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Abstract. The aim of this paper is to develop the continuous intuitionistic fuzzy ordered weight-
ed distance (C-IFOWD) measure by using the continuous intuitionistic fuzzy ordered weighted
averaging (C-IFOWA) operator in the interval distance. We investigate some desirable properties
and different families of the C-IFOWD measure. We also generalize the C-IFOWD measure. The
prominent characteristics of the C-IFOWD measure are that it is not only a generalization of some
widely used distance measure, but also it can deal with interval deviations in aggregation on inter-
val-valued intuitionistic fuzzy values (IVIFVs) by using a controlled parameter, which can decrease
the uncertainty of argument and improve the accuracy of decision. The desirable characteristics make
the C-IFOWD measure suitable to wide range situations, such as decision making, engineering and
investment, etc. In the end, we introduce a new approach to group decision making with IVIFVs
in human resource management.
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Introduction

A multiple attribute group decision making (MAGDM) problem is to finding a desirable
solution from a finite number of feasible alternatives assessed on multiple attributes by
decision makers, both quantitative and qualitative (Wei 2010a). The fundamental prerequi-
site of MAGDM is how to aggregating individual decision makers’ preference information
on alternatives (Sengupta, Pal 2009). Information aggregation is a process that combines
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individual decision makers’ preferences into an overall one by using a proper aggregation
technique. A very practical technique for information aggregation is the OWA operator (Yager
1988), which can provide a parameterized family of aggregation operators that includes the
maximum, the minimum, the average and other. Since its introduction, the OWA operator
has been studied in a wide range of applications and extensions (Calvo et al. 2002; Chen et al.
2012; Li 2011; Liu 2011; Merig6 2008; Merigd, Gil-Lafuente 2009, 2011a; Merigd et al. 2012;
Su et al. 2012; Wei 2010b; Wei, Zhao 2012a, 2012b; Wu, Cao 2013; Xia et al. 2012; Xu, Wang
2012; Xu 2004, 2006a, 2007a, 2010a, 2011; Xu, Cai 2010; Xu, Da 2002a; Xu, Xia 2011a; Yager
2003, 2004a, 2004b; Yager, Kacprzyk 1997; Yager et al. 2011; Yang, Chen 2012; Zhao et al.
2010; Zhou, Chen 2010, 2011, 2012; Zhou et al. 2011, 2012a, 2012b, 2012c).

In order to aggregate the interval arguments, Yager (2004b) introduced a continuous
ordered weighted averaging (C-OWA) operator, which is an extension of the OWA operator
when the given argument is a continuous valued interval rather than an exact argument.
Recently, the C-OWA operator has attracted more and more attentions from both decision
makers and researchers (Chen, Zhou 2011, 2012; Wu et al. 2009, 2010; Yager, Xu 2006; Zhou,
Chen 2011).

Another interesting extension of the OWA is the one that uses distance measures in the
OWA operator, which is called the ordered weighted distance (OWD) measure (Xu, Chen
2008a). The main advantage of the OWD measure is that it can relieve (or intensify) the
influence of unduly large or unduly small deviations on aggregation results by assigning
them low (or high) weights. Motivated by Xu and Chen, Yager (2010) provided a variety of
ordered weighted averaging norms based on several similarity measures. Xu (2012) developed
some fuzzy ordered distance measures including the linguistic ordered weighted distance
measure, uncertain ordered weighted distance measure, linguistic hybrid weighted distance
measure, and uncertain hybrid weighted distance measure, etc. Zeng and Su (2011) extended
the OWD measure to intuitionistic fuzzy environment and proposed the intuitionistic fuzzy
ordered weighted distance (IFOWD) operator. Zhou, Chen and Liu (2012b) presented the
continuous ordered weighted distance (COWD) measure by using the C-OWA operator in
the interval distance. The use of the different distance measures in different aggregation op-
erators has been studied by several authors (Merigd, Casanovas 2010, 2011a, 2011b; Merigd,
Gil-Lafuente 2007, 2010; Xu 2010b, 2012; Xu, Chen 2008b; Xu, Xia 2011b, 2011c; Yue 2011;
Zeng, Su 2011; Zhang et al. 2011; Zhou et al. 2012b).

However, due to the increasing complexity of the socio-economic environment and the
lack of knowledge or data about the problem domain, in the process of MAGDM, decision
makers may provide their preferences over alternatives with uncertain intuitionistic fuzzy
variables when using the distance measures in the aggregation operators. For example, in
MAGDM problems, each decision maker provides his/her preferences with interval-valued
intuitionistic fuzzy variables. Therefore, it is necessary to extend the distance measures to
accommodate situation with interval-valued intuitionistic fuzzy information.

For this purpose, we shall develop a new distance measure called the continuous intuition-
istic fuzzy ordered weighted distance (C-IFOWD) measure based on the continuous intuition-
istic fuzzy ordered weighted averaging (C-IFOWA) operator. We study some properties and
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different families of the C-IFOWD measure. We further generalize the C-IFOWD measure
and obtain the Quasi C-IFOWD measure and the infinitary C-IFOWD measure.

The prominent characteristic of the C-IFOWD measure is that it provides a parameterized
family of distance operators. The decision maker is able to consider the MAGDM problem
more clearly according to his/her interest in aggregation process. Another advantage of
C-IFOWD measure is that it can relieve (or intensify) the influence of unduly large or un-
duly small deviations on aggregation results by assigning them low (or high) weights. These
characteristics make the C-IFOWD measure suitable to deal with the situations where the
input arguments are represented with uncertain linguistic information.

We also present an application of new approach to MAGDM in human resource man-
agement. We use different types of the C-IFOWD measure, in which decision maker would
have different decisions depending on the particular types of parameters used.

The rest of the paper is organized as follows. In Section 1, we briefly describe some
preliminaries. Section 2 presents the C-IFOWD measure and studies some properties and
families. We also develop some extensions of the C-IFOWD measure. In Section 3, we pres-
ent a method for multiple attribute group decision making with the C-IFOWD measure and
Section 4 provides an illustrative example. In the last Section we end the paper summarizing
the main conclusions.

