transformed single-
objective function can be:

A B

1 2A B
min Q Q

d d
 
−c ⋅ − c ⋅ 
 

,

when: 1 2 1c + c = ; 1 0c > ; 2 0c > , 

or 
A B

1 2A B
min d d

Q Q
 
d ⋅ + d ⋅ 
 

,

when: 1 2 1d + d = ; 1 0d > ; 2 0d > .                              (21)

The transformed single-objective optimization mod-
els are solved by programming in MATLAB (https://www.
mathworks.com). Capacity-to-delay ratio can evaluate the 
operations of an intersection (Yao 2013a). To evaluate 
the operations of paired intersections as a whole, the to-
tal capacity-to-delay ratio is defined and equals the sum 
of the capacity-to-delay ratios for intersections A and B. 
The greater the capacity-to-delay ratio is, the better the 
corresponding scenario is for an intersection. Similarly, 
the greater the total capacity-to-delay ratio is, the better 
the corresponding scenario is for paired intersections as 
a whole. In this paper, we use the capacity-to-delay ratio 
and the total capacity-to-delay ratio to contrast different 
scenarios.

2. Case study

2.1. Traffic data

In Dalian City of China, we collected the field data dur-
ing the morning peak-period at the uncoordinated paired 
intersections. One is Zhongshan Road and Youhao Street, 
the other is Changjiang Road and Youhao Street. The 
paired intersections are denoted by intersections A and 
B, separately.

Figure 3a shows the geometry design of the studied in-
tersections. At intersection A, a left-turn bay with a length 
of 66 m is provided at the southbound approach. Accord-
ingly, at intersection B, a left-turn bay with a length of 
33 m is provided at the northbound approach. The road 
segment length for the paired intersections is 185 m.  
Figure 3b indicates the signal phasing for the studied 
intersections. The signal cycle of each intersection is di-
vided into two phases. There is no signal to control the 
right-turn traffic. Consequently, all the movements ran-
domly arrive at the intersection, that is to say, there is no 
movement, which needs to be controlled by coordinated 
signals. Therefore, coordinated signals do not need to be 
considered.

For the studied intersections, the saturation flow rates, 
the peak 5 min flow rates and the hourly volumes are list-
ed in Table 1. Taking into account the fluctuation of traf-
fic stream, the peak 5 min flow rates are adopted as the 
arrival flow rates to obtain the optimal intersection layout 
and signal timing scenario, while the hourly volumes are 
adopted to evaluate traffic stream operations under each 
scenario.

https://www.mathworks.com
https://www.mathworks.com
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Compared with the existing scenario denoted by CP, a 
better scenario denoted by WP can be obtained using the 
Webster’s formula (Quan 1989). Table 2 lists the left-turn 
bay lengths, signal timing parameters and performance 
measures for the existing and Webster’s scenarios. Because 
the Webster’s formula is only able to calculate the optimal 
cycle length and the green ratios, the left-turn bay lengths 
for CP are selected as those for WP, and the lanes in the 
left-turn bays are regarded as the full- lanes for optimiza-
tion. As shown in Table 2, the capacity-to-delay ratios for 
intersections A and B under WP are both greater than 
those CP. Thus, WP is better than CP.

2.2. Sensitivity analysis

Table 3 lists twenty-one typical objective functions. For 
these optimized scenarios, the left-turn bay lengths and 
the signal timing parameters are listed along with the per-
formance measures in Table 4.

In view of Table 4, it is found that none of the optimized 
outcomes acquired by maximizing the weighted sum of 
intersection capacities (OP1 through OP5), by minimiz-
ing the weighted sum of intersection delays (OP6 through 
OP10) and by maximizing the weighted sum of capacity-
to-delay ratios (OP11 through OP15) are sensitive to the 

Figure 3. Geometry design and signal phasing for the study intersections: a – geometry design; b – signal phasing

 33 m  66 m 

A B

 185 m 

Phase 1 Phase 2

Intersection A

Phase 1 Phase 2

Intersection B

a) b)

Table 1. Saturation flow rates, peak 5 min flow rates and hourly volumes

Intersection Traffic flow parameter [pcu/h] Westbound 
approach

Eastbound 
approach

Northbound 
approach

Southbound 
approach

A

full-lane saturation flow rate 6743 7189 – 6556
short-lane saturation flow rate – – – 1679
peak 5 min flow rate 3102 4278 – 2148
hourly volume 2563 3486 – 1751

