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Abstract. Nowadays, air transport is the most modern and the most dynamically developing branch of transport. This in-
tensive development of air transport causes the continuous increase in emissions of pollutants, mainly greenhouse gases, 
leading to the deepening of the greenhouse effect, which in turn leads to irreversible global climate change. In order to 
optimize air communication and make it even more economical and environmentally friendly, such activities as e.g. SESAR 
project are undertaken. One of the parts of this project is the research on minimizing fuel consumption and emissions of 
pollutants in jet engine exhausts. The paper presents a developed model of emission and main pollutants (NOx, CO, HC 
and CO2) in the exhausts of jet engines of a passenger aircraft during a cruise phase. Applying simple optimization tools, 
such as e.g. the Dijkstra’s algorithm, this model was verified by the optimization of a trajectory of a jet aircraft in a cruise 
phase on an exemplary route in terms of minimizing emission of selected harmful compounds in jet engines exhausts. To 
meet the aim of the research, it was necessary to develop a computer program that determines a two-dimensional grid 
graph, assigns its appropriate weights to its edges and passing along these edges, determines the optimal trajectory of a 
given flight between two indicated start and end vertices. The developed research methodology is universal and can be ap-
plied for any jet passenger aircraft.
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Notations

Abbreviations:
ATM – air traffic management;

EASA – European aviation safety agency;
ECAC – European civil aviation conference;
ICAO – International civil aviation organisa-

tion;
EI – emission index;

EU – European Union;
EUROCONTROL – European organisation for the safety 

of air navigation;
IFR – instrument flight rules;
ISA – International standard atmosphere;

LTO – landing and take-off operations;
NMVOCs – non-methane volatile organic com-

pounds;
PC – personal computer;

SES – single European sky;

SESAR – SES ATM research;
TAS – true air speed;

VOG – velocity over ground.

Variables, parameters and functions:
awind – angle between the flight direction and the 

wind direction [°].
d – pressure change coefficient [–];
q – temperature change coefficient [–];
w – specific humidity, where

( )0.0001426 12900310 He− ⋅ −−w = ⋅  for ISA, 
where H – cruising altitude in units of feet;

Cx – drag coefficient [–]
Cz – lift coefficient [–]

e – Euler number (e = 2.72);

xNOE , COE , 
HCE , 

2COE , 

2H OE , 
xSOE  – emission of particular compounds in the 

exhausts [kg];
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Introduction

Air transport definitely plays a crucial role in the econom-
ic development of the world. Simultaneously, however, it 
constitutes the source of problems on a global and local 
scale, among which there can be distinguished the adverse 
impact of aircraft and airports on the natural environment 
and the population living in areas with high traffic inten-
sity. These adverse effects of air transport are mainly due 
to noise and harmful emissions. The main sources of these 
emissions are the propulsion engines of aircraft emitting 
carbon dioxide, carbon monoxide, sulphur dioxide, nitro-
gen oxides and particulate matter, as well as methane and 
nitrous oxide. These emissions depend on the fuel type, 
aircraft type, engine type and operating conditions (alti-
tude, speed, level of power or thrust etc.).

Operations carried out by aircraft are usually divided 
into two main groups:

 – LTO, covering all tasks performed by an aircraft in 
the airport area and its vicinity, below 3000 ft (about 
1000 m), these stages include taxiing, take-off, climb-
ing after take-off, approach to landing and landing;

 – cruise, which is defined as a set of all tasks per-
formed by an aircraft above a height of 3000  ft 
(about 1000 m).

The pollutants emitted during LTO are the combus-
tion products released during: stopping (with working 
engines), taxiing on the apron (to and from the runway), 
take-off and climb, approach to landing and landing. The 
load of pollutants emitted in the cruise phase depends on 
the route length. Table 1 presents the average emission of 
harmful compounds in the exhausts (calculated per 1 t of 
fuel consumed in this phase) for medium-sized aircraft, 
performing flights on short (local) or medium (continen-
tal) routes, both for modern and older constructions.

Despite the fact that aviation participates to a small 
extent (2…3%) in global environmental pollution 
(Głowacki, Szczeciński 2013; Jeż 2009), the concentration 
of greenhouse gases and toxic compounds emitted by air-
craft engines and support equipment is particularly large 
in the airport areas (LTO) and in the upper troposphere 
(cruise). This impact is the stronger the more intensive air 
traffic takes place in a given area.

Europe, and in particular the EU, is one of the most 
densely populated areas on earth. There are about 1270 
airports on its area, nearly 750 of which are able to per-
form regular commercial flights (Brusow et al. 2007).