1. Preliminaries

In this section, we briefly review the intuitionistic fuzzy sets, interval-valued intuitionistic
fuzzy sets, the OWA operator, the GOWA operator, the C-OWA operator and the distance
measure.

1.1. Intuitionistic fuzzy sets and Interval-valued intuitionistic fuzzy sets

Intuitionistic fuzzy sets (IFS) introduced by Atanassov (1986) is an extension of the classical
fuzzy set, which is suitable to deal with vagueness. It is defined as follows:
Definition 1. Let X ={x;,x,,---,x,} be fixed. AndanIFS A in X is given as:

A={<x;,1,(x;),v 4 (x;) > x; € XF, (1)

where 1, (x;) and v, (x;) represent the membership and non-membership degrees of the
element x; to the set A, respectively. The pair (p4(x;),v4(x;)) is called the intuitionistic
fuzzy value (IFV), and each IFV can be simply denoted as a; = (u,, ,V,, ), where p, €[0,1],
v, €[0,1], n, +v, <1.Additionally, S(a;)=p, —v, and H(olci)zlum +v, are called
the score and alccuralcy degrees of a;, respectively.l 1 t 1

For any three IFVs a=(u,,v,), o4 2(“&1 ,val) and o, =(um2,\/m2 )» the following
operational laws are valid (Xu, Yager 2006):

(1) a; & a, = (g, +He, ~Ho Mo, Vo, Va,) s

(2) ra=1-1-p )" v, A>0.
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To compare any two IFVs o, =(ua1 ,val) and a, = (uaz Va, ), Xu and Yager (2006)
introduced a simple method as follows:
(1) If S(a;) <S(a,), then oy <oly;
(2) If S(a;) =S(a,), then
(a) If H(a,;)=H(o.,), then o, =a,;
(b) If H(or,) <H(a,) , then o, <o, .
In (1989), Atanassov and Gargov generalized the IFS and defined the interval-valued
intuitionistic fuzzy sets (IVIES) as follows: )
Definition 2. Let X ={x;,x,,---,x,} be fixed. And an IVIFS A in X is given as

A={<xi,ﬁg(xi),\7g(xi)>|xieX}, (2)

where the membership degree 1 ; (x;) < [0,1] and the non-membership degree v ; (x;) < [0,1]
are intervals, which satisfy supp ; (x;)+supv;(x;) <1 forall x; € X .

Let ﬂLA (x;) and fxg (x;) be the lower and upper boundaries of [i; (xi)j and \M/fi(xi) and
\7% (x;) be the lower and upper boundaries of v ; (x;). Then the IVIFS A is equivalent to
the following formula:

A={<xplRh (). BY () LIVE (), ()1 x; € X3, (3)

where osgg(xi)sgg(x,.)ﬂ, OSOLA(xi)S\N/g(xi)Sl, gg(x,.)wg(x,.)gl.
Additionally, the pair
(g (e 5 () = (L (), 3 e LIV (), 9 (x)])
is called an interval-valued intuitionistic fuzzy value (IVIFV), and each IVIFV can be simply
denotedas &; = (fig Vg )= ([ﬂéi ,ﬁg{ ],[\73{ ,Og{ 1), where 0 < ﬂéi < ﬁgi <1,0< \N/éi < f/gi <1
and ﬁg +\~/g‘ <1.

For any three IVIFVs & = (fig,Vs) = ([, AV [V é vel), a, = (Rg, Ve, )= ([ﬁél’ ﬁgl]’
[Qél,le]) and @, =(ﬂd2"~’d2)=([“&2’~g2]’[v~ RV ]) the following operations have
been developed by Xu (2007b):

S DG (5L ol _nL L U L SU _sUSU oL 9L U QU

(1) oy @a, =([ig +Hg —Hg g -Hg TR —Hg Hy LIVg v »vg v s

(2) ra=(1-0-pL)*1-A-pYMLIGEGYMD), 1>0.

Moreover, in (2007b), Xu introduced the score function

S(@) = (L ~vL +iY ~vY)/2, (4)
to get the score of @, and defined the accuracy function

H(a) =t +p¥ +9L +9Y) /2, (5)

to evaluate the accuracy degree of o . To compare any two IVIFVs a, and a.,, Xu (2007b)
presented a simple method as follows:
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(1) If S(a,)<S(a,), then @, <a.,;

(2) If S(a,;)=S(a,), then
(a)If H(o,)=H(a,),then o, =a,;
(b) If H(a,;)<H(Q,),then @, <a,.

For convenience, throughout this paper, let Q be the set of all intuitionistic fuzzy values
and X be the set of all interval-valued intuitionistic fuzzy values.

1.2. The OWA operator and the GOWA operator

The OWA operator (Yager 1988) is an aggregation operator that provides a parameterized
family of aggregation operators between the minimum and the maximum. It is defined as
follows:

Definition 3. An OWA operator of dimension # is mapping OWA : R” — R that has an
associated weighting vector w with Z?zlw ;=1 and w; €[0,1], such that:

n
OWA(al,az,---,an):ijbj , (6)
j=1
where b; is the jth largest of the arguments a,,a,,-,a, .

Note that the OWA operator is monotonic, commutative, bounded and idempotent.
Furthermore, in (2004a), Yager developed the generalized OWA (GOWA) operator, which
combines the generalized mean with the OWA operator. The GOWA operator is defined as
follows:

Definition 4. A GOWA operator is mapping GOWA: R" — R that has an associated

weighting vector w of dimension » with Z?zlw ;=1 and w; €[0,1], such that:

" 1/r
GOWA(ay,ay,-a,)=| > wb! |, 7)
j=1

where b; is the jth largest of a;, and r is parameter such that r € (—o0,0) and r#0.

The GOWA operator is monotonic, commutative, bounded and idempotent (Yager
2004a). If we consider the possible values of the parameter r in the GOWA operator, we
can obtain a group of particular cases. For examples, the OWA operator (Yager 1988), the
ordered weighted geometric averaging (OWGA) operator (Chiclana et al. 2000; Xu, Da
2002b) and the ordered weighted harmonic averaging (OWHA) operator (Yager 2004a)
are obtained as follows:

- The OWA operator is found if r=1.