B

full-lane saturation flow rate 5697 4713 3178 –
short-lane saturation flow rate – – 1567 –
peak 5 min flow rate 1812 2328 918 –
hourly volume 1228 1660 613 –

Table 2. Involved parameters and performance indices for the existing (CP) and Webster’s (WP) scenarios

CS Intersection D [m] g1 [s] g2 [s] C [s] Q [pcu/h] d [s/pcu] x
Q
d

Q
d∑

CP
A 66.00 80.53 32.53 120.00 11435 19.94 0.84 573.38

1422.34
B 33.00 51.53 14.53 73.00 8217 9.68 0.71 848.96

WP
A 66.00 69.57 30.49 107.00 11272 18.46 0.70 610.65

1467.31
B 33.00 38.13 14.93 60.00 7693 8.98 0.48 856.66

Notes: CS – scenario; D – left-turn bay length; g1, g2 – effective green times for Phases 1 and 2, respectively; C – cycle length; Q – inter-

section capacity; d – intersection delay; x – intersection saturation degree; Q
d

 – capacity-to-delay ratio; Q
d∑  – total capacity-to-delay 

ratio; the amber time per phase is set to 3 s; and the all-red time between successive phases is set to 2 s.
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weighting factors of the objective functions. Nevertheless, 
comparing OP16 through OP20, the optimized outcomes 
(except the effective green time for Phase 2) acquired by 
minimizing the weighted sum of delay-to-capacity ratios 
are sensitive to the weighting factors of the objective func-
tions. In view of the total capacity-to-delay ratios, OP19 is 
the optimal scenario among OP16 through OP20.

Table 3. Optimization scenarios and their objective functions

Optimization 
scenario Objective function

OP1 ( )A Bmin 0.1 0.9Q Q− ⋅ − ⋅

OP2 ( )A Bmin 0.3 0.7Q Q− ⋅ − ⋅

OP3 ( )A Bmin 0.5 0.5Q Q− ⋅ − ⋅

OP4 ( )A Bmin 0.7 0.3Q Q− ⋅ − ⋅

OP5 ( )A Bmin 0.9 0.1Q Q− ⋅ − ⋅

OP6 ( )A Bmin 0.1 0.9d d⋅ + ⋅

OP7 ( )A Bmin 0.3 0.7d d⋅ + ⋅

OP8 ( )A Bmin 0.5 0.5d d⋅ + ⋅

OP9 ( )A Bmin 0.7 0.3d d⋅ + ⋅

OP10 ( )A Bmin 0.9 0.1d d⋅ + ⋅

OP0 ( )A A B Bmin d q d q⋅ + ⋅

OP11
A B

A Bmin 0.1 0.9Q Q
d d

 
− ⋅ − ⋅  
 

OP12
A B

A Bmin 0.3 0.7Q Q
d d

 
− ⋅ − ⋅  
 

OP13
A B

A Bmin 0.5 0.5Q Q
d d

 
− ⋅ − ⋅  
 

OP14
A B

A Bmin 0.7 0.3Q Q
d d

 
− ⋅ − ⋅  
 

OP15
A B

A Bmin 0.9 0.1Q Q
d d

 
− ⋅ − ⋅  
 

OP16
A B

A Bmin 0.1 0.9d d
Q Q

 
⋅ + ⋅  

 

OP17
A B

A Bmin 0.3 0.7d d
Q Q

 
⋅ + ⋅  

 

OP18
A B

A Bmin 0.5 0.5d d
Q Q

 
⋅ + ⋅  

 

OP19
A B

A Bmin 0.7 0.3d d
Q Q

 
⋅ + ⋅  

 

OP20
A B

A Bmin 0.9 0.1d d
Q Q

 
⋅ + ⋅  

 

As listed in Table 1, the peak 5 min flow rates are given 
together with the hourly volumes, and these values are 
regarded as the baselines of traffic demands. Figure 4 il-
lustrates the variation curve of the optimal left-turn bay 
lengths acquired by minimizing the weighted sum of the 
capacity-to-delay ratios versus the growth rate of traffic 
demand. Here, the growth rates of the peak 5 min flow 
rates are identical to those of the hourly volumes for all 
the movements; and the two weighting factors are equal 
to 1. It can be seen that the optimized length of each left-
turn bay may increase as the traffic demand increases. 
When the traffic demands increase by 15%, the sum of 
the left-turn bay lengths equals the road segment length. 
When the traffic demands increase by 16%, the optimized 
results will vary, but the sum of the left-turn bay lengths 
still equals the road segment length.