Every day, around 27000 controlled flights are car-
ried out in the European airspace, and 440 airports serve 
around 800 million passengers annually. In 2015, over 9.9 
million IFR operations were carried out in Europe, and 
an increase by 16% by 2022 is forecasted (Table 2). 80% of 
these flights are within the EU (EUROCONTROL 2016a).

Out of all air operations in Europe, 44% are carried out 
at the 25 largest airports, while 70% of all passenger traffic 
goes through the 15 largest airports (EUROCONTROL 
2016a, 2016b, 2018; SESAR 2018; PANSA 2018). This re-
sults in high density of air traffic at the largest airports 
and their vicinity. Also in these areas, the greatest adverse 
impact of air transport on the natural environment is ob-
served.

Europe is faced a crisis in airspace capacity, as it is pre-
dicted that the number of flights will increase by as much 
as 50% in the next 10…20 years. Another problem is the 
low efficiency of using the European airspace, caused by 
its fragmentation and its inefficient management.

The existing rules of flight planning make flight plans 
rarely in line with their operational implementation. The 
effect of this is the low predictability of air traffic, affect-
ing the heavy burden of air traffic controllers in resolving 
conflict situations and long delays in air traffic. The short-
age of the possibility of effective route optimization during 
the flight planning stage makes the European flight routes 
extended by an average of 42  km compared to optimal 

xNOEI , 
COEI , 

  HCEI  – EIs for particular substances, depended on 
the type of engine and the range of its run, 
indicated at given cruise height [kg/kg of 
fuel];

xNO LTOEI
 
,

COLTOEI ,
 HC LTOEI  – EIs of NOx, CO and HC measured for the 

LTO parameters [kg/kg of fuel];

2COEI , 

2H OEI , 

xSOEI  – EIs for particular substances, depended on 
the fuel consumption K∙SFC, where 

2CO 3.155EI =
 

2CO 3.155EI =
 
kg/kg of fuel, 

2H O 1.24EI =
 
kg/kg of 

fuel, 
xSO 0.0008EI =  kg/kg of fuel; 

h – humidity correction factor, dependent on 
cruising altitude [–];

H – flight altitude [m]
K – engine thrust [N];
l – number of engines;

Lcruise – distance covered by an aircraft in cruise 
phase [km];

Ma – Mach number;
p – ambient pressure [Pa] on a given flight alti-

tude (according to ISA);
pc – total pressure [Pa];
Pn – thrust required to flight [N]

SFC – specific fuel consumption [kg/(N∙h)];
t – engine run time at a given thrust [h];

tcruise – duration of cruise phase [h];
T – ambient temperature [K] on a given flight 

altitude (according to ISA);
Tc – total temperature [K]; 
V – flight speed [m/s]

Vflight – airspeed of aircraft [m/s], [km/h], [Ma];
Vwind – wind speed [m/s];

z – given pollutant (NOx, CO, HC, CO2).
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solutions, which in consequence means higher fuel con-
sumption, increased pollutants emission and higher costs 
for the users (EUROCONTROL 2016b; SESAR 2018).

The answer to these problems was the initiation of the 
SESAR program, which is a technological pillar of SES 
(SESAR 2018; PANSA 2018). The aim of this program is 
to develop and implement a modern ATM system, allow-
ing to increase ATM network capacity to meet the ever-
increasing number of flight operations while improving 
economic as well as safety and security indicators. The 
use of modern technologies and procedures will also help 
reduce the negative impact of air transport on the natural 
environment.

One of the manners to reduce the adverse impact of 
aircraft on the natural environment is the appropriate 
indicating of flight routes, minimizing the emission of 
harmful substances in jet engines exhausts. This requires 
proper flight planning, taking into account the limitations 
resulting from the organization of the airspace and the 
rules therein, as well as the current weather conditions. 
The weather is one of the most important factors affect-
ing the amount of fuel used, time and cost of the flight. 
The computational algorithm, which determines the fuel 
mass, flight time and finally its emission, should use the 
best weather forecasts available at the planning stage. This 
will allow to minimize the estimation error of the param-
eters and to optimize the flight route taking into account 
the most favourable conditions for its implementation. In 
addition to typical parameters, such as pressure and air 
density, special attention must be paid to the correct de-
termination of temperature and speed and direction of the 

wind. The speed of sound depends on the temperature, 
which enables to determine correctly the Mach number 
for a plane flying at a given TAS. The speed and direction 
of the wind has an effect on the speed of the aircraft rela-
tive to the ground, i.e. VOG.

