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Abstract. The article investigates the multiple attribute group decision making (MAGDM) problems
in which the attribute values take the form of triangular fuzzy information. Motivated by the ideal of
power aggregation, in this paper some power aggregation operators for aggregating triangular fuzzy
information are developed and then applied in order to develop some models for multiple attribute
group decision making with triangular fuzzy information. Finally, some illustrative examples are
given to verify the developed approach and to demonstrate its practicality and effectiveness.
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Introduction

A multiple attribute decision making problem is to find a desirable solution from a finite
number of feasible alternatives assessed on multiple attributes, both quantitative and qualit-
ative (Liu 2009; Zhang, Liu 2010, 2010b; Wei 2012; Xu, Cai 2012; Xu 2011; Xu, Wang 2011).
Group decision-making (i.e. multi-expert) is a typical decision-making activity, where util-
izing several experts alleviate some of the decision-making difficulties due to the complexity
and uncertainty of the problem. Group decision-making problems usually follow a common
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resolution scheme composed by two phases: aggregation phase and exploitation phase
(Herrera, Herrera-Viedma 2000). However, under many conditions, for the real multiple
attribute decision making problems, the decision information about alternatives is usually
uncertain or fuzzy due to the increasing complexity of the socio-economic environment and
the vagueness of inherent subjective nature of human thought; thus, numerical values are
inadequate or insufficient to model real-life decision problems.

In the literature, many aggregation operators and approaches have been developed to solve
the multiple attribute group decision-making problems with fuzzy information. Xu (2003),
Wang and Fan (2003) developed the fuzzy ordered weighted averaging (FOWA) operator.
Xu (2002) introduced the fuzzy ordered weighted geometric (FOWG) operator. Xu and Wu
(2004) proposed the fuzzy induced ordered weighted averaging (FIOWA) operator. Xu and
Da (2003) developed the fuzzy induced ordered weighted geometric (FIOWG) operator. Xu
(2009) developed some fuzzy harmonic mean operators, such as fuzzy weighted harmonic
mean (FWHM) operator, fuzzy ordered weighted harmonic mean (FOWHM) operator, fuzzy
hybrid harmonic mean (FHHM) operator. Wei (2009¢) proposed fuzzy ordered weighted
harmonic mean (FOWHM) operator. Wei (2011a) developed the fuzzy induced ordered
weighted harmonic mean (FIOWHM) operator and applied FIOWHM operator to multiple
attribute group decision making.

However, all these aggregation operators and approaches do not take into account in-
formation about the relationship between the triangular fuzzy variables being aggregated.
To overcome this drawback, motivated by the ideal of power aggregation (Yager 2001), in
this paper some fuzzy power aggregation operators are proposed: the fuzzy power weighted
average (FPWA) operator, the fuzzy power weighted geometric (FPWG) operator, fuzzy
power weighted harmonic average (FPWHA), fuzzy power weighted quadratic average
(FPWQA), the fuzzy power ordered weighted average (FPOWA) operator, the fuzzy power
ordered weighted geometric (FPOWG) operator, fuzzy power ordered weighted harmonic
average (FPOWHA) and fuzzy power ordered weighted quadratic average (FPOWQA). The
prominent characteristic of these operators is that they take into account information about
the relationship between the triangular fuzzy variables being aggregated. Then, based on
these triangular fuzzy power aggregation operators, some approaches to multiple attribute
group decision making problems with triangular fuzzy information were developed which
can avoid the subjectivity of the decision makers’ information weights.

1. Preliminaries

1.1. Triangular fuzzy numbers

In the following, there are briefly described some basic concepts and basic operational laws
related to the triangular fuzzy numbers.

Definition 1 (Van Laarhoven, Pedrycz 1983). A triangular fuzzy numbers a can be defined
by a triplet (aL ,aM ,aU) . The membership function p; (x) is defined as:
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where 0<al <aM <aV,aland aV stand for the lower and upper values of the support of
a, respectively, and aM for the modal value.

Definition 2 (Van Laarhoven, Pedrycz 1983). Basic operational laws related to triangular
fuzzy numbers:

&@E:[aL,aM,aUJ(-D[bL,bM,bUJ :[aL+bL,aM+bM,aU+bUJ,
&®Z;=[aL,aM,aU]®[bL,bM,bUJ =[aLbL,aMbM,anU],
K@&zk@[aL,aM,aU] :[XaL,XaM,?»aU], A>0.