2.3. Simulation tests

To investigate the influences of different scenarios on traf-
fic stream operations, we utilize the traffic simulation tool 
VISSIM to test the seven scenarios listed in Table 5. For 
each scenario, the left-turn bay lengths, displayed green 
times and cycle lengths are given. OP0 is actually identical 
to OP9 because of the same value of each parameter at a 
given level of precision.

In VISSIM (https://www.ptvgroup.com/en/solutions/
products/ptv-vissim), the vehicle inputs adopt the hourly 
volumes for all the lane groups. In simulation, the simu-
lation period of 4500 s, the warm-up time of 900 s, and 
the mode of multi-run are adopted. Because it is recom-
mended by the PTV VISSIM User Manuals (PTV 2012, 
2014) that the number of simulation runs should adopt 
5…20 for static assignment, the default value of 10 is used 
for the number of simulation runs to balance the calcula-
tion precision and workload in this paper. Specifically, the 
random seeds range from 5 to 95 with an increment of 10.

In this study, the Wiedemann 74 model is selected 
to describe car following behaviour (PTV 2012, 2014).  

Figure 4. Variation curve of left-turn bay length versus growth 
rate of traffic demand
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Table 4. Optimization results under different scenarios

Optimization
scenario Intersection D [m] g1 [s] g2 [s] C [s] Q [pcu/h] d [s/pcu] x

Q
d

Q
d∑

OP1
A 87.50 69.53 29.17 105.64 11444 17.76 0.77 644.21

1612.96
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP2
A 87.50 69.53 29.17 105.64 11444 17.76 0.77 644.21

1612.96
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP3
A 87.50 69.53 29.17 105.64 11444 17.76 0.77 644.21

1,612.96
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP4
A 87.50 69.53 29.17 105.64 11444 17.76 0.77 644.21

1612.96
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP5
A 87.50 69.53 29.17 105.64 11444 17.76 0.77 644.21

1612.96
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP6
A 87.50 64.47 29.17 100.57 11318 17.49 0.76 647.13

1605.09
B 35.00 28.84 11.67 47.44 7494 7.82 0.58 957.96

OP7
A 87.50 64.46 29.17 100.57 11318 17.49 0.76 647.14

1605.08
B 35.00 28.83 11.67 47.44 7494 7.82 0.58 957.94

OP8
A 87.50 64.46 29.17 100.57 11318 17.49 0.76 647.14

1605.08
B 35.00 28.83 11.67 47.44 7494 7.82 0.58 957.94

OP9
A 87.50 64.47 29.17 100.57 11318 17.49 0.76 647.13

1605.09
B 35.00 28.84 11.67 47.44 7494 7.82 0.58 957.96

OP10
A 87.50 64.46 29.17 100.57 11318 17.49 0.76 647.14

1605.13
B 35.00 28.84 11.67 47.45 7494 7.82 0.58 957.98

OP11
A 87.50 65.41 29.17 101.51 11343 17.53 0.75 646.99

1615.74
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP12
A 87.50 65.41 29.17 101.51 11343 17.53 0.75 646.99

1615.74
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP13
A 87.50 65.41 29.17 101.51 11343 17.53 0.75 646.99

1615.74
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP14
A 87.50 65.41 29.17 101.51 11343 17.53 0.75 646.99

1615.74
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP15
A 87.50 65.41 29.17 101.51 11343 17.53 0.75 646.99

