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Abstract. On the foundation of the theory of the intuitionistic fuzzy set, this paper uses the triangular
fuzzy number to denote the membership degree and the non-membership degree and proposes the
triangular intuitionistic fuzzy number. Then the operation rules of triangular intuitionistic fuzzy
numbers are defined. The weighted arithmetic averaging operator and the weighted geometric
average operator are presented and used to the decision making area after defined the score func-
tion and the accuracy function. An effective solution is offered for multi-attitude decision-making
problem and an active try is made.
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1. Introduction

Decision-making is the process of finding the best option from all of the feasible alternatives.
Sometimes, decision-making problems considering several criteria are called multi-criteria
decision-making (MCDM) problems. The MCDM problems may be divided into two kinds
of problem. One is the classical MCDM problems (Hwang and Yoon 1981; Kaklauskas et al.
2006; Zavadskas et al. 2008a, 2008b; Lin et al. 2008; Ginevicius et al. 2008), among which
the ratings and the weights of criteria are measured in crisp numbers. Another is the fuzzy
multiple criteria decision-making (FMCDM) problems (Bellman and Zadeh 1970; Liu
and Wang 2007; Liu and Guan 2008; Liu 2009a, 2009b), among which the ratings and the
weights of criteria evaluated on imprecision, subjective and vagueness are usually expressed
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by linguistic terms, fuzzy numbers or intuition fuzzy numbers. In 1965, the fuzzy set theory
was proposed by Prof. Zadeh (Zadeh 1965), it was a very good tool to research the FMCDM
problems. Gau and Buehrer (1993) proposed the concept of vague set. On the foundation of
it, Chen (1994) and Hong and Choi (2000) researched the fuzzy multi-criteria decision-mak-
ing problem based on the Vague sets. Bustine and Burillo (1996) points out that Vague set is
the intuitionistic fuzzy set. Because the intuitionistic considered the membership degree, the
non-membership degree and the hesitancy degree synchronously, it is more flexible and prac-
tical than the traditional fuzzy set at the aspect of dealing with the vagueness and uncertain.
Atanassov et al. (1986) extended the intuitionistic fuzzy set and proposed the concept of the
interval intuitionistic fuzzy set. Atanassov (1989) defined a lot of basic operation rules of the
interval intuitionistic fuzzy set and they thought that the fuzzy set is the special condition of
the intuitionistic fuzzy set. Bustince and Burillo (1995) researched the correlation degree and
decomposition theorem of the interval intuitionistic fuzzy set. Hung, Wu (2002) calculated
the correlation coefficient using centroid method. Deschrijver and Kerre (2003) researched
the relation of interval intuitionistic fuzzy set, L-fuzzy set, intuitionistic fuzzy and interval
fuzzy set. Xu (2007) proposed the methods for aggregating interval-valued intuitionistic
fuzzy information. Most related literatures are all the researches of interval intuitionistic
fuzzy set and concentrates on the basic theory. Lots of problems about the intuitionistic
fuzzy are worth to research.

The triangular fuzzy number is easier to show the fuzzy problem than the interval number.
So, using the triangular fuzzy number in the intuitionistic fuzzy set is easier to deal with the
fuzzy and the uncertain information. The application of the triangular fuzzy number in the
area of the intuitionistic fuzzy set is rare. This paper discusses the intuitionistic fuzzy set based
on the triangular fuzzy number and proposed the triangular intuitionistic fuzzy number.
And two integration operations of the triangular intuitionistic fuzzy number are given. The
score function and accuracy function of the triangular intuitionistic fuzzy number are also
proposed. Then this paper represents a simple priority method. At last, this theory is used
to decision making area.

2. The intuitionistic fuzzy set

Suppose X is a nonempty set, A={< X,U,(X),Vo(X) >Xe€ X} is a intuitionistic fuzzy set
(Atanassov 1986), where, U,(X) is the membership degree of X belongs to X and v, (X)
is the non-membership degree of X belongs to X, u,: X —[0,1], v, : X —[0,1] and
0<up(X)+Va(x)<1, Vxe X.Inaddition, 1-u, (X) -V, (X) denotes the hesitancy degree
of X belongs to X.