L _T1/aU 1/aM 1/ 4L
a—[l/a ,l/a ,l/a ]
Zétényi (1998) pointed out that psychologists generally consider a good representation
of a fuzzy set its expected value. The expected value of a fuzzy set A is equal to (Matarazzo,
Munda 2001): oo

Xy (x)dx

E(A)= J = , (2)
_Ha (x)dx
where the integral converges absolutely, that is E:|xu A (x)|dx <+ . Otherwise, A has no
finite expected value.

Definition 3. If A is a triangular fuzzy variable [aL,aM ,aU} , according to the Eqn (2),
then the expected value of A is:

E(4)=3(a" +a¥ +aV). (3)

1.2. Power aggregation operator

Yager (2001) developed a nonlinear weighted average aggregation operator called power
average (PA) operator, which can be defined as follows:

n

Z(1+ T(ai))ai

PA(ay,ay,+a, )=, (4)

n

2 (1+7(a;))

" i=1
where T(ai):zSup(ai,aj), and Sup(a,b) is the support for a from b, which
j=1

J#i
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satisfies the following three properties: (1) Sup(a b) [0 1] (2) Sup(a b) Sup(b a)
(3) Sup(a b) > Sup(x ¥) 1f |a b| |x y| Obviously, the support (Sup) measure is essentially
a similarity index, that is, the more similar, the closer two values, and the more they support
each other.
Based on the PA operator and geometric mean, in the following, Xu and Yager (2010)
turther define a power geometric (PG) operator:
1+T(a;)
n 1+T(a;
PG(al,az,--~,an)=Haii§1:( ) . (5)
i=1
Obviously, the PA and PG operators are two nonlinear weighted aggregation tools, whose
weighting vectors depend upon the input values and allow values being aggregated to support
and reinforce each other, that is to say, the closer 4; and a; , the more similar they are, and
the more they support each other.

2. Fuzzy power aggregation operators

2.1. FPWA operator and FPWG operator

The PA (Yager 2001) and PG (Xu, Yager 2010) operators, however, have usually been used
in situations where the input arguments are the exact values. Here the PA and PG operators
should be extended to accommodate the situations where the input arguments are triangu-
lar fuzzy information. In the following, some fuzzy power aggregation operators should be
developed, which allows the input data to support each other in the aggregating process.
Definition 4. Let g; = |:alL, aM, aU:|( i=1,2, ,n) be a set of triangular fuzzy numbers

and mz(ml,a)z,---,w ) be the weighting vector of g; ( =12, ,n) and o; e[O 1] Z(D =1,

then we define the fuzzy power weighted average (FPWA)operator as follows: =

im, (1+7(a))a

FPWA,,(a,,d,,--,a, ) == ; (6)

Emi(HT(ai))

where:

( ) Zoa Sup(& &) (7)

]#l

and Sup(ﬁi a ]) is the support for 4; from a;, with the conditions:
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T
Especially, if o= (l,l; - ,lj , then the FPWA operator reduces to a fuzzy power av-
nn n
erage (FPA) operator: "
S(1+7(a))a,
EPA (it s ) =
> (1+7(a))

=1

, (8)

where:

T(a;)= ZSup a;,d; 9)
Ssala).
]il
It can be easily proved that the FPWA operator has the following properties.
Theorem 1. (Idempotency) If(o"i1 N/ ) =a, then:
FPWA,,(d,dy,+d,)=a. (10)
Theorem 2. (Boundedness).

milnai < FPWAm(al,a2,~~~,an ) < miaxai .

Based on the FPWA operator and the geometric mean, here we define a fuzzy power
weighted geometric (FPWG) operator:

o (1+7(z;))
EPWG, i,y -d, ) =] | (a )zm (1+7(a) (11)
i=1
with condition (8). T
Especially, if o= l,l,- : ,lj , then the FPWG operator reduces to a fuzzy power geo-
metric (FPG) operatorr:l " !
(1+7(a))

FPG,,(dy,d,+d,)=] [ (a )2:1:1# (12)

i=1

with condition (7).

It can be easily proved that the FPWG operator has the following properties similar to
the FPWA operator.