1615.74
B 35.00 30.44 11.67 49.04 7589 7.83 0.57 968.75

OP16
A 18.02 20.98 29.17 57.09 8647 300.08 1.32 28.81

922.23
B 18.22 27.94 11.67 46.55 7250 8.11 0.61 893.42

OP17
A 18.37 55.99 29.17 92.10 10658 18.05 0.80 590.33

1468.52
B 20.21 26.26 11.87 45.06 7137 8.13 0.60 878.19

OP18
A 18.15 32.95 29.17 69.05 9564 39.35 1.02 243.07

1148.43
B 18.26 30.44 11.67 49.05 7411 8.19 0.64 905.37

OP19
A 18.35 50.59 29.17 86.70 10454 17.99 0.83 580.96

1486.37
B 18.26 30.44 11.67 49.05 7411 8.19 0.64 905.41

OP20
A 18.42 56.76 29.17 92.87 10685 18.09 0.81 590.78

1299.05
B 18.08 17.00 11.67 35.61 6277 8.86 0.74 708.27

OP0
A 87.50 64.47 29.17 100.57 11318 17.49 0.76 647.13

1605.08
B 35.00 28.83 11.67 47.44 7494 7.82 0.58 957.94

Notes: 
– the lengths of the crosswalks for Phases 1 and 2 are 21.2 and 32.6 m, respectively at intersection A; they are 10.7 and 11.6 m, sepa-

rately at intersection B;
– the intergreen time between successive phases is set to 5 s.
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To simulate the measured saturation flow rates, the set-
tings of driving behaviour parameters are listed in Table 
6 together with the settings of lane widths. Because the 
approach lane widths are all different at each intersection, 
the saturation flow rates for these approach lanes are all 
various by observation. Therefore, not only the additive 
parts of safety distance but also the multiplicative parts of 
safety distance are all different for the approach lanes at 
each intersection.

In each simulated scenario, the distance between the 
starting and ending sections is 150 m for each travel time 
section. Each queue counter locates at the stop-line. The 
travel time section can provide the delay for the corre-
sponding movement. The queue counter can provide the 
queue length for the corresponding approach.

In Figure 5, the average and standard deviation, and 
the upper and lower limits of the confidence interval are 
illustrated for the average vehicle delay, number of stops 

Table 5. Left-turn bay length and signal timing parameters for seven simulation scenarios

Scenario Intersection Left-turn bay length [m]
Displayed green time [s]

Cycle length [s]
Phase 1 Phase 2

CP
A 66.0 79 31 120
B 33.0 50 13 73

WP
A 66.0 68 29 107
B 33.0 37 13 60

OP4
A 87.5 68 28 106
B 35.0 29 10 49

OP9
A 87.5 63 28 101
B 35.0 27 10 47

OP14
A 87.5 64 28 102
B 35.0 29 10 49

OP19
A 18.4 49 28 87
B 18.3 29 10 49

OP0
A 87.5 63 28 101
B 35.0 27 10 47

Note: the displayed green time means the duration of the green indication for a phase, and equals the sum of the effective green time 
and the start-up lost time minus the amber time for the phase.

Table 6. Settings of driving behaviour parameters and lane widths

Link / Connector type Average standstill 
distance [m]

Additive part of safety 
distance [m]

Multiplicative part of safety 
distance [m]

Intersection A

eastbound through 2.00 2.45 3.45
southbound left-turn 2.00 2.61 3.61
southbound through 2.00 2.66 3.66
westbound through 2.00 2.59 3.59

Intersection B
eastbound through 2.00 2.74 3.74
westbound through 2.00 2.92 3.92
northbound left-turn 2.00 2.72 3.72

Any right-turn 2.00 2.55 3.55
Others 2.00 2.00 3.00

Lane attribute Lane width from inner to outer [m]

Intersection A
eastbound approach 3.00/3.30/3.50/3.40/3.50
southbound approach 2.60/2.80/3.10/3.20/3.30
westbound approach 2.90/3.00/3.30/3.30/4.00

Intersection B
eastbound approach 2.70/3.00/3.00/3.50
westbound approach 2.70/3.10/3.30/3.50
northbound approach 3.00/3.30/3.20/3.50

Road segment between intersections A and B
from A to B 3.30
from B to A 3.40

Others 3.50
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and speed in the network, and the average vehicle delay 
at the intersections under all the simulated scenarios.  
The former three indices are obtained from the network 
performance evaluation, and the latter one is gotten from 
the travel time sections. Here, the confidence level is 95%, 
and the sample size is 10, which is the number of simulation 
runs. As shown, the standard deviation of the average de-
lay, number of stops or speed is far less than its average, or 
the upper or lower limit of the confidence interval, and its 
average falls into its confidence interval. Using the interval 
estimation for the average delay, number of stops or speed 
(Sun 2014), the expected confidence interval is assumed 
to be 1.50 times as much as the standard deviation, and 
the calculated confidence interval is 1.43 times as much as 
the standard deviation based on the sample data. Because 
the calculated value of the confidence interval is less than 
its expected value (Sun 2014), it can be proven that 10 is 
effective and sufficient for the number of simulation runs.