Planning a flight that minimizes emissions or fuel con-
sumption is a difficult and demanding task, due to the 
complexity of the conditions that have to be taken into 
account (airspace structure, restrictions, location of pro-
hibited zones, traffic conditions and weather forecast). It 
can be done only with the use of an appropriate compu-
tational system. The flight planning system must rely on 
appropriate computational models for: aircraft, airspace, 
flight route, air traffic and weather (Kopecki et al. 2017). 
In addition, there must be the access to current weather 
conditions and information on current and planned air 
traffic and the airspace condition.

The aim of the paper is to portray a model developed 
for the determination of emissions of selected pollutants 
in the exhausts of passenger jet aircraft in the cruise phase. 
The developed approach will enable to use this method to 
determine the emission of pollutants in the exhausts of 
aircraft engines in the cruise phase and e.g. to optimize the 
aircraft’s trajectory in terms of minimizing these emissions 
in this flight phase.

1. State-of-the-art

Globally, many attempts are made to analyse the impact 
of air transport on the environment in local, regional or 
global scale, e.g. Archer (2001), Garrison et  al. (2003), 
Kim et al. (2007); Khardi and Kurniawan (2012), Masiol 
and Harrison (2014), Penner et  al. (1999), Ramanathan 
and Feng (2009), Schäfer and Waitz (2014), Elbir (2008), 
WHO (2006). Most of these studies are of a general na-
ture – they treat in general terms the problem of gaseous 
emission in jet engines exhausts and their impact on the 
environment, climate change and human health.

It is worth noting that many studies focus on deter-
mining this impact in the area or vicinity of airports  – 
during the LTO operation, where apart from emissions of 
harmful compounds in the exhausts, the problem of noise 
generation occurs. Due to the availability of data on NOx, 
CO and HC EIs in the ICAO databases (EASA 2018) for 

Table. 1. Average fuel consumption and emission for medium-sized aircraft for the LTO phase and cruise phase  
(ICAO 2008; IPCC 1997)

Fuel SO2 CO CO2 NOx NMVOCs CH4 N2O
Short routes

LTO [kg/LTO] – modern aircraft 850 0.8 8.1 2680 10.2 2.6 0.3 0.1
LTO [kg/LTO] – older aircraft 1000 1.0 17 3150 9.0 3.7 0.4 0.1
Cruise [kg/t] – 1.0 7 3150 11 0.7 0 0.1

Medium-length routes
LTO [kg/LTO] – modern aircraft 2400 2.4 50 7560 23.6 15 1.5 0.2
LTO [kg/LTO] – older aircraft 2500 2.5 101 7900 41 66 7 0.2
Cruise [kg/t] – 1.0 5 3150 17 2.7 0 0.1

Table 2. Total number of IFR flights within Europe 
(ECAC area) – forecast: M – medium, H – high, L – low 

(EUROCONTROL 2016a)

ECAC area 2016 2018 2020 2022

IFR 
flights

H 10293000 11092000 11997000 12868000
M 10153000 10578000 11091000 11535000
L 10023000 10140000 10335000 10440000

Annual 
growth 
[%]

H 3.8% 4.3% 4.3% 3.6%
M 2.4% 2.1% 2.5% 2.1%
L 1.1% 0.3% 1.0% 0.6%
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aircraft engines with a thrust value of above 26.7 kN, it is 
possible to compute the emissions of these compounds 
for individual aircraft. Having data on air traffic at a given 
airport, it is also possible to determine the total emissions 
of particular compounds for a given airport in a given pe-
riod of time, e.g. a year (Elbir 2008). It is also possible to 
make some analyses for only one selected LTO phase, e.g. 
climb, in order to determine the emission (Serafino 2014). 

There are also made attempts to determine emissions 
during the cruise phase, for larger airplanes (Hamy et al. 
2016), as well to optimize the route of the aircraft or se-
lected flight parameters or aircraft configuration due to 
the fuel consumption, exhaust emissions and noise from 
aircraft engines, including e.g. Antoine and Kroo (2004), 
Serafino (2014), Hamy et  al. (2016), Bower and Kroo 
(2008), Singh and Sharma (2014), Singh (2017).

It should be noted that in numerous works attempts 
are made to determine emissions only of some harmful 
compounds, or even just one of them  – CO2 (which is 
related to fuel consumption), while omitting other sub-
stances and disregarding the change of engine work pa-
rameters with the change of ambient conditions (including 
cruising altitude, air temperature and pressure). Most sci-
entific studies are very vague and do not take into account 
the engines performance characteristics.