Theorem 3. (Idempotency) If (&l,dz,- 4, ) =a, then:

FPWG,(dy,dy,-+>d, ) =a-
Theorem 4. (Boundedness).
mjndi <FPWG, (&1,&2,- 4, ) <maxg, -
i i

From the definitions of the FPWA and FPWG operators, it can be seen that the fun-
damental characteristics of these two operators is that they weight all the given triangular
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fuzzy numbers, and weighting vectors depend upon the input arguments and allow values
being aggregated to support and reinforce each other. However, in many group decision
making problems, in order to assign low weights to those “false” or “biased” ones to relieve
the influence of unfair arguments in the decision result, all the given arguments have to be
rearranged in descending or ascending order, and then the ordered positions of the input
arguments should be weighed. Furthermore, the fuzzy power ordered weighted average
(FPOWA) operator should be defined as follows:

o gwi(l—i_T(aG(i)))&G(i)
FPOWA,, (dy,dy, 4, ) =" ln X
;Wi(l"'T(ac(i)))

where &G(i) is the ith largest of the triangular fuzzy sets (ﬁl,dz,- . -,&n) , W (i =12, -,n) is

the collection of weights such that:

R R d R B N
sl ol e S B vy 101 (a) 00

and T(&G(i)) denotes the support of the it largest triangular fuzzy variable &G(i) by all the

other triangular fuzzy variables, i.e.:

(i) - gsbtp(ac(i),ac( ) (15)
i

Where Sup(ﬁc(l),ﬁG(J)) indicates the support Of ]th largest triangular fuzzy Variable dc(i)

for the i largest triangular fuzzy variable &G( j)? and g: [0,1]—)[0,1] is a basic unit-
interval monotonic (BUM) function, having the properties: 1) g(0) = 0, 2) g(1) = 1, and
3) gx)=g(y),if x>y.

Furthermore, we shall define a fuzzy power ordered weighted geometric (FPOWG) op-
erator based on the FPOWA operator and the geometric mean.

o[ 17(a))

FPWGW(&I,éZ,---,&n)=ﬁ(&0(i))§wi(1+T(%(i))j , (16)

i=1

where w; (z' =12, -,n) is the collection of weights satisfying the conditions (14) and (15).

2.2. FPWHA operator and FPWQA operator

Similar to WA and OWA operators (Yager 1988), weighted harmonic averaging (WHA) oper-
ator and ordered weighted harmonic averaging (OWHA) operators are introduced as follows.
Definition 5 (Bullen et al. 1988). Let WHA : Rt" — R* | if WHA :

WHA,, (a;,a,,+,a,) =1 i%, (17)
i=1 "1
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T
then WHA is called a weighted harmonic averaging operator, where ©= ((D1 ORI OW ) is
n

the weight vector of (al,az s, ) , with o, € [0,1] and Zooi =1, Ris the set of all positive
real numbers. =1

Chen et al. (2004), Yager (2004), Merigé and Gil-Lafuente (2009) developed the ordered
weighted harmonic averaging (OWHA) operator.
Definition 6. An ordered weighted harmonic averaging operator of dimension n is a
mapping OWHA:R" — R that has an associated vector w:(wl,wz,m,wn )T such that
n

w; >0 and ) w; =1. Furthermore,

i=1 w
—, (18)

OWHA,, (ay,a,,+a,, )= i
i=1 %o (i)
where (G(l),G(Z),-~~,G(1’I)) is a permutation of (1,2,~~~,n) , such that OLG(H) > occ(i) for
all i=2,---,n.
In the following, based on fuzzy power weighted average (FPWA) operator and harmonic
averaging operator, the fuzzy power weighted harmonic averaging operator (FPWHA) should

be developed, which allows the input data to support each other in the aggregating process.

Definition 7. Let 4; = [aiL ,aM,aY ](z =1,2,-+,n) beaset of triangular fuzzy numbers and

n

0= ((01,0)2,---,03” )T be the weighting vector of 4, (i = 1,2,---,n) and o, € [0,1] ,Zmi =1,
i=1

then the fuzzy power weighted harmonic average operator should be defined as follows:

1
o (1+7(a))

L Yo (1+7(z))
FES

i=1 i

FPWHA,, (G, 4, ) = (19)

with condition (8).
Furthermore, the fuzzy power ordered weighted harmonic average (FPOWHA) operator
should be defined as follows:

1

wl17(ag))

FPOWHA, (y,d,,+4, ) = (20)

with condition (14) and (15).



