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Abstract. The paper presents a study of the search space topology in the context of global optimization under multiple
objectives. While in mono criterion problems a single global optimum has to be identified, multi objective problems
require the identification of a whole set of equal. Pareto optimal alternatives. It is unclear up to now, however, whether
Pareto optimal solutions appear relatively concentrated in search space, or whether their relative positions are rather

distant.

This open issue is addressed to the multi objective permutation flow shop scheduling problems. Distance metrics is
introduced to asses numerical evaluation of the concentration of Pareto sets. It can be seen that independent from the
chosen optimality criteria, Pareto optimal alternatives appear relatively concentrated in alternative space. The result
holds for an extensive range of generated problem instances for which the exact global optima are known as well as for
benchmark instances taken from literature. The importance of the results can be seen in the context of metaheuristic
local search approaches for which meaningful implications derive.

Keywords: Fitness landscapes, multi objective optimization, flow shop scheduling, local search, global optimization,

metaheuristic.

1. Introduction

In the past decades, local search approaches have be-
come increasingly popular for the resolution of complex
continuous and combinatorial optimization problems [1].
Often classified as so called metaheuristics [2] with the most
prominent examples of Simulated Annealing, Tabu Search,
and Evolutionary Algorithms, these methods organize modi-
fication and improvement steps for alternatives with the ul-
timate goal of identifying a global optimal solution. The
general way of achieving this is by means of a neighbor-
hood, which associates with feasible solution x[J X ofa

particular problem a set of neighboring solutions 7/4(.r) .
Taking a minimization problem as an example, alternative
&' O 2/ x) with ojetive function value of g(x') < g(x) then

replaces x and the search continues from the improved
solution. In the ideal case, global optimum x* with

-0 X | g(x") < g(x*) is found. It may, however, occur
that the search terminates in solution x with
='Onk(x) | g(x') < g(x), so called local optimum which
must not necessarily be globally optimal. Metaheuristic ap-
proaches accordingly formulate different ways of overcom-
ing local optimality, ranging from memory structures of pre-
viously visited alternatives to probabilistic neighborhoods
and acceptance criteria of inferior alternatives.

For the application of local search methods it is assumed
that small modifications of alternatives lead to small changes
in terms of the relevant evaluation function value. Similar
to gradient methods in continuous optimization, local search
approaches therefore make use of information gathered
about the topology in the search space. Moreover, it is pos-
sible to interpret the progress of local search methods in
analogy to a movement in a fitness landscape [3], a concept
proposed in the context of theoretical biology [4]. An ex-
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ample of the visualization of such a fitness landscape is given
in Fig 1. The landscape as such is here induced by three
components, the set of alternatives X , the chosen neigh-
borhood n/ , and evaluation function g(x).

It is known that the structure of the fitness landscape
has a considerable influence on the performance of local
search algorithms [5]. Ruggedness and the existence of many
local optima complicate the search, while smooth landscapes
with significant concentration of good alternatives in a sub-
part of the search space allow comparably easy resolution
of the problem.

Fig 1. Example of a fitness landscape

It has been shown for several single objective optimiza-
tion problems that they bear a search space structure with
fitness distance correlation of local optima towards the glo-
bal optimum [6-9]. For most multi objective optimization
problems, however, corresponding studies have, apart from
the first sketch in [10], not been conducted yet. In problems
involving multiple objectives, vector

G(x) = ( g1(x),....8x (x)) of K optimality criteria is intro-

duced to evaluate solution x [J.X. As the chosen objective
functions are often conflicting, the resolution of these prob-
lem can be seen in the identification of a whole set of equally
Pareto optimal alternatives, introduced in the definitions 1
and 2.

Definition 1 (Dominance): alternative x is said to domi-
nate alternative yx', if and only if g;(x)<g;(x")
Oe 1,..,K Mi|g;(x)<g;(x"). We denote the domi-
nance of alternative x over x' with x <x".

Definition 2 (Pareto optimality): alternative x is said to
be Pareto optimal, if and only if =[Ix'0 X | x'< x . The set
of all Pareto optimal alternatives is called Pareto set P.