On the basis of the literature review, it can be stated 
that for small business jet aircraft of a thrust of 26.7 kN 
and lower there is currently conducted very limited re-
search, if any, on the impact on the environment and the 
possibility of reducing it, e.g. by planning, optimization or 
modifying the aircraft trajectory in the cruise phase. This 
is mainly due to the fact that in the past decades there was 
minor interest in so-called small aviation. For this reason, 
in available databases referring to EIs, e.g. ICAO database, 
generally no business aircraft engines are included. This 
is a major obstacle in the estimation of emissions from 
aircraft engines of this type.

Due to the fact that current research is mostly lim-
ited to the estimation of emissions in the LTO phase, it 
seems expedient to study emissions in the cruise phase. 
The largest amount of pollutants is introduced in higher 
atmosphere (8…12 km above sea level), i.e. on altitudes 
where long-haul flights take place. It is estimated that only 
5…10% of global aviation fuel consumption occurs on low 
altitudes (up to 1 km) (Kim et al. 2007). Emission dur-
ing the LTO phase interacts locally – within the airport 
and its vicinity, while the emission in the cruise phase ap-
plies constitutes a global ecological problem. This is all 
the more important because the pollution that is gener-
ated during the cruise phase affects a large area and can 
persist in the upper atmosphere, affecting the formation 
of clouds. Due to the lack of coherent models taking into 
account the emission of various pollutants in jet engine 
exhausts, there is a need to develop a model for flights 
on high altitudes on different routes, taking into account 
wind direction and force. This model would also include 
determining the real flight trajectory for the cruise phase 
taking into account meteorological conditions. The pur-

pose of the presented research is to develop such a com-
putational model that could be used for various passenger 
jet aircraft equipped with jet by-pass engines.

2. Developing a model of exhausts emission  
for a jet aircraft in cruise phase

The development of a model of NOx, CO, HC and CO2 
emissions in the exhausts of passenger jet aircraft equipped 
with by-pass jet engines, intended for the cruise phase, 
requires determining the assumptions resulting from the 
limitations of the applicability of the model. The limita-
tions of this model are:

 – scope of applicability: for passenger aircraft equipped 
with by-pass jet engines;

 – cruising altitude: up to 11 km – due to the range of 
correctness of the functioning of the formulas for the 
determination of EI and the aircraft performance pa-
rameters – limitations resulting from the use of for-
mulas describing ISA to determine the ambient pa-
rameters (pressure and temperature during the flight 
at a specific altitude);

 – flight speed: up to 0.9 Ma – due to the range of work 
of by-pass engines used in passenger aircraft and the 
maximum speed of this group of aircraft.

To determine the emission of a given pollutant z in 
the exhausts of the aircraft engines, the following formula 
can be used:

( ) ( )z zE EI K SFC t l= ⋅ ⋅ ⋅ ⋅ .  (1)

The thrust and specific fuel consumption can be read 
directly from the engine characteristics. In order to deter-
mine the EIs for a given flight phase, the EIs for the LTO 
phase should be reduced to the ambient flight parameters, 
depending on the flight speed and altitude.

Measuring these values during the flight is very dif-
ficult, but analytical approximation of these values is pos-
sible. The speed and altitude characteristics for jet engines 
can be approximated by means of appropriate transforma-
tion of the rotational characteristics of the jet engine.

The dependencies describing the change in ambient 
pressure and ambient temperature due to changes in al-
titude and flight speed can be written as follows (Wilson, 
Korakianitis 2014):

( )21 0.2cT T Ma= ⋅ + ⋅ ;  (2)

( )3.521 0.2cp p Ma= ⋅ + ⋅ .  (3)

On this basis, the formulas for the reduction of EIs of 
particular pollutants can be derived (Schaefer, Bartosch 
2013):

x x

1.02

NO NO LTO 2.2
hEI EI ed

= ⋅ ⋅
q

;  (4)

2.2

CO COLTO 1.02
EI EI q

= ⋅
d

;  (5)

2.2

HC HC LTO 1.02
EI EI q

= ⋅
d

;  (6)
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288.15
cT

K
q =

⋅
;  (7)

101325
cp

d = ;  (8)

( )19 0.00634h = − ⋅ w − .  (9)

EI for CO2 (
2COEI ) is constant and equal to 3.1555 kg/kg  

of fuel burned for each jet engine, because this is propor-
tional to fuel consumption.