384 G. Wei et al. Fuzzy power aggregation operators and their application ...

Definition 8 (Yager 2004). Let WQA:R" - R, if WQA :

WQAw(al,az,m,an)z[Zc)i(ai)zJ . (21)
i=1

Then WQA is called a weighted quadratic averaging operator, where o= (‘”1 RO O )T
n

N | =

is the weight vector of (al,az,m,an ) , with o, 6[0,1] and ZO)i =1, R is the set of all real
numbers. =

Definition 9 (Merigd, Gil-Lafuente 2009). An ordered weighted quadratic averaging
operator of dimension n is a mapping OWQA R"™ — R that has an associated vector

w= (wl,wz, W, ) such that w; >0 and Zw =1. Furthermore,
i=1

n 2
OWQA,, (“p“z""ﬂn):(zwi (ac(i)) J ; (22)
i=1

N | =

where (0(1),6(2),---,6(71)) is a permutation of (1,2,---,n) , such that Oo(i-1) > CLo (i) for
all i=2,---,n.

In the following, based on the quadratic average operator and fuzzy power weighted av-
erage (FPWA) operator, some fuzzy power weighted quadratic average (FPWQA) operator
should be developed, which allows the input data to support each other in the aggregating
process.

Definition 10. Let g, —[ lL,alM,aU](i =12, ~,n) be a set of triangular fuzzy numbers

and m:(ml,mz,m,mn )T be the weighting vector of 4; (i:1,2,---,n) and o; e[O,l],Zn:mi =1,

then the fuzzy power weighted quadratic average operator will be defined as follows:

Yo, (1+7(a))(3 )

FPWQA,, (d;,dy,+d, )= = X (23)

gcoi(1+T(di))

with condition (8).
Furthermore, the fuzzy power ordered weighted quadratic average (FPOWQA) operator

should be defined as follows:
n 2
Zwi (1 + T(ac(i) ))((/Nlc(l))
FPOWQA,, (ay,d,,a, )= == , (24)

iZZI:wi (1 + T(&G(i)))

with conditions (14) and (15).



Technological and Economic Development of Economy, 2013, 19(3): 377-396 385

From the definitions of FPOWA, FPOWG, FPOWHA and FPOWQA operators, it can be
seen that all these operators not only depend upon the input arguments and allow values being
aggregated to support and reinforce each other, but also emphasize the ordered positions of
all the given arguments. Similarly, FPOWA and FPOWG, FPOWHA and FPOWQA operators
have also the following properties: Commutativity, Idempotency and Boundedness.

3. Models for multiple attribute group decision making with
triangular fuzzy information

In this section, the power aggregation operators should be utilised to multiple attribute group
decision making.

For a multiple attribute group decision making problems with triangular fuzzy in-
formation, let X:{X1’X2>”'>Xm} be a discrete set of alternatives, G:{GI,G2,~~~,Gn}

be the set of attributes, whose weight vector is mz(ml,mz,---,wn), with ©;20,

n

j=12,--,n, Z(Dj =1, and let D:{DI,DZ,---,Dt} be the set of decision makers, whose
j= t

weight vector is v= (Vl,VZ, --,Vt)EH with v, >20,k=12,--,t, Z\/k =1. Suppose that

k=1
~ k
Ay :(dl(jk)j :|:(al§ )( ) ( aj )( ) (alj )( )} is the multiple attribute group decision
mxn mxn

making matrix, where al(]k) is an attribute value, which takes the form of triangular fuzzy

number, given by the decision maker D, € D , for the alternative X; € X with respect to the

attribute G; €G .