In contrast to single objective optimization problems,
the structure of a whole set of globally optimal solutions is

therefore of relevance for the analysis of the fitness land-
scape and the possible resolution by means of local search
methods.

In the current paper we present a novel study of the struc-
ture of Pareto sets with application to multi objective flow
shop scheduling. In section 2 the problem is introduced and
a quantitative model is proposed. The analysis of Pareto
sets is conducted in section 3. Metrics measuring the close-
ness of alternatives for permutation schedules are introduced
and the results are presented for a wide range of different
problem instances. Conclusions with the implications de-
rived for the proposition of metaheuristics are given in sec-
tion 4.

2. Problem statement

The permutation flow shop scheduling problem (PFSSP)
can be characterized as finding an assignment of a set of

jobs J = {Jl, ey Jn} , each of which consists of a set of ope-

rations J_,-:{Ojl,-u,Ojo} to a set of machines

M Z{Ml, o M m} . The operations have to be executed

subject to precedence constraints Oy > Oy

U= 1,...,07 1, enforcing that operation O ;4 may only

start after completion of operation O , and involve non-
negative processing time P j . The machine routing of
PFSSP is identical for all jobs, and also the job sequence
has to be the same on all machines as the passing of jobs is
not permitted. Feasible schedule x [ X defines starting and
completion time Cj; of all operations. Its representation is

possible using permutation 7T ={ T, s 77,} of jobs which

may be decoded into an active schedule [11] using the ex-
pressions (1), (2), (3) and (4).

Cry1 = P, (1)
Crna =Cr1 ¥ 21 OO (2,0}, 2)
Cys=Crpa t 2w 0B {2,..., m), (3)

Cn/-/é = maX{CT[/-_lka Cg—k e T,

Of {2,..,724 & {2,..., 7). 4)

As a result, completion time C; of jobs can be com-
puted as C; =C}, ; which are then used to evaluate the
quality of the schedule with respect to certain optimality
criteria [12]. The most prominent among them is the mini-
mization of maximum completion  time



M. J. Geiger /UKIO TECHNOLOGINIS IR EKONOMINIS VYSTYMAS — 2006, Vol X11, No 1, 23-29 25

Chax = max{ G, ... Cn} . Others are the minimization of the
total completion time Cj,,, = Z C; whichis equivalent to

the minimization of the average completion time

_1 : L

= z C; as n is constant. For problems with given
due dates @; of jobs, tardiness 7; =max{Cj —dj,q of
jobs often plays a role. The minimization of maximum tar-

diness T, = max{Tj} and total tardiness Ty, = Z T;

is typically considered here. The number of tardy jobs
U= sz with U; =1:T;>0;U; =0:T; =0 is of rel-
evance when e.g. compensation payments of a fixed amount
of money result from tardy completion of jobs.

A machine oriented evaluation of the schedules is done
involving machine idle time /; up to the completion of the
last operation on the machine and the minimization of the
total idle time 7, = z I, is a possible objective.

3. The analysis of Pareto sets

3.1. Methodology

The closeness of alternatives is analyzed with respect to
two distance metrics measuring the distance between two
permutations.

First, position based metric d ,,(x,x") is computed on
the basis of the “inverse” permutation o which expresses
for each job 77; its position in 77 [7], 0, =i.Fig2 exem-
plifies this principle for given permutation.

n 3 1 2 4 8 6 9 10 5 7
c 2 3 1 4 9 6 10 5 7 8

Fig 2. Permutation 77 and inverse permutation g

The position based distance between two permutations
is then computed as shown in expression (5).

d oy (x,x') = Z|Gf ~a,1. (5)

The second distance metric d,,.

(x,x") used in the
analysis is based on the precedence of jobs in both alterna-
tives. In the first step it is determined for each pair of jobs

JJ UJ,j#k whether J, is preceded by J; in both

alternatives and the number of these relations is counted.

Then, this number is subtracted from n(n-1) .