- The OWGA operator is obtained when r — 0.

- The OWHA operator is formed when r=-1.
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1.3. The C-OWA operator

The C-OWA operator was developed by Yager (2004b), which extends the OWA operator.
It is defined as follows:

Definition 5. A C-OWA operator is mapping f: M — R* associated with a basic unit
interval monotonic (BUM) function Q, such that:

fo@= follatd )= [ TG (@ -ty ®

where a=[al,aV]e M, and M is the set of all nonnegative interval numbers.
If A= J:Q( y)dy is the attitudinal character of Q, then a general formulation of f,(a)
can be obtained as follows:

fol@)= fo(lat,a¥])=ra¥ +(1-r)at . €)

As can be seen, the C-OWA operator can be considered as an aggregation, guided by the
function Q, in which the arguments to be aggregated are all values in the interval [a,aV].
That is, the interval [al,aV] can be replaced by the aggregation f,([a*,a"]) with different
Q. For convenience, throughout this paper, we denote the C-OWA operator f, by f; .

Note that other interesting generalizations of the C-OWA operator can be investigated
by following references (Chen, Zhou 2011, 2012; Wu et al. 2009, 2010; Yager, Xu 2006; Zhou,
Chen 2011).

1.4. Distance measure

Definition 6. Let A, A,,A; be the elements or sets. A distance measure must accomplish
the following properties:

Nonnegativity: D(A;,A,)>0.

Commutativity: D(A;,A,)=D(A,,4,).

Reflexivity: D(A;,A;)=0.

Triangle inequality: D(A;,A,)+D(A,,A;) 2 D(A},A;).

Note that by using different cases of the function D, we are able to obtain different types
of distance measure, such as the weighted Hamming distance (Merig6, Casanovas 2010), the
weighted Euclidean distance measure (Merigd, Casanovas 2011a; Merigo, Gil-Lafuente 2007)
and the ordered weighted distance (OWD) measure (Xu, Chen 2008a, 2008b).

In order to measure the deviation between any two IFVs o, = (ual Ve, ) and

o, = (u0L2 Va, ), Xu (2007¢, 2010c¢) defined the following distance.

Definition 7. Let o, = (ual ,val) and a, :(paz ,Vaz) be two IFVs, then:

1
d(al,az):5<|uql ~Hg, |+] Vg, —Va, |), (10)

is called the intuitionistic fuzzy distance (IFD) between o, and a., .
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Motivated by the idea of the OWD distance, Zeng and Su (2011) developed the intui-
tionistic fuzzy ordered weighted distance IFOWD) measure, which is defined as follows:
Definition 8. An IFOWD measure is mapping IFOWD : QQxQ — R that has an associ-
. . . . n .
ated weighting vector w of dimension # , such that ijlw i =1and w; €[0,1], according

to the following formula:

1/r
IFOWD(C(, B) = [ij(d(as(])’ﬁﬁ(])))rJ > (11)
j=1

where o(1),6(2),---,6(n) is any permutation of (1,2,...,n) , such that:
d(ac(j—l)’Bc(j—l)) 2 d(ag(j)’ﬁc(j)) s J=2,3,0m, (12)

and d(ocj ,Bj) is the distance between Q; and Bj determined by Definition 7. a =
(01y,0ty,-,0,,,) and B = (B;,B,,--,B,) are two vectors of IFVs, and the parameter r>0.
The IFOWD measure is monotonic, bounded, idempotent and commutative. And if

we consider the possible values of the parameter r in the IFOWD measure, we can obtain a
group of particular cases, such as the intuitionistic fuzzy ordered weighted Hamming distance
(IFOWHD) measure, the intuitionistic fuzzy ordered weighted geometric distance (IFOW-
GD) measure and the intuitionistic fuzzy ordered weighted Euclidean distance (IFOWED)
measure, which are obtained as follows:

— The IFOWHD measure is found if r=1.

— The IFOWGD measure is obtained if r — 0.

— The IFOWED measure is formed when r =2

2. Continuous intuitionistic fuzzy ordered weighted distance measure

In this section, we will introduce the continuous intuitionistic fuzzy ordered weighted distance
(C-IFOWD) measure, which is distance measure that uses the continuous interval-valued
intuitionistic fuzzy ordered weighted averaging (C-IVIFOWA) operator in the distance
measure of IVIFVs.

2.1. The C-IFOWD measure

The C-IVIFOWA operator can be defined as follows:
Definition 9. A C-IVIFOWA operator is mapping g:X — Q associated with the BUM
function Q, such that:

£0(@ =10V gqien )= (o (RERYD. £, (55, 59D), (13)

where a=(fiz,Vg)= ([ua,uU] [va,vU]) ex, fQ is the C-OWA operator determined by
Equation (8). Q is the BUM function Q:[0,1]—[0,1], which is monotonic with Q(0)=0
and Q(1)=1.
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If A= J Q(y)dy is the attitudinal character of Q, then by Equation (9) we have Theorem 1
as follows:
Theorem 1. If A is the attitudinal character of Q, then:

gQ(d)=(qu(d),ng(d>)=(kﬁg +(1-2)pL, vy +(1—7»)\7(L~1)~ (14)
As we can see, 0<ARY +(1-A)pk <1, 0<AVY +(1-A)vE <1 and
ARY + -k + 208 + 1 -2)vE =AY +v9)+ (1 -1k +vE) <
MpY +v9)+1-0)(@Y +99)=pd +vY <1,

which means that 20 () isan IFV.

The main advantage of the C-IVIFOWA operator is that it can be used to transform the
IVIFV & to the IFV g, (a) by the controlled parameter A , which can reduce uncertainty
of the IVIFV 0. Note that we also denote the C-IVIFOWA operator g, by g, .