Having determined the EIs for the pollutants consid-
ered ( )zEI , it is possible to determine the emission inten-
sity of a given pollutant z that is generated by the l-engines 
of the aircraft, using the formula:

( ) ( )z zE EI K SFC l= ⋅ ⋅ ⋅ .  (10)

The developed model of emissions and a pollutant z 
in the passenger jet engine’s exhausts is shown graphically 
in Figure 1.

Multiplying the emission intensity by the flight time 
in cruise phase, the amount of emitted pollution z for a 
given aircraft in the mass unit [e.g. kg] is obtained, i.e. 
the emission:

( ) ( )z zE E t= ⋅ .  (11)

Application of the developed model of emission of 
pollutants in the je engines’ exhausts requires using the 
performance characteristics of the engines used in a giv-
en jet aircraft. The CO2 emissions can be simply deter-
mined  – based on the amount of fuel burnt during the 
cruise phase. Unfortunately, the emission of other com-
pounds (NOx, CO and HC) is strongly dependent on a 
number of parameters, especially on the type of engine, its 
power settings, current flight speed, altitude and ambient 
atmospheric conditions.

The wind speeds and directions must be taken into 
account when determining the emission, because they af-
fect the duration of the flight – its shortening in the case 
of tailwinds and its elongation in the case of headwinds. 
Duration of the flight in the cruise phase, affects the total 
emission of harmful compounds in the exhausts.

The determination of flight time requires solving the 
problem of the impact of wind on the speed of the aircraft 

relative to the ground. The speed of the aircraft is given 
in relation to the airflow. Taking into account the angle 
between the direction of the flight and the direction of 
the wind, there can be determined the speed by which the 
speed of the aircraft relative to the ground will increase or 
decrease. Taking into account the distance covered by the 
aircraft, there can be determined the total time of flight 
in cruise phase:

cos
cruise

cruise
flight wind wind

L
t

V V
=

± ⋅ a
.  (12)

3. Verification of the developed  
model of emission

The verification of the computational model of emission 
consisted in using it to determine the trajectory charac-
terized by minimal emission. The verification was carried 
out using empirical research methods, which mainly con-
sisted of numerical simulations. The performance model 
of a power unit was validated using empirical research 
methods that consisted of numerical experimental stud-
ies carried out using the DGEN engine virtual bench. The 
minimum emission was obtained by the application of 
optimization. To determine the optimal trajectory, tak-
ing into account the meteorological conditions, the clas-
sical form of the Dijkstra’s algorithm was used (Dijkstra 
1959), modelling the airspace with a graph with evenly 
distributed vertices and edges connecting all neighbour-
ing vertices. The emission computational model, the air-
space model and the computational algorithm were im-
plemented in the MATLAB (https://www.mathworks.com) 
environment, using its built-in functions for optimization 
with the Dijkstra’s algorithm.

Verification of the developed model of emission re-
quires the adoption of an exemplary route and an exem-
plary aircraft.

3.1. Adoption of a flight route

For the research reasons, the route between two Polish cit-
ies: Gdansk and Rzeszow, was adopted. For this route, the 
cruise phase of a length of 384 km was designated (Figure 2),  
for which a cruising altitude of 10000 m and a cruising 
speed of 0.8 Ma were assumed.

Figure 1. Block diagram of the model of emission

Flight parameters 
H [m], V [m/s]

Required thrust 
for the flight 

P  = f(C , C ) [N]n z x

Fuel 
consumption 

[kg/h]

Emission intensity
E  = f(EI , K, SFC, l)(z) (z)

[kg/h]

Characteristics of engine 
K = f(Ma, H) [N], SFC = f(Ma, H) 

[kg/(NЧh)]

Emission indexes
EI  [kg/kg](z)

Emission indexes
EI  [kg/kg](z)LTO

https://www.mathworks.com
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The airspace between these cities was divided at the 
altitude of 10000 m into 42 squares with a side length of 
24 km. This set of squares together with their diagonals 
formed a grid – the edges of the graph along which the 
plane could travel from the starting point to the destina-
tion one. The weights were assigned to the edges of the 
graph. These weights were corresponding to the time re-
quired to go along a given edge. Time for the flight was 
determined taking into account the speed and direction of 
the wind. A map showing the route between the cities to 
be covered by a plane with the graph edges constituting 
all possible paths is shown in Figure 3.

3.2. Adoption of an aircraft and experimental 
validation of its engines characteristics

The research was conducted for an exemplary business jet 
aircraft – Gulfstream IV, equipped with two Rolls Royce 
TAY-611C engines.

The speed and altitude characteristics of these engines 
were determined on the basis of available engine technical 
data (EASA 2013).