While the described distance metrics d ,,, and d .
measure the distance between two single alternatives, an
overall measure for Pareto set has to be derived. The first
measure for both metrics is given with me,m, and
me,ave, in expression (6) and (7).

1

Q rec,aver(P):—
P ‘P|(|P‘_1)x§1’ﬂ1;z'x

dprec (x, x‘), (6)

1

Q os,aver(P):—
’ |P\(\P|‘1)x%vﬂf;x

dpos (X, X '). (7)

The proposed expressions measure the average distances
of elements in P and give a general idea about the overall
concentration of Pareto optimal solutions in alternative
space.

A possible drawback of the average distances as de-
scribed above, however, is that single elements may appear
separated from a clustered majority of Pareto optimal alter-
natives, making measurement for the most distant element
therefore necessary. Expressions (8) and (9) formulate such
a measure for two distance metrics. Essentially, for each
element in , the closest other element is computed and the
maximum of these distances is taken as a measure of the
most distant element.

g .
Qprec,max (A)=max[J min

a
a x,.x 8
A7 ) 2# /r{ e )}E ®

o .
Dposimac A =max [} min

0, min I{ f/,m(f,f')}ﬁ . 9)

While Qprec,aver > ons,aver > Qprec,max > and ons,max
measure the concentration of Pareto sets, the comparison
with some other value is necessary to derive conclusions
about whether the elements are rather close or rather dis-
tant. This can be done by comparing the values for Pareto
sets with average values derived from sets of the same car-
dinality containing randomly generated permutations.

3.2. Problem instances

In order to analyze the distribution of Pareto optimal
alternatives for multi objective flow shop scheduling prob-
lems an extensive number of problem instances with diffe-
rent optimality criteria combinations have been examined.
Table 1 gives an overview about the different characteris-
tics of the investigated instances with respect to well known
problem classification by [13,14]. For each of the problem
types from Y, to y,,, 100 instances have been created fol-
lowing the proposal of [15]. Each of them consists of 10
jobs to be processed on 10 machines which allow the enu-
meration of all 10! possible schedules within reasonable
time to determine true Pareto sets.

While the generated problem instances provide a first
solid basis for the analysis of the problem structures, estab-
lished benchmark instances known from literature are in
comparison with mono criterion scheduling problems rather
scarce. Basseur et al. propose in [16] a set of multi objec-
tive flow shop scheduling problems on the basis of the test
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Table 1. Classes of analyzed problem instances

Problem No of Classification
instance type objectives F|prmu,d;|y=..
14! 2 Cmax 4 Tmax
Y2 2 Crrax > Coum
£} 2 Crnax > Toum
Ya 2 Tnax > Toum
Ys 2 Coum> Trnax
10 2 Coum> Tum
Y7 3 Conax » Tmax » Tsum
Ys 3 Cinax» Coum> Trnax
Yo 3 Conax» Coum» Tum
T10 3 Coum Tonax» Tum
143! 4 Cinax» Coum Trnax > Tum
14V 6 Cmax’ Csum’Tmax’Tsum’ Isum’U

data sets of [17]. Also, in [18], a problem instance with
three criteria is published, considering the maximum comple-
tion time C,,,., the average flow time F , which is here
equivalent to the average completion time C , and the av-
erage tardiness 7 which is equivalent to the total tardiness
T -

Table 2 shows the problem instances taken from litera-
ture. The data sets by [4] are indicated by “Ta...”, and one
by [18] is labeled with “Ba...”.

Due to the size of the search space of these problem
instances, the optimal solutions are not known with abso-
lute certainty. Instead of true Pareto sets P , reference sets
P"¢ containing up to now best known solutions are there-
fore analyzed. The concentration measures given in the ex-
pressions (6), (7), (8) and (9) are analogously applied to the

elements in p'? .