Then, we utilize the FPWA (or FPWG, FPWHA, FPWQA) operator to develop an approach
to multiple attribute group decision making problems with triangular fuzzy information,
which can be described as following:

Approach I:

(k)

Step 1. Normalise each attribute value a;;

ment in the matrix R, —( (k)) [i(k) = [(r! )(k) ,(r.M )(k) ,(rAU )(k)D using the following

in the matrix A into a corresponding ele-

J Y y Y Y
equations:

(rM >(k) - ( al ) Z( ) » for benefit attribute G; »

() =(at)" et

i=1,2,m, j=1,2,,m,k=1,2,--,t - (25)
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() (o)) 5 ()

(rlj]»"f )(k) = [1/(61{}/[ )(k)J il/(a{}/[ )(k) , for cost attribute G;,
)=o) )

i=1,2,m, =12,k =1,2,-+,t . (26)

Step 2. Calculate the support measure as follows:

Sup(f,.](.k),fi](l)j=1—d(fi(k>,fi(.l)j, 1=1,2,--1, (27)

Y 2

which satisfies the support conditions 1)-3) in section 2. Here we calculate d (flj(k),?l](l)j
with distance as follows:

(k) (0
I LY+ sM ) = (rM )+
d(ﬁj(k)’ﬁ§l))= (] ) 3(1 ) L 1=1,2,t. (28)

Step 3. Utilize the weights v = (vl, Vot Vt) of the decision maker D, (k =1,2,-- ',t) to cal-

culate the weighted support T (ﬁ](k) ) of the triangular fuzzy preference value Z](k) by the other

triangular fuzzy preference value F,](l) for the preference value rl-](-l) (l =12,--t,and [ # k) :

T(?ij(k)j = gvlSup(ﬁj(k),ﬁj(l)j (29)
I#k

and calculate the weights nfjk) (k = 1,2,~--,t) of the triangular fuzzy preference value ?Z](k)
(k=1,2,-1):

(k) Vk(1+T(rl§k)D k=1,2,--,t

nl] = f > =1,4,"51, (30)

S (1)

t
where: nfjk) >0,k=1,2,---t,and zng") —1
k=1
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Step 4. Utilize the decision information given in matrix R, , and the FPWA operator:

;:(rL M U) FPWA( +(1) (2),...50)):

ij i Tij T T ST »Tij
#(k) ) )=(k)

t Vk(1+T(rzj T t

Z ; :anjk);l](k)’ i=1,2,m, j=1,2,--n (31)

B (o) ¢

k=1
or the FPWG operator:

F A1) (2) 02

ty= (ot ) = w0 i) )=
v #(*)
M (9

t t t
H(Fl‘gk))ka(H—T(@(k)n :H(fl](k)j ,i=1,2,m, =121 (32)
k=1 k=t k=1

or the FPWHA operator:
= (rz]L’z]MerU)= FpWHA(i(.l) ;,(,2),. . .,;,(.‘)] =

ij il ij
! _ 1 =12, m, j=1,2,n (33)
vl 1o )  lf)
t k( (J k) /(Z:‘;:]]k)
. ZVk(l—FT(fi]( )D
2
k=1 7
or the FPWQA operator:
= (gt ) =rpwaa( 7 777 )=
(k) )( #k) jz
in[IfT(rIJ j (1’,] ) — ingk)((ﬁ](k))jz’i:1’2’...’m’j:1,2)...,n (34)
k=1 Z"k(l’LT(fzj('k)D Vk:l
k=1

to aggregate all the individual decision matrices R (k L2, ) into the collective decision
L M U _ . . .
matrix R= ( ’J)mxn [al] i a;; ] , Where v —{vl,vz,'-',vt} is the weighting vector of

decision makers.
Step 5. Aggregate all triangular fuzzy preference value 7; ( j=L2, ,n) by using the fuzzy
weighted average (FWA) operator:

r (rL rM ) —FWA (11’ Ty ?in):imjfij’ i=1,2,---,m, (35)
j=1
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or the fuzzy weighted geometric (FWG) operator:
n
= (rL M, M) FWG (11, Ty ):Hfljw; ,i=1,2m, (36)

or the fuzzy linguistic weighted harmonic average (FWHA) operator:
1

Fi=(rhr MMV =FWHA (g ) = =120, (37)
zif
=1
or the fuzzy weighted quadratic average (FWQA) operator:
z_ (L oM M = N A%
R=(rh MM ) =FWQA, (Fysfgse iy ) = [0 (1) i=12,000m, (38)
j=1
to derive the overall triangular fuzzy preference values 7, ( =12, ) of the alternative A;,

where o= (0)1,0)2, . ,con) is the weighting vector of the attrlbutes.