Any two of the seven simulated scenarios are paired, 
the total of twenty-one pairs can be gotten. Using the Stu-
dent’s t-test (Zhang, Gao 1997), the left and right critical 

t-values can be obtained from the t-distribution table, and 
the t-value of the statistic about the mean of the differ-
ence between paired scenarios for a given index can be 
computed as:

( )0 1
z

t t n
s
n

−m
= − ,  (22)

where: Z X Y= − .
At the significance level a, if ( )1t t na≤ − − , the al-

ternative hypothesis 1 0:H m < m  should be accepted; if 
( )1t t na≥ − , the alternative hypothesis 1 0:H m > m  should 

be accepted; otherwise, the null hypothesis 0 0:H m = m  
should be accepted. Here, ( )1t na− −  and ( )1t na −  are the 
left and right critical t-values at the significance level a 
and with the freedom degree of n  – 1. In this case, the 
significance and confidence levels are a and 1  – a, re-
spectively.

The less the average delay is, the less the average num-
ber of stops is, or the higher the average speed is, the better 
the corresponding scenario is for traffic stream operations.  

Figure 5. Comparison of the statistical indices for different scenarios: a – average delay per vehicle in the network; b – average number 
of stops per vehicle in the network; c – average speed per vehicle in the network; d – average delay per vehicle at the intersections
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Figure 6 illustrates the outcomes of Student’s t-tests at the 
significance level 5% for the average delay at the intersec-
tions, and the average delay, number of stops and speed in 
the network. The results reveal that: 

1) according to the average delay at the intersections, 
WP, OP4, OP9/OP0, OP14 and OP19 are all bet-
ter than CP, and OP4, OP9/OP0, OP14 and OP19 
are all better than WP at the significance level 5%; 
OP9/OP0 and OP19 are both better than OP4, and 
OP19 is better than OP9/OP0 and OP14 at the sig-
nificance level 5%; 

2) based on the average delay in the network, OP9/
OP0 is better than CP and WP at the significance 
level 5%; 

3) in view of the average number of stops in the net-
work, OP9/OP0 is better than WP at the signifi-
cance level 5%; 

4) on the basis of the average speed in the network, 
OP9/OP0, OP14 and OP19 is better than CP, and 
OP9/OP0 is better than WP and OP14 at the sig-
nificance level 5%.

Figure 7 illustrates the vehicle throughputs and av-
erage delays under the aforementioned seven simulated 
scenarios. These values are the means from 10 simulation 
runs. The results indicate that: 

1) the vehicle throughput for each movement or in-
tersection is not sensitive to signal timing scenario; 

2) the average delay for the eastbound or westbound 
approach is not sensitive to signal timing scenario, 
whereas the average delay for the southbound or 
northbound approach is very sensitive to signal 
timing scenario; 

3) the variation of the average delay for the entire in-
tersection depends on that for the southbound or 
northbound approach; 

4) on the whole, CP is the worst, WP is the second 
place, OP4, OP9/OP0, OP14, and OP19 are all bet-
ter than CP and WP. 

It is proven that the reasonable assignment of lane 
space on the road segment between paired intersections 
is important for traffic stream operations.

As shown in Table 7, the intersection performance 
measures are presented for these scenarios. According to 
the vehicle throughput-to-average delay ratios, the op-
timal sequences of these scenarios are OP19, OP9/OP0, 
OP14, OP4, WP, and CP for intersection A, and OP9/OP0, 
OP19, OP4, OP14, WP, and CP for intersection B from the 
best to the worst. For the paired intersections as a whole, 
the sequence is OP19, OP9/OP0, OP4, OP14, WP, and CP.

Figure 8 depicts the total increment of the average 
queue lengths in 5 min for each intersection under the 
simulated scenarios. These values are the means from 10 
simulation runs. Considering CP as a baseline, the other 
scenarios are compared. For example, “WP-CP, A” is the 
sum of the average queue lengths for all the approaches 

Figure 6. Results of Student’s t-tests for different indices
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Table 7. Intersection performance measures for seven  
simulated scenarios

Scenario
Vehicle throughput-to-average delay ratio

Intersection A Intersection B Total
CP 565.01 714.83 1279.84
WP 598.98 744.41 1343.39
OP4 614.49 813.86 1428.35
OP9/OP0 634.43 828.05 1462.48
OP14 624.74 799.84 1424.58
OP19 647.63 827.39 1475.02



Transport, 2020, 35(3): 283–299 295

under WP minus that under CP during a given time in-
terval for intersection A. As shown in Figure 8, compared 
with CP, the other scenarios make the 5 min average queue 
lengths shorten in the most cases. Based on the mean of 
the average queue lengths in 5  min, the five optimized 
scenarios are all better than the CP and WP. On the whole, 
the sequence of these scenarios is OP9/OP0, OP14, OP19, 
OP4, WP, and CP from the best to the worst.