If A={<X,Up(X),Vao(X) >Xe X} and B ={< X,ug(X),Vg (X) > Xxe X} are intuitionistic
fuzzy numbers, the operation rules of the intuitionistic fuzzy number are as follows (Atan-
assov 1989, 1994):

A+ B ={<X,up(X)+ug (X) —us(X)ug (X),va(X)vg (x) > xe X}; (1)

A-B={< X, upy(X)ug (X),Va(X) +Vg (X) =V (X)Vg (X) > xe X}; (2)
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nA={< x,1-[1-u,(X)]",[va(¥)]" > xe X}; (3)

A" ={< X, [u,(X)]",1-[1-vA(X)]" > xe X,n >0} (4)

The intuitionistic fuzzy set is flexible and practical to deal with the fuzzy and uncertain
information. But things are usually complex and uncertain, so it is hard to express the mem-
bership degree and the non-membership degree using the exact real number value. Using
the triangular fuzzy number to show them is a feasible method.

3. The triangular intuitionistic fuzzy number

This paper extends the intuitionistic fuzzy set and uses the triangular fuzzy number to express
the membership degree U, (x) and the non-membership degree V, (X). So an intuitionistic
fuzzy number is got based on the triangular fuzzy number. And it is called triangular in-
tuitionistic fuzzy number. The general form of the triangular intuitionistic fuzzy number is
marked as ([aL,aM ,av ],[b",b'vI bY D, [aL,aM ,aU] and [b",b'vI ,bU] are triangular fuzzy
numbers.

Suppose I = ([&,", & ,a" LI, b™ 0"]) and 1, = ([a,",a,™ ,a,” 1[0, b, b, )
are two triangular intuitionistic fuzzy numbers, according to formulas (1)-(4) and operation
rules of triangular fuzzy numbers, then

L+1p=(a" a8 100" 6™ b D+ (3t ™ a1yt b, 0,7 ]) = ([a, " +a," -

LaL.M, .M _M.M_U,_.U _U.U LhL hMp M nURUTy.
g ta —a a & +a —§ a |[b bbb bb ])s (5)

-1, =(a" a8 1" 6" b D) ([t 8, 8,  1[b, b, b,V ) =

([alLaZL’alM azM 1a1U azu]-[blL +b2L _blLbZL’blM +b2M _blM sz ’blu +b2U _blu sz 1) (6)

Ay =0 M a1 oM b)) =
[L-@-a")"1-@-a" )" 1-@-a” ) LIS ") (0 )], A > 05 7)

It =(a" " a 1" b b ) =
()" (") (@ ) - A-b ) 1- - ) 1-2-b” ) ], 1 20. (®)

It is easy to see that the calculation results in definition 1 are triangular intuitionistic fuzzy
numbers. According to the Eq.(5)-(8), the following calculation rules can be gained:
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ol =1, g (10)
Ay +1,) =My +Al,, A>0; (11)
Ml +250 = + X)), AL, =0; (12)
11142 = ()2 A, >0, (13)

4. Aggregation operators of the triangular intuitionistic fuzzy number and
its score function and accuracy function

4.1. Aggregation operators of the triangular intuitionistic fuzzy number

On the foundation of the above calculation rules, the weighted arithmetic average operator
of the triangular intuitionistic fuzzy numbers is given.