Step 6. To rank these collective overall preference values7; (i =12, -,m) , there should
be first compared each 7. with all the 7, ( j=12,- ,m) by using Eqn (2). For simplicity, let
pij p(r >7, ) then a complementary matrix will be developed as P= py) where
pz] 20, Pz]+pjz L Pii =0.5, 1, ]_1 2,

Summing all the elements in each hne of matrix P :

m
Pi= pyjpi=12m. (39)
j=1

Then the collective overall preference values are ranked Fl(z =12, -,m) in descending
order in accordance with the values of p; (i =1,2,---,m

Step 7. Rank all the alternatives X; (i =1,2,-- ~,m) and select the best one(s) in accordance
with the collective overall preference values7, (i =12, ~,m) .

If the information about the weights of decision makers is unknown, then the FPOWA
(or FPOWG, FPOWHA, FPOWQA) operator should be utilised to develop an approach to
multiple attribute group decision making problems with triangular fuzzy information, which
involves the following steps:

Approach II:

Step 1. See Approach L.

Step 2. Calculate the support measure as follows:

Sup( ofk ), ..()j 1— d(ﬁ( ) ~;’(l)j:

(r..L )G(k) —(Tf{‘ )5(1) (r.M )G(k) —(r.M )G(l)

Y Y Y Y

(rU )G(k) ~ (r.U )G(l)

+ ij

+

1- (40)

3

which indicates the support of I largest triangular fuzzy preference value r,-](l) for the kth

largest triangular fuzzy preference value F,](k) of ﬁ](k) (k =12, -,t) .
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(k)

by the other triangular fuzzy preference value 7. ( ) (l =1,2,--,t,and [ # k) :

(i) ol i) @

Step 3. Calculate the support T(
( )

) of the k™ largest triangular fuzzy preference value

l#k
and utilise (14) to calculate the weights m(] )(k L2, ) associated with the k'™ largest
triangular fuzzy preference value 7, (k) where:
1] ’ :
(k) (k-1)
NI I N s (42)
/ TV, TV;
ij ij
K o) oll)
:Znij znlj ,nlj _1+T(Fij ), (43)
I=1

whereo)()>0 k=1,2,---,t ,and sz(jk)zl-
k=1
Step 4. Utilise FPOWA operator:

= (b )= FPOWA( Ay (2),---f(t)j=zt:m(f‘)f(.k),

i =\TijTij T Tij Ty > il
i=1,2,---,m,j=1,2,---,n, (44)
or the FPOWG operator: ®
= (bl )= FPOWG(](),lj(z)’...,;ij(f)):ﬂ(;i](k)j% ,
i=12,---;m,j=12,--,n, . (45)
or the FPOWHA operator:
iy = (i )= FPOWHA[’J()’ zf(z)""fif('t)): 1(k)’
k=1 :J(k)
i=12,---,m,j=12,---,n, (46)
or the FPOWQA operator:
t 2
= (oY )= FPOWQA(U()) ) ,...,éf)): ;ml(jk)(ék)) ,
i=1,2,m, j=1,2,--,1, (47)

to aggregate all the individual decision matrices R, (k L2, ) into the collective decision

matrix R = ( : )
] mxn
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Step 5. See Approach I.

Step 6. See Approach L.

Step 7. See Approach L.

In this section, we have proposed four approaches to solve the triangular fuzzy multiple
attribute group decision making problems with the known weights or completely unknown
weights information of decision makers. All these approaches can take into account the in-
formation about the relationships among the triangular fuzzy arguments being aggregated
sufficiently, and can relieve the influence of outlier triangular fuzzy arguments on the decision
result by assigning lower weights to those outliers and thus make the decision result more
reflective of the total collection of arguments.