Table 8 lists the average, maximum, minimum and 
standard deviation of the average delay, stops, speed, 
stopped delay, active vehicles and arrived vehicles under 
the above-mentioned seven simulated scenarios. These 
values originate from the network performance evalua-
tion. It can be seen that: 

1) the standard deviation of any performance measure 
is far less than its average, maximum or minimum 
for each scenario; 

2) according to the average values, the average delay 
will decrease as the average speed increases; 

3) based on the average delay and speed, the sequence 
from the best to the worst is OP9/OP0, OP19, WP, 
OP14, OP4 and CP for the seven scenarios.

The aforementioned results reveal that the scenarios 
obtained from the formulated models all perform better 
than both the CP and the WP; and the model with the 
minimization of the total delay is relatively easy to gen-
erate the optimal scenario of temporal-spacial resources 
allocation.

3. Discussions and suggestions

According to the above analysis, the optimal sequences for 
these scenarios may be different based on different perfor-
mance measures. The difference may originate from three 
aspects:

1) the capacity is theoretical instead of being obtained 
under real traffic and signal conditions; 

2) the settings of travel time sections in VISSIM have 
an effect on measuring the delay; 

3) the random seed has an influence on the perfor-
mance measures.

On the whole, the optimization models of maximiz-
ing the sum of capacity-to-delay ratios, minimizing the 
total delay and minimizing the weighted sum of delay-
to-capacity ratios are recommended to apply in practice. 

Figure 7. Comparison of vehicle throughputs and average delays under different scenarios: a – vehicle throughputs for intersection 
A; b – vehicle throughputs for intersection B; c – average delays for intersection A; d – average delays for intersection B
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Table 8. Comparison of network performance results

Statistical  
index Scenario

Performance measure

Average delay  
[s/pcu]

Average  
stops

Average speed 
[km/h]

Stopped delay  
[s/pcu]

Active  
vehicles

Arrived 
vehicles

Average

CP 22.95 0.43 42.85 9.05 451 11293
WP 21.48 0.44 43.35 8.09 399 11314
OP4 21.81 0.43 43.30 7.61 421 11309
OP9/OP0 19.47 0.43 44.03 7.27 429 11274
OP14 21.68 0.44 43.30 7.41 393 11313
OP19 20.38 0.46 43.75 6.81 437 11259

Maximum

CP 34.51 0.47 44.40 9.34 515 11398
WP 31.25 0.49 44.66 8.42 467 11409
OP4 40.32 0.53 44.83 7.95 493 11420
OP9/OP0 24.81 0.45 44.97 7.40 465 11385
OP14 30.15 0.51 45.10 7.77 432 11406
OP19 31.91 0.51 45.07 7.09 518 11355

Minimum

CP 18.34 0.40 39.21 8.82 403 11175
WP 17.73 0.42 40.18 7.87 357 11187
OP4 17.16 0.41 37.59 7.30 378 11097
OP9/OP0 16.81 0.41 42.19 7.08 389 11128
OP14 16.46 0.41 40.52 7.14 360 11207
OP19 16.54 0.43 39.98 6.55 394 11162

Standard 
deviation

CP 5.16 0.02 1.66 0.17 34 72
WP 4.14 0.02 1.38 0.15 30 72
OP4 7.05 0.04 2.22 0.19 33 101
OP9/OP0 2.24 0.01 0.79 0.11 27 83
OP14 4.59 0.03 1.55 0.19 22 68
OP19 4.38 0.02 1.45 0.16 36 67

Figure 8. Total increment of average queue lengths in 5 min
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The weighting factors of the objective functions should 
be determined by doing the tests although these weight-
ing factors do not have great impacts on the optimization 
results in the above-mentioned experiments. It is relatively 
laborious to determine a set of optimum weighting fac-
tors, but a better combination of left-turn bay lengths and 
effective green times can be acquired. As a result, paired 
intersections with left-turn bays and uncoordinated sig-
nals may be in better operation.