Definition 10. Let &, = (fig, Vg, ) = ([} LAE LIVE ,VE 1) and &, = (fig, V5, ) = ([F
ﬁg LIvE vgz 1) be two IVIFVs and g be the C—IVIFOWA operator, then

-
dx(“’B):E(mgQ(d) “Heo® I+ 1V “Ve®) |)’ 1)

is called the continuous intuitionistic fuzzy distance between a and B based on the C-IVI-
FOWA operator, where a,f € and g0 (), g0 (B) are determined by Equation (13).
With Equation (14), ﬁx(d,B) can be expressed as:

@) =1 R+ A= DRE ~) [+ MY ~3)+a-DEE =Th)I).  (16)

Specially, if a and B are two IFVs, then Equation (16) reduces to Equation (10).
From Definition 10, we can get the following theorem easily:
Theorem 2. Let &, = (fig,,Vg )= ([A ,ﬁgl] [\M/EI)VU D, a, =(ﬂ&2’{’d2)=([ﬂ32’ﬁgz]’

NLZ ,\N/g2 1) and a4 —(ua Vs )= ([ﬂéS >~gs ],[\70t3 , gs 1) be three IVIFVs, then for a certain A,

[v
0L(l) Nonnegativity: dh (OLI,OLZ) >0.

(2) Commutativity: d, (G;,0,) = d; (G,,0;) .

(3) Reflexivity: c~i;L (a,,0,,)=0.

(4) Triangle inequality: d, (&,,6.,) +d, (G,05) > d; (G, 03) .

Let a=(a,,0,,0,) € X"and B = ([~31 ,[32 - ~,Bn) € X", then we can define the continuous
intuitionistic fuzzy ordered weighted distance (C-IFOWD) measure as follows:

Definition 11. A C-IFOWD measure is mapping C—IFOWD : X" xX" — R that has an
associated weighting vector w of dimension #, such that Z w; =1 and w; €[0,1], ac-
cording to the following formula:

1r
~ n ~ ~

j=1
where o(1),6(2),:--,6(n) is any permutation of (1,2,...,n), such that:
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d}\,(dc(j—l)’BG(j—l)) > d},(do'(j)’BG(j)) 5 j= 2,3,"',7’1 5 (18)

‘?7» (a i ,E j) is the continuous intuitionistic fuzzy distance between o j and [NS i based on the
C-IVIFOWA operator and parameter r>0.

Obviously, if all &; and B j are given in the form of IFVs, then the C-IFOWD measure
reduces to the IFOWD measure (Zeng, Su 2011).

Example 1. Let (:x =(({0.2,0.3],[0.4,0.5]), ([0.6,0.7],[0.2,0.3]), ([0.4,0.5],[0.2,0.4]), ([0.5,
0.6], [0.1, 0.3]) and B = (([0.7,0.8],[0.1,0.2]), ([0.1,0.3],[0.5,0.6]), ([0.5, 0.7] [0.2, 0.3]), ([0.3,
0.4], [0.5, 0.6])) be two vectors of IVIFVs. Assume the weighting vector of the ordered
positions of the distances glk (&j,Bj) (j=L---,4): w=(0.2,0.4,0.3,0.1). If we assume that

Q(y)=y?,then p= I;Q(y)dy =1/3. By Equation (16), we can get:

d, (6,,B)) =

N | =
—~

1(0.3-0.8)/3+2(0.2-0.7) /3| +[(0.5-0.2) / 3+2(0.4—0.1)/ 3]) = 0.4;
d,,(d,B,) ==(](0.7-0.3)/3+2(0.6-0.1)/ 3] +| (0.3~ 0.6) / 3+2(0.2—0.5) / 3|) = 0.38;
d,,(a3,85) ==(1(0.5-0.7)/3+2(0.4—0.5) / 3] +| (0.4~ 0.3) / 3+2(0.2—0.2) / 3|) = 0.08;

d,(64.By)==(](0.6-0.4)/3+2(0.5-0.3) /3| +|(0.3-0.6)/3+2(0.1-0.5)/3]) = 0.28 -

Thus,
d?\. (&'G(l) ’BG(])) =04, d;L (&'0(2) ’B(S(Z)) =0.38;

d?» (&“0-(3) ’BO'(B')) =0.28 5 d?x (d0(4) ’BG(4)) =0.08.

By Equation (17), we can obtain the distances corresponding to some special cases of the
parameter 7, which are shown in Table 1.

Table 1. Aggregation results

r -0 0.1 1 2 3 4
C—IFOWD(&,B) 0.2980 0.3029 0.3240 0.3375 0.3459 0.3517
r 5 6 7 8 9 10
C—IFOWD(&,,fS) 0.3562 0.3598 0.3627 0.3652 0.3673 0.3691

From Table 1, the aggregation result C — [IFOWD(@.,B) increases as the parameter r steadily
increases.

As we can see, the characteristic of the C-IFOWD measure is that it combines the GOWA
operator with the distance measure based on the C-IVIFOWA operator. The principal advan-
tages of the C-IFOWD measure are that it is not only a generalization of some widely used
distance measure, but also it can deal with interval deviations in aggregation on IVIFVs by
using the controlled parameter, which makes the C-IFOWD measure very suitable to wide
range situations, such as decision making, engineering and economics.
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Note that following Xu and Da (2002a), it is possible to distinguish between the descending
C-IFOWD (DC-IFOWD) measure and the ascending C-IFOWD (AC-IFOWD) measure by

. *
using w; =w,_;,;, where w; and w,_;,

vector in the DC-IFOWD measure and the AC-IFOWD measure, respectively.

*

| are the jth weighting coeflicient of the weighting

2.2. Properties of the C-IFOWD measure
The C-IFOWD measure is monotonic, idempotent, bounded, commutative, nonnegative and
reflexive. These desirable properties are shown with the following theorem.
Theorem3. Let 6, = (G;, 8y, 0, ) € 7B = (By.ByyeB,,) € Z"andy = (7,75, 7,) € 27,
then:
(1) (Nonnegativity) C — IFOWD(@, ) > 0. (19)
(2) (Reflexivity) C— IFOWD(a, a) = 0. (20)
(3) (Commutativity — distance measure) C — IFOWD(a., ﬁ) =C- IFOWD(ﬁ, a) (21
(4) (Commutativity - GOWA aggregation) If (dk(dl’ﬁl)’ dk(dz,[gz),- o d, (dn,ﬁn)) isa
permutation of (d; (6;,B,),d; (6.y,B,),-~d; (&,,,B,)), then

C - IFOWD(&, B) = C— IFOWD(&, B), (22)
where & = (&;,6,,,++,0,,) € X" and B = (BB, B, ) € I".