Definition 1: suppose l; (i =1, 2, ...,n) is a set of triangular intuitionistic fuzzy numbers,
and suppose f :Q" — Q, if

n
folly oo 1) = S0y, (14)
i=1
Where, Q is the set of all the triangular intuitionistic fuzzy numbers, 0= (o, ®,, ..., ®, )T

is the weight vector of 1;(i=1, 2, ...,n), o; €[0,1], > w; =1. Then thefis called the weighted

arithmetic average operator of the triangular inftitionistic fuzzy number. Specially, if

0= (1 , l, ...,l)T , the f is called the arithmetic averaging operator of the triangular intui-
nn n

tionistic fuzzy number.
Definition 2: suppose I;(i =1, 2, ...,n) isa set of triangular intuitionistic fuzzy numbers,
and suppose g:Q" — Q, if

RO )=_ﬂl<li)“ﬁ. (15)

Where, Q is the set of all the triangular intuitionistic fuzzy numbers, @ = (0, 0y, ;)"
n
is the weight vector of I;(i=1 2,...,n), @; €[0,1], Y w; =1. Then the g is called the
i=1
weighted geometric average operator of the triangular intuitionistic fuzzy number. Specially,

11 1
if o= (HH ...,E)T, the g is called the geometric averaging operator of the triangular

intuitionistic fuzzy number.

Theorem 1: suppose |; = ([a",a™,a" ],[b",bM ,bY]) (i=12,---,n) is a set of trian-
gular intuitionistic fuzzy numbers, then the result is triangular intuitionistic fuzzy number
aggregated by Eq.(14), and

oIy, by oo 1y) = ([1—f11(1—aiL)mi,

1—_1j 1-aM)" ,1—_1f11(1—ai“ & ],[_ﬂl (65 T16™)™ T )™ D). (16)

i=1 i=1
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n
Where, ®= (@, 0,, ...,0,)" is the weight vector of 1;(i=1,2,...,n), » € [0,1], Y o =1.
i-1

Mathematical induction is used to prove the Eq.(16). The proving procedures are as fol-
lows:

(1) When n = 1, it is right obviously.

(2) Whenn =2,

ol = (- @-a")™,1- @-a™), 1~ @-a )L [ ), (0™ )™, (b )L ]),
o1y = (- (L-a,")"2,1- (L1-a," )2, 1~ 1-a," )2 1, [(0,") 2, (b,™ )2, (b,” )2 ]).
So

fo(l, L) =0l +a,l, =([I-1-a )™ +1-(1-a," )2 —(1-1-a" )™ )A- (1-a,")™?),
1-(1-aM) +1-(1-a," )2 - (1- 1-a™ ) )(1- 1-a,")*2),

1-(1-a”)% +1-(1-a," )2 - (1- (1-3a" )")1-(1-a,” )2)],

[(0,") (b,") 2, (M) (0,M)2, (B ) (b,” )2 ) =

(- @-a")"(1-a,")"2, 1-(1-a" )1 (1-a," )2, 1-(1-a" )2 (1-a,” ) 2],
[(0,") (b,") 2, (0™ ) (0, )2, (B )™ (b,” )2 ]).

(3) when n =k, Eq. (16) is tenable,

fo(l, 1y, |k):([1—f11(1—aiL)°’i ,1—li(l—aiM )i

1—_1ﬁl (1-aV)" ],[f[l (o) ﬁl (bM)® ﬁl (bY)*1).
Then, whenn =K + 1,

fo(l oy oo lgn) = Tl o )+ o gl g =

k Ly k M \ o k U \oj k L(n'k M \ o

([-T1a-a5" 1-T1a-a")™ 1-[1a-a")" LIT 6™ 16",

ﬁ(biu )mi ]) + ([1_(1_ak+lu )mk+1 11_(1_ak+1M )mk+1 a]-_(:l-_ak+lU )mk+1]:

i=1

[(Bas ), (B )L, (b ) H]) =

([Lﬁj(l—a&)‘“i J—iﬁj(l—ai“” yo J—ﬁj(l—ai“ o ],[i_ﬁll(b#)“’i ,ﬁ(biM yo ,'fr_ill(bi“ ).