The above findings are gotten on a peak-period ba-
sis. As is known to all, traffic stream fluctuates within the 
whole day, and various signal timing scenarios should be 
used during various time periods. However, intersection 
layout is generally unchanged during several months or 
years. The optimal combination of left-turn bay lengths 
and phase effective green times depends on the traffic de-

mands and the optimized values of left-turn bay lengths 
are required for a specified period. Therefore, the follow-
ing steps are recommended for use: 

1) the optimal combination of intersection temporal-
spacial resources is obtained using the recommend-
ed models; 

2) the left-turn bay space is determined by selecting 
the maximum or the combination of which the sum 
of the optimized left-turn bay lengths on the road 
segment between paired intersections is the maxi-
mum; 

3) the signal timing scheme is determined based on 
the optimal combination. 

The usage of the recommended models is demonstrat-
ed for practical applications, as shown in Figure 9.

Figure 9. Flow chart of model application

Split several suitable periods for the study intersections and name them Period 1, Period 2, 
Period 3, …, Period i, …, Period n

i = 1

Maximize the sum of the capacity-to-delay ratios or 
minimize the total delay under the constraints

Minimize the weighted sum of the delay-to-capacity 
ratios under the constraints

Obtain Scenario A  for Period i; set i = i + 1i Obtain Scenario B  for Period i; set i = i + 1i

Select Scenario A  as the optimal scenario denoted by i
Scenario C  ( i = 1, 2, 3, …, n )i

Yes No

Calculate the peak 5 min �ow rate for each lane group during Period i

Select the signal timing plan of Scenario C  for Period i ( i = 1, 2, 3, …, n )i

Ascertain the le-turn bay space and signal timing schemes during Period i ( i = 1, 2, 3, …, n )

Split several suitable signal phases for each intersection and name them Phase 1, Phase 2,  
Phase 3, …, Phase j, …, Phase m during Period i

Determine the geometry design for each intersection, and estimate the saturation �ow rate for each lane group 

No
i > n

Select paired intersections, obtain the variation curves of traffic streams in a typical weekday, and 
calibrate the involved parameters in the optimization models

Scenario A  is better than Scenario B  for Period i (i = 1, 2, 3, …, n )i i

Select Scenario B  as the optimal scenario denoted by i
Scenario C  ( i = 1, 2, 3, …, n )i

Select the maximum of the le-turn bay lengths from Scenario C  ( i = 1, 2, 3, …, n ) for any le-turn bay which is not i
located on the road segment between paired intersections;

Select the combination in which the sum of the le-turn bay lengths from Scenario C  ( i = 1, 2, 3, …, n ) is the maximum i
for the le-turn bays which are located on the road segment between paired intersections

Yes
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Conclusions

At signalized intersections, left-turn bays are often in-
stalled and have an important effect on intersection ca-
pacity. Four single-objective or multi-objective optimi-
zation models are formulated for uncoordinated paired 
intersections with left-turn bays. To compare different 
lane arrangement and signal timing scenarios, the total 
capacity-to-delay ratio is created to measure traffic stream 
operations. By analysing the sensitivities of the model re-
sults to the weighting factors of the objective functions, 
five preferable optimized scenarios are selected. To vali-
date the influences of the optimized scenarios on traffic 
stream operations, they are simulated together with the 
existing (CP) and Webster’s (WP) scenarios in VISSIM. 
The interval estimation and hypothesis testing are used 
to analyse the sample data from the simulated scenarios. 
Finally, three concrete models are suggested to use in 
practice, and the flowchart for applying the recommended 
models is also proposed.

The contributions of this study are as below. First, the 
optimization models are developed for uncoordinated 
paired intersections with left-turn bays. Second, the solu-
tions to these models are proposed and the sensitivities 
of the optimized outcomes to the weighting factors of the 
objective functions are testified. Third, the total capacity-
to-delay ratio is proposed to measure the operations of 
paired intersections as a whole. Finally, the procedure is 
presented to apply the optimization models.

When the distance between paired intersections is 
shorter than the required threshold and one or more 
movements need to be controlled by coordinated sig-
nals, signal coordination should be considered to avoid 
the queue spillback. In that case, new models need to be 
formulated.
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