(5) (Idempotency) If &k (dj,Bj) =d,, for all j, then

C—IFOWD(&, B) =d, (23)
(6) (Boundedness) If m}ax &x (a j» [3 ].) =d_ .. and m]m &x (a i B j) =d_;, foracertain), then
d ., <C—IFOWD(a,B)<d,,. (24)

(7) (Monotonicity — parameter r) Assume that C-IFOWD, (a., fi) is the C-IFOWD
measure. If r, >r,, then

C—IFOWD, (G, B)>C- IFOWD, (&, B). (25)

(8) (Monotonicity - distance measure) If glk(d j,ﬁ ]-) < glk(d j,? j) with a certain A for all
j> then
C-IFOWD(a., B) <C—IFOWD(Q., ), (26)
where d, is the distance based on the C-TVIFOWA operator.
Proof. We can get the results (1-4) by Theorem 2 and Definition 11 immediately, and we

focus on proving results (5-6) as follows:
(5)If d, (&;,B;) = d, forall j, then

Ur 1r
C-IFOWD(a. B) :(ij(do)’] :[(do)’ij] =dy
j=1

i1
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(6) If maxc}k (a j,B j) =d, .. and mincNI,L (o j,B j) =d_;, foracertain 2, then according to
j j

boundedness of the GOWA operator (Yager 2004a), we get

d_. <C—-IFOWD(&,B)<d,_...

<
min —

Un
(7) C—IFOWD, (&, B) = [ij (dy, (B By ] ,and
j=1

1/r,
C—IFOWD, (&,B)= {ZWJ.(&A(&U( iy Boi))2 J ~
j=1

If n, > r,, then by monotonicity of the GOWA operator, then
C-IFOWD, (&,B)>C—IFOWD, (&, B).

1/r
(8) Let C— IFOWD(&, B) = {Zw (@ @y Bo j)WJ
j=1

and ; Ur
C- IFOWD(&., '?’) = [ZW] (dk (&.5(1) ’?G(j) ))r J .
j=1
If glk(d ]-,B j) < glk(d ]-,? j) with a certain A for all j, then according to the monotonicity
of the GOWA operator, we obtain:

C—-IFOWD(&, B) < C— IFOWD(&, ¥)-

The theorem is proved.

2.3. Families of the C-IFOWD measure

By using different cases of the parameter r and the weighting vector in the C-IFOWD measure,
we are able to obtain different types of distance measure, such as the continuous intuitionistic
tuzzy ordered weighted Hamming distance (C-IFOWHD) measure, the continuous intui-
tionistic fuzzy ordered weighted Euclidean distance (C-IFOWED) measure, the continuous
intuitionistic fuzzy ordered weighted geometric distance (C-IFOWGD) measure, the Median
C-IFOWD measure, the Olympic C-IFOWD measure, etc.

Remark 1. If r = 1, then the C-IFOWD measure reduces to the C-IFOWHD measure:

~ n ~ ~
j=1
And if r = 2, then the C-IFOWD measure becomes the C-IFOWED measure:

1/2
C—-IFOWED(@., B) = £2w (@) Bo j)))ZJ : (28)
j=1
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If r — 0, then we get that:

C-IFOWGD(a, B) H d; (G )Bog ) (29)
j=1
which is called the continuous intuitionistic fuzzy ordered weighted geometric distance
(C-IFOWGD) measure.

Remark 2. The continuous intuitionistic fuzzy maximum distance (C-IFMAXD) measure,
the continuous intuitionistic fuzzy minimum distance (C-IFMIND) measure, the Step C-IF-
OWD measure, the continuous intuitionistic fuzzy normalized distance (C-IFND) measure,
the continuous intuitionistic fuzzy normalized Hamming distance (C-IFNHD) measure, the
continuous intuitionistic fuzzy normalized geometric distance (C-IFNGD) measure, the
continuous intuitionistic fuzzy normalized Euclidean distance (C-IFNED) measure and the
median C-IFOWD measure are obtained as follows:

— The C-TFMAXD measure is found if w; =1 and w; =0 forall j=1.

— The C-IFMIND measure is formed if w, =1 and w; =0 forall j=n.

- Generally, if wy =1 and w; =0 forall j =k, then we get the Step C-IFOWD measure.

— The C-IFND measure is found when w; =1/n forall j.Specially, if r =1, we get the
C-IFNHD measure, and if » — 0, we obtain the C-IFNGD measure. If r =2, we have
the C-IFNED measure.

= If Wipqy, =1, w; =0 for j=(n+1)/2, n isodd, or w,,, =w,,.; =1/2, w; =0 for
j#En/2,n/2+1, then we get the Median C-IFOWD measure.

Remark 3. Similar to the literatures (Merig6 2011; Merigé, Gil-Lafuente 2009, 2011b;

Yager 1993, 2007), we can obtain a lot of families of C-IFOWD measure such as:

- The Olympic C-IFOWD measure (w, =w,, =0 and w; =1/(n-2) for j=Ln).

- The general Olympic C-IFOWD measure (w; =0 forj=1,2, ...k, n,n-1,..,n-k+1;
and for all others wj= 1/(n—2k),where k<n/2).

— 'The Step C-IFOWD measure (w; =1 and w; =0 forall j=k).

— The Window C-IFOWD measure (w; =1/m for k<j<k+m-1, and w; =0 for
j2k+m and j<k).

- The generalized S C-IFOWD measure (w) =(1—(a+p))/n +o, w,= (1 - (o + p)) /
n+ 3 and w; =(1- (OH-B )/n forall j+k,t,where a; —max{a }, a, =min{a;} and
a+B <1 with a,pe[0,1]). '

- The Centered C-IFOWD measure is symmetric, strongly decaying and inclusive.