Namely, when n = K + 1, Eq.(16) is tenable. According to (1) (2) (3), Eq.(16) is tenable
for all n.
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Theorem 2: suppose |; = ([aiL,aiM ,aiU ],[biL,biM ,biU D (i=1,2,---,n) is a set of trian-
gular intuitionistic fuzzy numbers, then the result is triangular intuitionistic fuzzy number
aggregated by Eq.(15), and

O, 1y, . 1y) = ([ﬁ(ail-)‘”i ’ﬁ(aiM )(Di ,ﬁ(aiu )u)i 1

n . -, 17)
[1_H(1—biL)mi ,1—H(1—bIM )i ,1_H(]__biU )4 D).

=1 i=1 i=1

The proving procedures of the theorem 2 are similar to the theorem 1, so this paper omits
them. The emphasis points of the arithmetic averaging operator of the triangular intuitionistic
fuzzy number and the geometric averaging operator are different. The former emphasizes on
the personal importance and the latter pays attention to the collective effect.

4.2. The score function and accuracy function of the triangular
intuitionistic fuzzy number

Definition 3 (Chen and Tan 1994): suppose | = (L5, V,) is a intuitionistic fuzzy number,
then S(I) =, — Vv, is called the score function of I.

Definition 4 (Xu 2007): suppose | = ([a“,a"],[b",b" ]) isa interval-valued intuitionistic
fuzzy number, then S(I) = (a" —b" +a” —b")/2 is called the score function of I.

Definition 5 (Hong and Choi 2000): suppose | = (11, V 4)is a intuitionistic fuzzy number,
then H(l) =, +Vy is called the accuracy function of I.

Definition 6 (Xu 2007): suppose | = ([a“,a" ],[b",b" ]) is a interval-valued intuitionistic
fuzzy number, then H(I)= (@" +b" +a" +bY)/2 is called the accuracy function of I.

According to definition 3-6, we can be deduced the score function and accuracy function
of the triangular intuitionistic fuzzy number.

Definition 7: suppose | = ([a-,a",a’],[b",b™ bV ] isa triangular intuitionistic fuzzy
number, then S(1) is called the score function of I,

s()=@"-b-+a —pM +a¥ —pV)/3, (18)

where S(I) e [-1,1]. Obviously, if the bigger S(I), the bigger |, especially, if S(I) = 1, the value
of | is the biggest one | =([1, 1, 1], [0, O, 0]). If S(I) = -1, the value of | is the smallest one
1 =([0,0,0],[1 1 1]).

But the score function can not compare two triangular intuitionistic fuzzy numbers in
a special situation. For example, if 1; =([0.3, 0.4, 0.5], [0.3, 0.4, 0.5]), 1, = ([0.2, 0.3, 0.4],
[0.2, 0.3, 0.4]), then S(l;) =S(l,) =0 and the score function can not compare I, and I,. In
order to resolve this problem, an accuracy function is given in this paper.

Definition 8: suppose | = ([a",a™,a"],[b",b™ ,b" ]) is a triangular intuitionistic fuzzy
number, then E(I) is called the accuracy function of I,

E(1)=(a" +b" +a™ +bM +a¥ +bY)/3, (19)
where E(1)e[0,1].
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In the example above, if 1; =([0.3, 0.4, 0.5], [0.3, 0.4, 0.5]), I, =([0.2, 0.3, 0.4], [0.2,
0.3, 0.4]) then the accuracy functions E(l;) =0.8, E(l,)=0.6. The accuracy function can
compare |; and |,.

This paper thinks that the following conclusion is right: when the values of score func-
tion of the triangular intuitionistic fuzzy numbers are the same, the bigger the value of the
accuracy function, the bigger the corresponding triangular intuitionistic fuzzy numbers. So
I, is better than I,.

On the foundation of the above analyses, a priority method is proposed for the triangular
intuitionistic fuzzy numbers.