4. Numerical example

Let us suppose there is an investment company, which wants to invest a sum of money in the
best option (adapted from Herrera, Herrera-Viedma 2000). There is a panel with five possible
alternatives to invest the money: (1) A, is a car company; (2) A, is a food company; (3) A, is
a computer company; (4) A, is an arms company; (5) A, is a TV company. The investment
company must take a decision according to the following four attributes: (1) G, is the risk
analysis; (2) G, is the growth analysis; (3) G, is the social-political impact analysis; (4) G, is
the environmental impact analysis. The five possible alternatives X (i = 1,2,3,4,5) are to be
evaluated using the triangular fuzzy numbers by the three decision makers D, (k = 1,2,3)
(whose weighting vectoris v = (0.4,0.3,0.3) ) under the above four attributes (whose weight-
ing vectoris m= (0.3, 0.1, 0.2,0.4) ), and construct, respectively, the triangular fuzzy decision
matrices are shown in Tables 1-3:

Table 1. Decision matrix Al

G, G, G, G,
X, (0.53,0.55,0.58) (0.24,0.27,0.30) (0.42,0.47,0.52) (0.34,0.38,0.42)
X, (0.22,0.29,0.32) (0.31,0.34,0.37) (0.50,0.52,0.55) (0.29,0.39,0.45)
X, (0.39,0.41,0.44) (0.55,0.57,0.58) (0.57,0.59,0.60) (0.52,0.55,0.57)
X, (0.60,0.61,0.62) (0.59,0.61,0.62) (0.44,0.47,0.50) (0.59,0.60,0.62)
X (0.45,0.47,0.50) (0.56,0.59,0.61) (0.40,0.41,0.43) (0.40,0.41,0.43)

o1

Table 2. Decision matrix Az

G, G, G, G,
X, (0.76,0.78,0.81) (0.47,0.50,0.53) (0.65,0.70,0.75) (0.57,0.61,0.65)
X, (0.45,0.52,0.50) (0.54,0.57,0.60) (0.73,0.75,0.78) (0.52,0.62,0.68)
X, (0.62,0.64,0.67) (0.78,0.80,0.81) (0.80,0.82,0.83) (0.75,0.78,0.80)
X, (0.83,0.84,0.85) (0.82,0.84,0.85) (0.67,0.70,0.73) (0.82,0.83,0.85)
X (0.68,0.70,0.76) (0.79,0.82,0.80) (0.63,0.64,0.66) (0.63,0.64,0.68)

o
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Table 3. Decision matrix A3

G, G, G, G,
X, (0.62,0.65,0.68) (0.72,0.76,0.80) (0.91,0.93,0.96) (0.80,0.85,0.90)
X, (0.69,0.72,0.75) (0.67,0.77,0.83) (0.60,0.67,0.70) (0.88,0.90,0.93)
X, (0.93,0.95,0.96) (0.90,0.93,0.95) (0.77,0.79,0.82) (0.95,0.97,0.98)
X, (0.97,0.99,1.00) (0.97,0.98,1.00) (0.98,0.99,1.00) (0.82,0.85,0.88)
X (0.94,0.97,0.99) (0.78,0.79,0.81) (0.83,0.85,0.88) (0.78,0.79,0.81)

o

Since the weights of the decision makers are known, we shall utilise Approach I to select
the most desirable alternative(s):
Step 1. Constructing the normalized decision matrix R;, . The results are shown in Tables 4-6.

Table 4. Decision matrix INQI

G, G, G, G,
(0.134,0.158,0.176)  (0.097,0.113,0.133)  (0.162,0.191,0.223)  (0.137,0.163,0.196)
(0.243,0.301,0.423)  (0.125,0.143,0.164)  (0.192,0.211,0.236)  (0.116,0.167,0.210)
(0.176,0.213,0.239)  (0.222,0.239,0.258)  (0.219,0.240,0.258)  (0.209,0.236,0.266)
(0.125,0.143,0.155)  (0.238,0.256,0.276)  (0.169,0.191,0.215)  (0.237,0.258,0.290)

) )

(0.155,0.185,0.207 (0.226,0.248,0.271 (0.154,0.167,0.185) (0.161,0.176,0.201)

N [ [N [

ol e oNalle

o

Table 5. Decision matrix I~22

G, G, G, G,
X, (0.158,0.174,0.182)  (0.138,0.142,0.156)  (0.173,0.194,0216)  (0.173,0.175,0.198)
X, (0.256,0.260,0308)  (0.159,0.161,0.176)  (0.1950.208,0.224)  (0.158,0.178,0.207)
X, (0.191,0212,0223)  (0.229,0227,0.238)  (0.213,.227,0.239)  (0.228,0.224,0.243)
X, (0.150,0.161,0.167)  (0.241,0.238,0.250)  (0.179,0.194,0.210)  (0.249,0.239,0.258)
X, (0.168,0.193,0.204)  (0.232,0.232,0.235)  (0.168,0.177,0.190)  (0.191,0.184,0.207)