The method of obtaining the characteristics of the 
Rolls Royce TAY-611C engine was validated by determin-
ing the characteristics of the DGEN 380 engine according 
to the same procedure. Next, the obtained results were 
compared with the simulation results on the virtual engine 
test bench WESTT CS/BV.

The DGEN 380 engine is the engine designed for busi-
ness jet aircraft. Hence, it shows structural similarities to 
the Rolls Royce TAY-611C engine  – it is also a by-pass 
engine.

Therefore, it can be concluded that the overall course 
of the speed and altitude characteristics functions of the 
DGEN 380 engine will be similar to the characteristics 
of the Rolls Royce TAY-611C engine used for the model 
validation. Hence, it can be concluded that the applied 
method for determining the performance of aircraft en-
gines is correct and can be used for the engines similar in 
construction to DGEN 380 engine.

Having determined the optimal total flight time, which 
is the sum of flight times on the edges of the graph and 
taking into account the aircraft performance parameters, 
as well as the EIs obtained in earlier research and applying 
the Formulas (1)–(12), the emissions of some pollutants 
in the engines exhausts, such as NOx, CO, HC and CO2, 
were determined.

The adopted engine operating parameters correspond 
to the demand for the thrust required for the flight of the 
aircraft, with its known aerodynamic characteristics, mass, 
flight velocity and altitude. The details of methodology 
and selection of engine operating parameters are included 
in earlier papers in the series (Pawlak, Kuźniar 2018; Paw-
lak et al. 2018a, 2018b).

Figure 2. Adopted trajectory of flight between Rzeszow and 
Gdansk, developed basing on Flightradar24 (2018)

Figure 3. A map of meteorological conditions at the flight 
altitude of 10 km, extracted from Windy (2018), with the graph 

edges and vertices indicated (meteorological data retrieved 
from Windy (2018) on 6 June 2018)
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Figure 5. Virtual engine test bench WESTT CS/BV,  
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3.3. Results of the research conducted  
for different flight variants 

The research was carried out for two flight variants  – a 
route with wind (Gdansk–Rzeszow) and an upwind route 
(Rzeszow–Gdansk). In both cases, the meteorological 
conditions were the same, but the direction of the wind 
impact on the aircraft was different. The results obtained 
for these two flight variants are summarized in Table 3. 

In the case of the flight from Rzeszow to Gdansk, 
which took place in less favourable weather conditions, 
the flight time extended by 2.5 min, resulting in an in-
crease in emissions by 11%.

3.4. The trajectory optimisation – results  
and discussion

This new approach to determination of emissions in the 
engines exhausts of the aircraft during its cruise phase for 
various meteorological conditions, with the application 
of a graph can be used for further analysis. One of such 
tests may be, for example, optimization of the aircraft’s 
trajectory due to the minimization of emissions of harm-
ful compounds in the exhaust of their engines.

The next part of the paper presents the use of the 
developed model to determine the shortest path, i.e. the 
optimal path (trajectory) for a given route. For this rea-
son, the MATLAB was used, together with its built-in 
functions: Dijkstra’s algorithm and shortest path (Dijkstra 
1959; Pratap 2016). This analysis was performed on a PC 
with sufficient computing power to solve this problem.

Both the graph and the weights of its edges, as well as 
the optimized trajectory were determined by a program 
written by the authors of this paper.

The path is an orderly sequence of successive edges 
to go through from the start vertex, i.e. in the analysed 
case – the point determining the beginning of the cruise 
phase, to the end vertex, i.e. in the analysed case  – the 
point determining the end of the cruise phase. There may 
be many different paths in the graph between the two se-
lected vertices. Paths can also be defined using a sequence 
of consecutively passing vertices (it is obvious that each 
two successive vertices must be linked with an edge). The 
distances between vertices are the edge weights.

Having a given graph with the selected vertex (source), 
the Dikstra’s algorithm finds the distance from the source 
to all other vertices. It is easy to modify it so that it search-
es only the shortest path to one fixed vertex, simply in-
terrupting the action when reaching the target vertex, or 
transposing the graph’s incident table.

The application of the Dijkstra’s algorithm allows to 
find in the graph all the shortest paths between the select-
ed vertex and all the other ones, while also computing the 
total value, e.g. the transition time of each of these paths.

Based on the developed program, different flight tra-
jectories were determined in terms of minimizing emis-
sions of harmful compounds. In the case of a flight from 
Gdansk to Rzeszow, and therefore with favourable wind 
conditions, four exemplary trajectories were presented 
(three of which are optimized), which started in different 
vertices of the grid described above.