Table 2. Problem instances taken from literature and cardinality
of their reference sets

F’roblcm Objec;tive No qf lzi)er(;lfe nts in
instance nXm functions operations pref
Ta20x5 #1 Crax> Toum 100 4
Ta20x5 #2 Conaxs Toum 100 6
Ta20x10#1  Cpuis Toum 200 42
Ta20x10#2  Cp..,Toum 200 31
Ta20x20 Croax > Toum 400 40
Ta 50x5 Crax > Toum 250 10
Ta 50x 10 Coax» Toum 500 60
Ta 50x20 Coax» Teum 1000 90
Ta 100x 10 Crnax> Toum 1000 112
Ta 100x 20 Coax» T 2000 193
Ba49x 15 c. . . FT 735 890
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Fig 3. Average distances of Pareto optimal alternatives for prece-
dence based metric
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Fig 4. Average distances of Pareto optimal alternatives for posi-
tion based metric

3.3. Results

The analysis of the distribution of Pareto optimal alter-
natives reveals for the studied problem instances signifi-
cant concentration in alternative space.

Figures 3 and 4 plot the values of Pareto sets for 1200
generated problem instances as described in Table 1 and
give the comparison with the values of random permutation
sets of the same cardinality. It can be seen that all Pareto
sets are for both the precedence based and the position based
metric significantly concentrated in alternative space. While
with increasing cardinality the average distances quite natu-
rally increase, the values stay well below the benchmark of
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random permutations. In brief, this demonstrates that Pareto
optimal alternatives in average share significant similari-
ties in terms of their characteristics in alternative space.

The results of the analysis of the maximum distances
are given in Figures 5 and 6. Again, the values of Pareto
sets are plotted against random permutation sets of the same
cardinality. It can be seen that with increasing cardinality of
the sets the maximum distance of the elements decreases.
This is to be expected as the chance of having solution '
close to solution x increases with the number of elements.

Only in a very few cases the most distant element in p
appears more distant from the other elements in compari-
son with the random permutations. The vast majority of
Pareto sets, however, shows significant concentration also
with respect to its most distant element.
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Fig 5. Most separated elements of Pareto sets for precedence based
metric
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Fig 6. Most separated elements of Pareto sets for position base
metric

Table 3. Average concentration of Pareto sets depending on the
number of objectives

Mo of Average distances Maximum distances
“h‘_l'-.: L:1Il.‘ﬂﬁ g.l'."'l'u'_l.l'u'l"" g_.':l.“ Aaver Q{h‘i': JMAX Q_.':I.ll max
2 9.9 16.0 74 2.6

3 1.4 18.2 6.9 11.9

4 12.6 2000 i3 1.9

[ ] 14.4 224 7.0 12.0

While Figures 3, 4, 5 and 6 plot the values of all Pareto
sets, Table 3 gives the average values of Qp,ec, aver »
QPOS,WW , Qprec, max and me, max Separated with respect
to the number of considered objectives. It can be seen that
the average distances increase with increasing number of
objectives while the maximum distances tend to decrease.
This result is in conjunction with the results above as the
number of elements in P increases with the number of ob-
jectives.

The analysis of the multi objective flow shop schedul-
ing problems taken from literature confirms the achieved
results for the generated instances. Table 4 gives the values
obtained for the reference sets containing the best alterna-
tives known so far. The values of the random permutation
sets of the same cardinality are given for comparison rea-
sons in brackets.

Table 4. Concentration of reference sets for the benchmark prob-
lem instances from literature

Prablem Average distances Maximum distances
II'I'\[-JI'ILL' ’I ® "’ gll.'l'l'l' AveEr g_rll.l'\: e g_f:ﬁ.': JINIX g_.':l.“ iy
Ta 200 5 #] I7495)  30(133)  20092) 35(129)
Ta 20 % 5 #2 25095) 390133 2189 35(125)
Ta 20 = 10 #1 42(95)  64(133)  22(75)  404107)
Ta 20 % 10 #2 20005)  48(133)  20(77T) 39110
Ta 20 % 20 44095) 661330 21(75) 31{108)
la 50= 5 [02i613) 142(833) 149(573) 204 (783)
Ta 300= 10 134 (613) 186 (B33) 91 (326) 130(723)
Ta 50 = 20 lod {613y 230(833) 189(516) 262 (710)
Ta 100 = 10 316 (2473) 417 (3333) 286 (2191) 424 (2970)
Ta 100 = 20 559 (2475) 733 (3333) 346 (2158) 507 (2929)
Ha 4% = 15 81 (588) 254 (BOO) 333 (614) 453 (833)

Also for the investigated benchmark instances, the ref-
erence sets of potential Pareto optimal alternatives show
high concentration in alternative space. This can be seen
for the average distances as well as for the most separated
element.