Remark 4. Using a similar methodology, we can develop numerous other families of the
C-IFOWD measure following Merigé and Gil-Lafuente (2009), Xu (2006b), Yager (1993,
1996, 2009), Yu and Xu (2013).

2.4. Extensions of the C-IFOWD measure

Following Liu (2010), Merigd (2011), Mesiar and Pap (2008), it is possible to develop an
extension of the C-IFOWD measure by using the quasi-arithmetic means instead of the
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generalized means. This result is the quasi-arithmetic C-IFOWD (Quasi-C-IFOWD) measure,
which can be defined as follows:

Definition 12. A Quasi-C-IFOWD measure is mapping Quasi—C—-IFOWD:
X" xE" — R that has an associated weighting vector w of dimension #, such that
Z] wj=1and w; €[0,1], according to the following formula:

Quasi —C— IFOWD(&, B) {Zw h(dk(occ(]) BG(])) ] (30)
j=1
where h is a strictly continuous monotonic fungtion; 6(1),6(2); --,0(n) isany permutation
of (1,2,...,n), such that d) (Gg(;j_1),Be(j-1)) 2 ) (O jy5Bo(j)) > =2.3m, dy(a;,B;) is
the distance between a j and B ; based on the C-IFOWA operator and A is the attitudinal
character of BUM function Q.

Note that if h(x)=x", then we get the C-IFOWD measure. The main advantage of this
measure is that it provides a more complete generalization including a lot of special cases
that are not included in the C-IFOWD measure.

Another important extension is the infinitary C-IFOWD ( o0 -C-IFOWD) measure, which
uses infinitary aggregation operators (Mesiar, Pap 2008). It can be defined as follows:

Definition 13. An o -C-IFOWD measure is mapping ©o—C—IFOWD :X* xX* — R
that has an associated weighting vector w of dimension # such that Z w; =1 and
w; € [0,1], according to the following formula:

1/r
oo—C—IFOWD(d,ﬁ)={ij(&k(d6(j),ﬁc(j)))’] . (1)
j=1
where 6(1),6(2),---,6(n),--- is any permutation of (1,2,. ---), such that cNik(ocG(] 1)

[36(]._1))2 (;lk(dc(j),ﬁc(j)) 2J =20 By Ty oy g ( Q; B ) is the dlstance between a; and B
based on the C-IFOWA operator and A is the att1tud1nal character of BUM function Q.

Note that a similar extension could be developed by combining the Quasi-C-IFOWD
measure with the oo -C-IFOWD measure, then we can obtain the oo -Quasi-C-IFOWD
measure. Note also that other interesting generalizations can be investigated following
Merigé (2008, 2011), Merigé and Casanovas (2011c), Pereira and Ribeiro (2003), such as
the mixture C-IFOWD measure, the heavy C-IFOWD measure, the C-IFOWD weighted
average measure, etc.

3. Multiple attributes group decision making with the C-IFOWD measure

The C-IFOWD measure is applicable in a wide range of situations, such as decision making,
economics, statistics and engineering. In this section, we develop an application of the C-IF-
OWD measure in a multiple attributes group decision making problem.

Consider a multiple attributes group decision making problem. Let X ={x;,x,,---,x,,}
be a discrete set of m feasible alternatives, and U ={u;,u,,---,u,} beafinite set of attributes.
Let E={e;,e,,--,e,} be the set of decision makers, and v=(v,v,,---,v,) be the weighting
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vector of decision makers satisfying v, €[0,1] and ;2 v, =1. Assume that each decision
k

maker provides his own decision matrix A®) = (4 R )mxn ,inwhich a; (k) €3 is given by the

decision maker e, € E, for the alternative x; € X with respect to the attribute u; €U . Let

w = (w;,w,,-,w, ) bethe weighting vector of attributes satisfying w; €[0,1] and Z?:l w; =1.
The process with the C-IFOWD measure in multiple attribute group decision making
involves the following steps:
Step 1. Form the ideal alternative by giving the ideal levels of each characteristic, which is

shown in Table 2, where x(¥) is the ideal alternative and Vi {5 is the jth ideal characteristic
of x(

Table 2. Ideal alternative

u, U, ”j u

5 e 5 (k . =
x(K) yl(k) J,Z(k) )’j( ) yn(k)

Step 2. Calculate the distance of each preference value a; (&) provided by the decision
maker ¢, and his/her ideal preference value y; (K) by Equatlon (32):

7 Ak 5yl qU 5 qL qL oU SU
d, (aij Y )_E{l}"(“é!gjk) _Hj,ﬁ_k))‘F(l_}")(Pagjk) _“?ﬁ-k))lﬁ_l}b(vﬁgjk) _Vj,(_k))"'

]

(1-1)(VE i v}?;k))@, i=1,2m, j=12,n, k=121, (32)

where A = .[o Q(y)dy is the attitudinal character of Q.

Step 3. Utilize the C-IFOWD measure:
1/r

7, =C—IFOWD@E®, yk)) = ZW d (ag"),yg"))) ,i=12m, k=12,-t, (33)

to aggregate all distance into a collective distance matrix R=(7;),, » where a(k) =
@fay) )
Step 4. Utilize the GOWA operator:
T, = GOWA(”:I‘I’FI'Z)”UF&) > i= 112)' M,

to derive the collective overall preference value 7; of the alternative x;.

Step 5. Rank the collective overall preference values 7; (i =1,2,---,m ) in ascending order.

Step 6. Rank all the alternatives x; (i=1,2,---,m)and select the best one(s) in accordance
with the collective overall preference values 7; (i =1,2,---,m ). Note that the best choice is the
one with the lowest distance.

Step 7. End.
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4. Illustrative example

In the following, we develop a brief illustrative example of the new approach in a group
decision making problem under interval-valued intuitionistic fuzzy environment. We study
a human resource management problem where a university wants to introduce oversea
outstanding teachers (adapted from Yu et al. 2012). The university has brought together a
group of decision makers. The group is constituted by three persons including university
president e, dean of management school e, and human resource officer e;. After careful
review of the information, they made strict evaluation for five candidates x; (i=1,2,3,4,5)
and summarized the abilities of candidates with four aspects U ={u,u,, 15,14} :

- u; : Namely morality.