The presented trajectories show how key role plays 
the proper selection of the starting and ending point of 
the assumed route. In real conditions, it will not always 
be possible to choose the optimal starting point and end 
point, because these points are geographically determined 
(location of airports as well as the take-off and approach 
options), however, theoretically, it is possible to make op-
timization for any previously chosen starting and ending 
point.

In Table 4, and Figures 6 and 7 there are presented 
three exemplary trajectories of cruise phase for Gulfstream 
flying from Gdansk to Rzeszow, which are compared with 
a reference trajectory (non-optimised one). These trajec-
tories were determined based on real conditions (mete-
orological data) that in the time of the analysis were fa-
vourable (tailwind). Cruising time and emission of main 
pollutants were determined for each trajectory considered.

As it can be noted, the most optimal in terms of the 
shortest flight time and the lowest emission would be tra-
jectory No 4.

Emissions with favourable wind but without trajectory 
optimization is presented in red (No 1). Due to the optimi-
zation it was possible to obtain trajectories of lower emis-
sions and lower flight duration for the same input data 
considered (No 2, 3 and 4). Table 5 summarizes the ob-
tained research results for the non-optimized and the op-
timized trajectory of the lowest emission (trajectory No 4).

A similar analysis was made for the return journey, 
assuming no change in meteorological conditions, which 
means that in this case the plane travelled upwind (Table 6,  
and Figures 8 and 9).

Conducting similar analysis as in the case of flight with 
the wind, the most optimal trajectory for the flight from 
Rzeszow to Gdansk in terms of the lowest emissions and 
geographical location of the airports is trajectory No 8.  
As in the previous case, the obtained emission values can 
be compared to the non-optimised route of the aircraft. 
The results of this comparison are shown in Table 7.

Table 3. Cruising time and corresponding total amount of NOx, CO, HC and CO2 emitted in the cruise phase during the flight from 
Gdansk to Rzeszow and from Rzeszow to Gdansk

Route Cruising time tcruise [min]
Emission

xNOE [kg] COE [kg] HCE [kg]
2COE [kg]

Gdansk–Rzeszow 25.32 25.45 1.70 0.2191 2336
Rzeszow–Gdansk 28.10 28.25 1.89 0.2432 2593
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Figure 6. Trajectories with 
higher total emissions for the 
flight with wind (No 1 – red: 

reference, No 2 – orange: 
optimised)

Figure 7. Trajectories with the 
lowest total emissions for the 
flight with wind (No 3 – blue: 

optimised, No 4 – green: 
optimised)

Table 5. The difference (numerical and percentage) between flight parameters (its duration) and the emission of selected pollutants 
in the exhausts on optimized trajectory No 4 in relation to the non-optimized trajectory No 1  

(non-optimized trajectory = 100%) on the Gdansk–Rzeszow route

tcruise [min] tcruise [%] xNOE [kg]
xNOE [%] COE [kg] COE [%] HCE [kg] HCE [%]

2COE [kg]
2COE [%]

–1.86 –7.35 –1.87 –7.35 –0.12 –7.01 –0.0161 –7.35 –171 –7.32

Table 6. Cruising time and corresponding total amount of NOx, CO, HC and CO2 emitted on three optimised and a reference 
trajectories in the cruise phase during the flight from Rzeszow to Gdansk 

No of trajectory No of start 
vertex

No of end 
vertex

Cruising time 
tcruise [min]

Emission

xNOE [kg] COE [kg] HCE [kg]
2COE [kg]

No 5 (Figure 5): reference 64 4 28.10 28.25 1.89 0.2432 2593
No 6 (Figure 5): optimised 61 4 29.10 29.26 1.96 0.2518 2685
No 7 (Figure 6): optimised 63 2 27.62 27.77 1.86 0.2390 2685
No 8 (Figure 6): optimised 61 1 26.89 27.02 1.80 0.2326 2480

Figure 8. Trajectories with 
higher total emissions for the 

flight upwind (No 5 – red: 
reference, No 6 – orange: 

optimised)

Figure 9. Trajectories with the 
lowest total emissions for the 
flight upwind (No 7 – blue: 

optimised, No 8 – green: 
optimised)

Table 7. The difference (numerical and percentage) between flight parameters (its duration) and the emission of selected pollutants 
in the exhausts on optimized trajectory No 8 in relation to the non-optimized trajectory No 5  

(non-optimized trajectory = 100%) on the Rzeszow–Gdansk route

tcruise [min] tcruise [%] xNOE [kg]
xNOE [%] COE [kg] COE [%] HCE [kg] HCE [%]

2COE [kg]
2COE [%]