Moreover, the concentration increases with the increase
of problem size. This effect is especially strong for “Ta...”
instances with two objectives. While the overall result also
holds for “Ba 49 x 15” instance of [18] with three objec-
tives, the reference set consists in this case, however, of
comparably more diverse alternatives.
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4. Conclusions

The investigation of the distribution of Pareto optimal
alternatives in alternative space has been presented. The analy-
sis has been carried out using the example of the multi objec-
tive flow shop scheduling problem. After an introduction in
section 1, this problem has been explained in section 2 and
the most important optimality criteria have been presented.

The analysis of the concentration of optimal alternatives
has been conducted involving four concentration measures
on the basis of two distance metrics for permutation sched-
ules. It was possible to observe that for an extensive set of
problem instances involving twelve different optimality cri-
teria definitions, as well as for a set of problem instances
taken from literature, Pareto optimal solutions appear rela-
tively concentrated in alternative space. In terms of the char-
acteristics of their permutations, they share significant simi-
larities which tend to grow with the increase of problem size.

The implications of this study are twofold.

First, the results help to explain the underlying principles
of the successful application of local search approaches to
the considered problem class of multi objective flow shop
scheduling [19, 20]. Obviously, these problems bear a struc-
ture that may be exploited during the resolution using
metaheuristics as global optima are concentrated in alterna-
tive space.

Second, an implication of the outcome of the study lies
in its potential to help defining more effective resolution
approaches for the studied problem class. Given concen-
tration of optimal solutions as observed in the analysis, a
possible focus of local search should lie on the intensifica-
tion of search rather than on diversification.

5. Acknowledgements

The author would like to thank Matthieu Basseur for
providing multi objective flow shop scheduling benchmark
instances on the basis of [19] and their corresponding best
known alternatives on http://www.lifl. fr/~basseur/
benchs_matth.html, and an anonymous referee for providing
helpful suggestions.

References

1. Pirlot, M. General local search methods. European Journal
of Operational Research, Vol 92, p. 493-511.

2. Ribeiro, C. C.; Hansen, P. Essays and surveys in
Metaheuristics. Boston, Dordrecht, London: Kluwer Academic
Publishers, 2002.

3. Stadler, P. F. Fitness landscapes. In: Lissig, M., Valleriani,
A., editors. Biologic evolution and statistical physics, Berlin:
Springer Verlag, p. 187-207.

4. Wright, S. The roles of mutation, inbreeding, crossbreeding
and selection in evolution. In: Jones, D. F., editor. Proceed-
ings of the sixth international congress on genetics, Ithaca,
NY, 1932, p. 356-366.

5.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

M. J. Geiger / UKIO TECHNOLOGINIS IR EKONOMINIS VYSTYMAS — 2006, Vol X11, No 1, 23-29

Merz, P.; Freisleben, B. Fitness landscapes and memetic al-
gorithms. In: Corne, D., Dorigo, M., Glover, F., editors. New
ideas in optimization. London: McGraw-Hill, 1999, p. 245—
260.

Boese, K. D.; Kahng, A. B.; Muddu, S. A new adaptive multi-
start technique for combinatorial global optimization. Opera-
tions Research Letters, Vol 16, p. 101-113.

Reeves, C. R. Landscapes, operators and heuristic search.
Annals of Operations Research, Vol 46, p. 473—490.

Reeves, C. R. Statistical properties of combinatorial land-
scapes: An Application to Scheduling Problems. In: De Sousa,
J. P,, editor. MIC’2001: Proceedings of the 4t Metaheuristic
International Conference, Porto, 2001, p. 691-695.