Definition 9: suppose |, and |, are any two triangular intuitionistic fuzzy numbers,
then

(@) if S(1,)<S(1,) then 1, <1,
(2) if S(I)>S(,) then I, =1,
() if S(I)=S(l,) and E(l,)<E(l,) then 1, <1,
() if S(I)=S(l,) and E(l;)>E(l,) then I, =1,
(5) if S(1)=S(I,) and E(l;)=E(l,) then 1, =1,

5. Decision making method based on the triangular intuitionistic fuzzy number

In a problem of multi-attribute decision making, suppose S ={s;,S,, ---, S, } is a set of projects.
R={r.r,, ...,r,}is a set of attributes. ®= (e, ®,, ...,,)" is the weighted vector of the at-
n

tributes, where, , € [0,1], >, o; =1. Suppose the characteristic information of project S; is
denoted by the triangular irlltluitionistic fuzzy number s; ={<rj,u;(rj),vi (r;) > rj € Ahi=1
2, ...,m,where, u; (rj ) denotes the satisfaction degree of project S; to attribute I and V; (rj ) de-
notes the non-satisfaction degree of project s; to attribute rj. Here u; (r;) and V; (rj ) are triangu-
lar fuzzy numbers. u; (r;) = [aijL , aijM ,aiju I, vi(r;) =1[by L bU-M ,bijU ]. Then the corresponding
triangular intuitionistic fuzzy numbers is denoted as: 1j; = ([q;; L aijM ,aiju 1 [by - b,J-M ,bijU D
i=12..,m j=12, .., n. So the decision making matrix is obtained: D = (I};)p.n-

The steps of the decision making based on triangular fuzzy inuitionistic fuzzy numbers
are as follows:

Step 1: according to the weighted arithmetic averaging operator or the weighted geo-
metric average operator to integrate all the elements I (j=1 2, ..., n) of the i-th row in
the decision making matrix D. Then the comprehensive triangular intuitionistic fuzzy value
for S shows as follows.

1= fo(lis iz, --., 1) (for the weighted arithmetic averaging operator) or
18 =g,i1, lig, -, Ijy) (for the weighted geometric averaging operator)

Step 2: calculate the value of the score function S(I;) and the value of the accuracy

function E(I;) using the formulas of the score function and the accuracy function, where,

i=12, ..., m.
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Step 3: according to the definition 6, confirm the order of the project s;(i=1, 2, ..., m).
Then the best project can be gained.

6. Example analysis

A company intends to select one person to take the department manager position from four
candidates (S, - S4). Five indicators must be evaluated. They are shown as follows: ideological
and moral quality(r,), professional ability(r,), creative ability (I5), knowledge range (r,) and
leadership ability (I's). The weights of the indicators are W = (0.10, 0.25, 0.25, 0.15, 0.25).
The leaders and people evaluate each indicator of each candidate. Suppose the evaluation
information (ljj) can be denoted by the triangular intuitionistic fuzzy number after trans-
forming. The evaluation data is shown in Table 1.

Table 1. The transformed evaluation information of the indicators of each candidate (the decision mak-
ing matrix D)

r r rs ry rs

s | (04,0506], ([0.3,0.5, 0.6], ([0.2,0.3,0.5], ([0.4, 0.5, 0.6], ([0.15,0.2, 0.4],
1| [0.1,0.2,0.3]) (0.1, 0.3, 0.4]) (0.3, 0.4, 0.5]) [0.2,0.3,0.4]) (0.3, 0.4, 0.6])

0.25, 0.3, 0.4], 0.45, 0.5, 0.55], | ([0.4,0.5,0.55], 0.55, 0.6, 0.65], | ([0.35,0.4,0.5],
S ( ] ( Lo ( ] ( Lo ]
2 | [0.4,045,05]) | [0.1,0.2,0.3]) [0.15,0.2,0.35]) | [0.1,0.15,0.2]) | [0.3,0.35,0.4])
s, | (105,05506], | ([04,04505], | ([045,05,055], | ((03,04,05], ([0.5,0.6,0.7],
31 [02,02503]) | [0.1,0.2,0.25]) | [0.1,0.1502]) | [0.25,0.3,0.4]) | [0.05,0.1,0.15])