- u, : Research capability.

- u5 : Teaching skill.

- u, : Education background.

Three decision makers evaluate the candidates x; (i=1,2,3,4,5) with respect to the

attributes u i (j=1,2,3,4) and construct three interval-valued intuitionistic fuzzy decision

matrices AK) = (&fjk) )sq (k=1,2,3), which are shown in Tables 3, 4, 5.

Table 3. Interval-valued intuitionistic fuzzy decision matrix RW

U u, Uy Uy
x  ([0.6,08],[0.1,02])  ([0.2,04],[04,05])  ([0.6,0.71,0.2,0.3])  ([0.4,0.5],[0.2,0.4])
X, ([0.4,0.71,(0,0.1]) ([0.5,0.71,00.1,0.2])  ([0.7,0.8],[0.1,0.2])  ([0.7,0.8],(0.1,0.2])
x5 ([0.3,0.7],00.2,03])  ([0.2,0.4],0.4,05])  ([0.1,0.4],[0.4,0.5])  ([0.3,0.4],(0.4,0.6])
x,  ([0.7,0.8],(0.1,02])  ([0.2,0.3],[0.4,0.6]) ([0.6,0.81,[0,0.2]) ([0.6,0.8,[0,0.2])
x5 ([0.5,0.6],00.3,0.4]) ([0.7,0.8],[0,0.1]) ([0.2,0.4],[0.4,0.5])  ([0.1,0.3],(0.4,0.6])

Table 4. Interval-valued intuitionistic fuzzy decision matrix R®

Uy Uy Us Uy
X ([02,04],[0.405)  ([0.60.7],0.,02])  ([0.50.7],00.1,02])  ([0.5,0.7],[0.1,0.2])
x,  ([0.6,0.8],[0,0.2]) ([0.2,0.3],[0.4,0.6])  ([0.7,0.8],[0.1,0.2])  ([0.2,0.4],[0.4,0.5])
X, ([0.1,0.4],[0.4,0.5]) (10.8,0.91,[0,0.1]) ([0.1,0.4],[0.2,05])  ([0.4,0.7],[0.2,0.3])
Xy ([0.6,0.8],[0,0.2]) ([0.3,0.8],[0,0.1]) ([0.2,0.3],[0.4,0.6]) ([0.6,0.7],[0.2,0.3])
x5 ([0.2,0.4],00.50.6])  ([0.6,0.7],[0.2,0.3]) (10.6,0.81,[0,0.2]) ([0.1,0.4],[0.3,0.5])

Table 5. Interval-valued intuitionistic fuzzy decision matrix R®)

h U U3 Uy
X ({0.2,0.4],[0.4,0.5]) ({0.2,0.4],[0.4,0.5]) ([0.4,0.7],[0,0.1]) ([0.7,0.9],[0,0.1])
X, ([02,0.3],00.406])  ([02,0.3],/04,06])  ([0.6,0.7],00.2,0.3])  ([0.5,0.7],(0.1,0.2])
X5 ([0.7,0.91,[0,0.1]) ([0.3,0.4],[0.4,0.5]) ([0.1,0.3],[0.3,0.5]) ([0.2,0.4],[0.4,0.5])
x,  ([03,0.8],00.,02])  ([0.1,02],(0.40.6])  ([0.2,0.3],0.4,0.5])  ([0.3,0.4],[0.4,0.6])
x5 ([0.7,0.8],[0,0.2]) ([0.3,0.81,[0,0.1]) ([0.4,0.71,[0.2,0.3]) ([0.6,0.71,[0,0.2])




90 L. Zhou et al. Continuous intuitionistic fuzzy ordered weighted distance measure...

With this information, we can use the proposed decision making method to get the
ranking of the candidates. The following steps are involved:

Step 1. According to the objectives of the university, each expert establishes his/her own
ideal strategy. The results are shown in Table 6.

Table 6. Ideal strategy

! Uy U3 Uy
e, ([0.4,0.6],[0.2,0.4]) ([0.3,0.5],[0.3,0.5]) ([0.5,0.6],[0.3,0.4]) ([0.3,0.5],[0.3,0.5])
e, ([0.5,0.71,[0.2,0.3]) ([0.5,0.7],[0.2,0.3]) ([0.5,0.71,[0.1,0.3]) ([0.4,0.6],[0.2,0.4])
e, ([050.6],002,03])  ([0.40.6],[0.204])  ([0.50.7],0.2,03])  ([0.4,0.5],(0.3,0.4])

Step 2. Calculate the distance of each preference value @;(¥) provided by the decision
maker e, and his/her ideal preference value j/j(k) with Equation (32), and the results are
shown in Tables 7-9, where Q(y)= y?.

Table 7. Distance matrix — expert 1

! U U3 Uy
X 0.1667 0.0833 0.1000 0.0833
X 0.1333 0.2167 0.2000 0.3000
X3 0.0330 0.0833 0.2167 0.0667
Xy 0.2000 0.1167 0.2000 0.3000
Xs 0.0667 0.3500 0.1833 0.1500

Table 8. Distance matrix — expert 2

! t U3 Uy
Xy 0.2500 0.0833 0.0167 0.1167
X 0.1333 0.2833 0.1000 0.1833
X3 0.2833 0.2333 0.2500 0.0333
Xy 0.1333 0.1500 0.3167 0.1000
X5 0.3000 0.0333 0.1000 0.1833

Table 9. Distance matrix — expert 3

! U U3 Uy
Xy 0.2333 0.1833 0.1333 0.3167
X 0.2667 0.2167 0.0333 0.1667
X3 0.2167 0.1500 0.2667 0.1333
X4 0.0833 0.2667 0.2667 0.1167

X5 0.1833 0.1167 0.0333 0.2333
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Step 3. Utilize the C-IFOWD measure to aggregate the whole distance into a collective
distance matrix R =(7y )53, where r=1.5, w=(0.3,0.2,0.4,0.1) and

0.1145 0.1452 0.2327
0.2297 0.1912 0.1998

R=|0.1219 0.2378 0.2002 |.
0.2253 0.1894 0.1966
0.2194 0.1829 0.1634

Step 4. Utilize the GOWA operator to derive the collective overall preference value 7,
of the alternative x;:

7 =0.1749, 7, =0.2095, 7, =0.1949, 7, =0.2062, 7; =0.1924 .