Reeves, C. R.; Yamada, T. Genetic algorithms, path relinking,
and the flowshop sequencing problem. Evolutionary Compu-
tation, Vol 6, p. 45-60.

Knowles, J.; Corne, D. Towards landscape analyses to inform
the design of hybrid local search for the multiobjective qua-
dratic assignment problem. In: Abraham, A., Del Solar, J. R.,
Koppen, M., editors. Soft computing systems: Design, man-
agement and applications. Amsterdam: 10S Press, 2002, p.
271-279.

Baker, K. R. Introduction to sequencing and scheduling, New
York, London, Sydney, Toronto: John Wiley & Sons, 1974.

T’kindt, V.; Billaut, J. C. Multicriteria scheduling: Theory,
models and algorithms. Berlin, Heidelberg, New York:
Springer Verlag, 2002.

Graham, R. L.; Lawler, E. L.; Lenstra, K. L.; Rinnooy Kan, A.
H. G. Optimization and approximation in deterministic se-
quencing and scheduling: a survey. Annals of Discrete Math-
ematics, Vol 5, p. 287-326.

Rinnooy Kan, A. H. G. Machine scheduling problems: Clas-
sification, complexity and computations. The Hague: Martinus
Nijhoff, 1976.

Demirkol, E.; Mehta, S.; Uzsoy, R. Benchmarks for shop
scheduling problems. European Journal of Operational Re-
search, Vol 109, No 1, p. 137-141.

Basseur, M.; Seynhaeve, F.; Talbi, E. Design of multi-objec-
tive evolutionary algorithms: Application to the flow-shop
scheduling problem. In: Congress on Evolutionary Computa-
tion (CEC’2002), Piscataway, NJ: IEEE Service Center, 2002,
p. 1151-1156.

Taillard, E. Benchmarks for basic scheduling problems. Eu-
ropean Journal of Operational Research, Vol 64, p. 278-285.

Bagchi, T. P. Multiobjective scheduling by genetic algorithms.
Boston, Dordrecht, London: Kluwer Academic Publishers,
1999.

Ishibuchi, H.; Murata, T. A multi-objective genetic local search
algorithm and its application to flowshop scheduling. /EEE
Transactions on Systems, Man and Cybernetics, Vol 28, No
3, p. 392-403.

Ishibuchi, H.; Yoshida, T.; Murata, T. Balance between ge-
netic search and local search in memetic algorithms for
multiobjective permutation flow shop scheduling. /EEE Trans-
actions on Evolutionary Computation, Vol 7, No 2, p. 204—
223.



M. J. Geiger /UKIO TECHNOLOGINIS IR EKONOMINIS VYSTYMAS — 2006, Vol X11, No 1, 23-29 29

PARETO OPTIMALIU SPRENDIMU PASKIRSTYMAS ALTERNATYVIOJE ERDVEJE IR DAUGIAASPEKCIU
PLANAVIMO PROBLEMU TYRIMAS

M. J. Geiger

Santrauka

Nagrinéjamos daugiatikslio optimizavimo problemos. Vieno kriterijaus uzdaviniuose yra tik vienas globalinis optimumas, daugiatikslio
optimizavimo uzdaviniuose gaunama visa aibé Pareto optimaliy alternatyvy. Iki $iol neaisku, ar tos alternatyvos arti viena kitos, ar
nutolusios. Skaitmeninei Pareto aibés koncentracijai nustatyti pritaikyta ,,iSsibarstymo® jvertinimo metrodika. Pastebéta, jog nepri-
klausancios nuo pasirinkto optimalumo kriterijaus alternatyvos yra santykinai susikoncentravusios alternatyvioje erdvéje. ISspresta
daug skai¢iavimo pavyzdziy, kuriy tikslus globalinis optimumas buvo zinomas, taip pat lyginamujy pavyzdziy i§ jvairios literatiiros.
Skaic¢iavimo rezultatai yra svarbiis metaeuristiniams metodams tobulinti.
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