0.3,0.35, 0.4], 0.2,0.3, 0.4], 0.4, 0.45, 0.5, 0.5,0.55, 0.65], | ([0.3,0.35,0.4],
S ( ] ( ] ( ] ( Lo ( ]
4| [04,045,05]) | [0.3,0.35,045]) | [0.2,0.25,0.3]) | [0.2,0.25,0.3]) | [0.2,0.25,0.3])

Based on the weighted arithmetic averaging operator, the procedures to confirm the best

candidate are as follows:

(1) According to the Eq. (16), integrate all the element 1;(j=1 2, ..., 5) of the i-th
row. So the comprehensive value |if (i=1 2, 3, 4) of candidate S;(i=1 2,3, 4) is
calculated:
|1f = ([0.269, 0.388, 0.532], [0.192, 0.333, 0.455]);
|2f =([0.413, 0.477, 0.542], [0.167, 0.239, 0.332]);
|3f = ([0.436, 0.508, 0.581], [0.103, 0.170, 0.227]);

1" =([0.338,0.399, 0.471], [0.237, 0.288, 0.349]).

(2) According to (18), the value of the score function S(Iif ) can be calculated:
S(1,")=0.07, S(1,")=0.231, S(I1,")=0.341, s(1,")=0.111.

(3) According to the value of the score function, the order of the candidates can be
confirmed:

S3 =S, =S4 - Sy
So, the best candidate is S;.

In addition, we can do decision based on the weighted geometric average operator. The
computational results are as follows:
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1, = ([0.245, 0.350, 0.518], [0.220, 0.343, 0.474]);
1,9 = ([0.399, 0.462, 0.533], [0.200, 0.262, 0.348]);
|39 = ([0.427, 0.498, 0.567], [0.123, 0.185, 0.245]);
|4g =([0.314, 0.384, 0.455], [0.248, 0.298, 0.363]);

S(1,9)=0.025, S(1,%)=0.195, S(1,%) =0.313, S(1,%) =0.081.

According to the value of the score function, the order of the candidates can be con-
firmed:

S3 > Sy =S4 > S,

So the best candidate is also S;.

In this example, the condition that the values of the score functions are same does not
appear, so the accuracy function is not used. If the condition that the values of the score
functions are same appears, the accuracy function should be used to calculate the final result
to confirm the order of the candidates.

7. Conclusion

On the foundation of the theory of the intuitionistic fuzzy set, this paper extends the tradi-
tional research. This paper uses the triangular fuzzy to denote the membership degree and
the non-membership degree and proposes the triangular intuitionistic fuzzy number. Then
the operation rules of triangular intuitionistic fuzzy numbers are defined. The weighted
geometric averaging operator and the weighted arithmetic average operator are presented
and are used to the decision making area. An effective solution is offered for multi-attitude
decision making problem and an active try is made. The example proves that the integration
methods proposed in this paper are feasible effective.
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NUMANOMU NEAPIBREZTUJU AIBIU TEORIJA IR JOS TAIKYMAS
PRIIMANT SPRENDIMUS

X. Zhang, P. Liu

Santrauka

Remiantis numanomy neapibréztyjy aibiy teorija, $iame straipsnyje apraSomas treciojo laipsnio neapi-
bréztasis skaicius, apibadinantis priklausomumo laipsnj. Toliau nustatomos operavimo su tokiais skaiciais
taisyklés. Pasitlytas svertinis aritmetinio vidurkio operatorius, naudojamas priimant sprendimus. Sialomi
efektyvis daugiaaspek¢iy problemy sprendimo budai.

Reik$miniai ZodZiai: numanomas neapibréztasis skai¢ius, numanomas treciojo laipsnio neapibréztasis
skaicius, integracijos operatorius, sprendimy priémimas.
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