Note that we assume that the parameter r in the GOWA operator is equal to the parameter r
in the C-IFOWD measure, and v =(0.4,0.3,0.3) is the weighting vector of three experts.
Step 5. Rank the collective overall preference values 7. (i=1,2,---,5) in ascending order:

7’1<1’5 <7’3 <1y <t,.

Step 6. Rank all the alternatives x; (i =1,2,---,5) and select the best one(s) in accordance
with the collective overall preference values 7; (i=1,2,---,5):

X = Xg =Xy = Xy - Xy

As we can see, the best one is x5 . That is to say, optimal alternative for the university is
the first candidate.

Furthermore, in order to analyze how the different particular cases of the C-IFOWD meas-
ure have affection for the aggregation results, in this example, we consider the C-IFMAXD
measure, the C-IFMIND measure, the C-IFOWD measure, the AC-IFOWD measure, the
C-IEND measure, the C-IFNHD measure, the C-IFNGD measure, the C-IFNED measure, the
Median C-IFOWD measure, the Step C-IFOWD measure (k =3 ), the Olympic C-IFOWD
measure and the continuous intuitionistic fuzzy Hurwicz distance measure (o =0.4 ). The
results are shown in Tables 10 and 11.

Table 10. Aggregation results 1

C-IFOWD  AC-IFOWD C-IFND C-IFNHD C-IFNGD C-IFNED

X1 0.1749 0.1479 0.1653 0.1313 0.1418 0.1841
X 0.2095 0.1799 0.1963 0.2042 0.1904 0.2143
X3 0.1949 0.1656 0.1802 0.1852 0.1583 0.2026
Xy 0.2062 0.1793 0.1944 0.2017 0.1868 0.2105

X5 0.1924 0.1534 0.1777 0.1813 0.1565 0.2027




92 L. Zhou et al. Continuous intuitionistic fuzzy ordered weighted distance measure...

Table 11. Aggregation results 2

C-IFMAXD  C-IFMIND Median Step Olympic Hurwicz
X 0.2556 0.0907 0.1467 0.1281 0.1467 0.1667
X, 0.2852 0.0982 0.1895 0.1711 0.1895 0.1847
X3 0.2591 0.0812 0.1819 0.1661 0.1819 0.1635
Xy 0.2553 0.1072 0.1796 0.1527 0.1796 0.1782
X5 0.3020 0.0481 0.1560 0.1259 0.1560 0.1742

We can establish an ordering of the candidates for each special distance measure. The
results are shown in Table 12. Note that “~” means “preferred to”.

Table 12. Ordering of the candidates

Ordering Ordering
C-IFOWD X = X = Xy - Xy = Xy C-IFMAXD Xy X = X3 Xy = Xy
AC-IFOWD X = X5 = X3 = X, = X, C-IEMIND Xg = X3 = Xy =Xy =Xy
C-IEND X = X Xz Xy X,y Median C-IFOWD X| = Xg = Xy = X3 = Xy
C-IFNHD X = X5 = X3 = Xy Xy Step C-IFOWD X = Xg = Xy = Xy = Xy
C-IFNGD X = X5 = X3 = Xy Xy Olympic C-IFOWD X = X5 = Xy = Xz - X,y
C-IFNED X| = X3 = Xg = Xy Xy Hurwicz X3 = Xy = X5 = Xy = Xy

It can be seen that depending on the particular cases of the C-IFOWD measure, the
ordering of the candidates may be different, thus leading to different decisions.

Moreover, it is possible to analyze how the different attitudinal character A plays a role
in the aggregation results, in this case, we consider different value of A : 0, 0.1, ..., 0.9, 1,
which are provided by the decision makers. The collective overall values of alternatives are
shown in Figure 1.

It is observed from Figure 1 that the ordering of the candidates is different, but the
decisions are the same. Actually, the parameter A , which lies in the interval [0,1], can be
considered as the measure of the decision maker’s attitudinal character. In the extreme case,
A =1 means that the decision make is very optimistic. On the other hand, A — 0 indicates
that the decision maker is very conservative. Therefore, in the decision making process, if
decision maker is optimistic, then we can select the parameter A — 1, and if decision maker
is pessimistic, then we can select the parameter A — 0. If decision maker is neutral, then we
can select the parameter L —0.5.

Furthermore, we can also analyze how the different parameter value r affects the aggrega-
tion results, in this case, we consider different values of :0, 1, 2, ..., 18, which are provided
by the decision makers. The results of collective overall preference values 7, (i =1,2,---,5)
are shown in Figure 2.
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It can be seen that depending on the particular cases of the parameter r, the ordering of
the candidates may be dissimilar, thus leading to different decisions. However, it seems that
x, is the best choice when r <5, and x5 sometimes is also the best one.
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Conclusions

In this paper, we have presented the C-IFOWD measure by combining the C-IVIFOWA op-
erator with the distance measure of IVIFVs. The main advantage of the C-IFOWA operator
is that it can deal with interval deviations in aggregation on IVIFVs by using a controlled
parameter, which can decrease the uncertainty of argument and improve the accuracy of de-
cision. We have further generalized the C-IFOWD measure and obtained a group of distance
measures including the Quasi-C-IFOWD measure and the oo -C-IFOWD measure. Moreover,
we have investigated some desirable properties and some families of the new distance measure.
We also have proposed an application of the new approach to group decision making in an
example of a human resource management problem.

In future, we expect to develop further extensions of the C-IFOWD measure to more
domains by adding new characteristic or by combining it with preference relation (Gong
et al. 2009, 2010). We will also apply it to other decision making problems, such as invest-
ment selection, product management and the strategic decision making (Gong et al. 2011).
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