–1.21 –4.3 –1.23 –4.35 –0.09 –4.76 –0.0106 –4.36 –113 –4.36

1 2 3 4

61 62 63 64

1 2 3 4

61 62 63 64

1 2 3 4

61 62 63 64

1 2 3 4

61 62 63 64

Table 4. Cruising time and corresponding total amount of NOx, CO, HC and CO2 emitted on three optimised and a reference 
trajectories in the cruise phase during the flight from Gdansk to Rzeszow

No of trajectory No of start 
vertex

No of end 
vertex

Cruising time 
tcruise [min]

Emission

xNOE [kg] COE [kg] HCE [kg]
2COE [kg]

No 1 (Figure 3): reference 4 61 25.32 25.45 1.70 0.2191 2336
No 2 (Figure 3): optimised 1 64 25.18 25.30 1.69 0.2178 2323
No 3 (Figure 4): optimised 2 63 23.98 24.10 1.61 0.2075 2212
No 4 (Figure 4): optimised 1 61 23.46 23.58 1.58 0.2030 2165
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As it can be noticed, the percentage differences be-
tween different substances emitted for the optimized tra-
jectory are very similar and directly depend on the differ-
ence in flight time.

Based on the above analyses, a number of conclusions 
can be drawn:

1. the trajectory optimization has a significant impact 
on the reduction of pollutants emission in the jet 
engines exhausts. Based on the dependencies de-
scribed by the Formulas (1)–(12), it can be noticed 
that the emission depends directly on the engine’s 
run time, and the shorter the run time (shorter 
flight duration), the lower the emission;

2. flight duration depends on many factors. The most 
significant one is the direction and speed of wind, as 
they determine whether the flight duration will be 
shortened or lengthened. Another important factor 
is the trajectory of the flight charted between the 
subsequent vertices on the edges of the graph. In 
general, the weights of the edges of the graph de-
termine, which path will be the most favourable in 
terms of a given criterion. In the analysed case, the 
weights of the edges of the graph directly depend 
on the direction and speed of the wind. These edges 
that have the lowest weights represent the most fa-
vourable conditions for the passage. As a result of 
the optimisation, the shortest flight duration is ob-
tained. Based on the designated trajectories shown 
in the Figures 3–6, it can be concluded that the tra-
jectory from point A to B does not have to coincide 
with the trajectory from point B to A, assuming 
even identical meteorological conditions; 

3. optimized flight trajectories between the same ver-
tices but with opposite flight directions do not have 
to be symmetrical;

4. the longer the route to be covered in the cruise 
phase, the greater decrease in emission of pollutants 
can be obtained when the presented optimization 
methodology is applied.

Conclusions

The aim of the work was to develop and verify the model of 
emission of harmful substances present in the jet engines 
exhausts of a passenger jet aircraft in the cruise phase.

The model of emission of pollutants in the jet engines 
exhausts of the aircraft in the cruise phase, presented 
in the paper, allows determining the emission of NOx, 
CO, HC and CO2 in by-pass jet engines of a passenger 
jet aircraft in its cruise phase. As the model is based on 
commonly known procedures for determining aircraft 
performance during a flight, it can be used for jet passen-
ger jet aircraft, both business aviation and larger aircraft, 
taking into account the specificity of their operation. The 
obtained results were subjected to an experimental and 
numerical verification, which proved the accuracy of the 
adopted computational method. 

The model was verified by its application to optimize 
the aircraft’s trajectory in terms of minimizing emissions, 

which was done using the Dijkstra’s algorithm. Applica-
tion of the Dijkstra’s algorithm enables to indicate the 
best flight trajectory in terms of minimizing emissions of 
harmful compounds in jet engines exhausts. Based on the 
flight duration, the weights for the individual edges of the 
graph were determined. The results of the conducted re-
search show that the impact of wind on the trajectory is 
significant – the wind influences the duration of the flight. 
It should be noted that in the optimization of aircraft flight 
trajectories, edge weights can not only determine emission 
values, but also other parameters (traffic congestion, exist-
ence of storm clouds, etc.). This indicates further research 
directions, such as a long-distance flight analysis, as well 
as flight analysis at various operational altitudes, both in 
terms of minimising emission of pollutants in jet engines 
exhausts. Analyses of the influence of other factors on the 
trajectory of the flight will be carried out in further studies.

All in all, it can be stated that the developed model 
of emission is useful  – it allows to obtain data that can 
be used in further analyses and research, e.g. on multi-
criteria optimization of flight trajectory in the cruising 
phase, from which the emission minimization will be one 
of the components.
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