o

Table 6. Decision matrix Ii3

G, G, G, G,
X, (0.236,0.256,0.275)  (0164,0.180,0.198) (0.209,0.220,0.235)  (0.178,0.195,0.213)
X, (0.214,0231,0247)  (0.153,0.182,0.205)  (0.138,0.158,0.171)  (0.196,0.206,0.220)
X, (0.167,0.175,0.184)  (0.205,0.220,0.235)  (0.177,0.187,0.200)  (0.211,0.222,0.232)
X, (0.160,0.168,0.176)  (0.221,0.232,0.248)  (0.225,0.234,0.244)  (0.182,0.195,0.208)
X, (0.162,0.171,0.182)  (0.178,0.187,0.200)  (0.190,0.201,0.215)  (0.173,0.181,0.191)

o

Step 2. Utilise (26)-(28) to calculate the weight n{ (i=1,2,3,4,5,j=1,2,3,4,k =1,2,3)

associated with the attribute values fi](k) (i=1,2,3,4,5,j=1,2,3,4,k =1,2,3) ,which are expressed

(k)

in the matrices n(k) = (ni] ) (k = 1,2,3) which are given in Tables 7-9, respectively.
5x4
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Table 7. Weight matrix 1)

G, G, G, G,
X, 0.3872 0.3856 0.3861 0.3856
X, 0.3849 0.3854 0.3867 0.3859
X, 0.3862 0.3853 0.3861 0.3853
X, 0.3851 0.3851 0.3864 0.3861
X 0.3859 0.3860 0.3858 0.3856

o

Table 8. Weight matrix 1(%)

Gl GZ G3 G4
X 0.3095 0.3086 0.3078 0.3079
X, 0.3088 0.3080 0.3085 0.3081
X, 0.3078 0.3076 0.3084 0.3075
X, 0.3077 0.3077 0.3081 0.3087
X 0.3073 0.3085 0.3080 0.3070

Table 9. Weight matrix 1)
G G G G

1 2 3 4
X, 0.3033 0.3058 0.3062 0.3066
X, 0.3062 0.3067 0.3047 0.3060
X, 0.3060 0.3071 0.3055 0.3072
X, 0.3071 0.3073 0.3054 0.3052
X 0.3068 0.3055 0.3062 0.3074

Step 3. Utilising the FPWA (or FPWG, FPWHA, FPWQA) operator to aggregate all the
individual decision matrices into the collective decision matrix, the aggregating results are
shown in Tables 10-13.

Table 10. Decision matrix R (FPWA)
G G G G

1 2 3 4

X, (0.172,0.193,0.208)  (0130,0.142,0.160) (0.180,0.201,0.224) (0.160,0.177,0.202)
X, (0.238,0.267,0.334)  (0.144,0.161,0.181) (0.176,0.194,0.213) (0.153,0.183,0.212)
X, (0.178,0.201,0.217)  (0.219,0.230,0.245) (0.204,0.220,0.234) (0.215,0.228,0.249)
X, (0.144,0.156,0.165)  (0.234,0.243,0.259) (0.189,0.205,0.222) (0.224,0.233,0.255)
X, (0.161,0.184,0.198)  (0.213,0.224,0.238) (0.169,0.180,0.195) (0.174,0.180,0.200)

Table 11. Decision matrix R (FPWG)

G1 GZ G3 G4
X1 (0.167,0.188,0.204) (0127,0.140,0.158) (0.179,0.200,0.224) (0.159,0.176,0.202)
X, (0.237,0.265,0.326)  (0.143,0.160,0.180) (0.174,0.193,0.211) (0.150,0.182,0.212)
X, (0.178,0.200,0.216)  (0.219,0.229,0.245) (0.203,0.218,0.233) (0.215,0.228,0.248)
X, (0.143,0.156,0.165)  (0.234,0.243,0.259) (0.188,0.204,0.222) (0.222,0.231,0.253)
X (0.161,0.183,0.198)  (0.212,0.223,0.237) (0.169,0.180,0.195) (0.174,0.180,0.200)

o
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Table 12. Decision matrix R (FPWHA)

393

Gl G2 G3 G4
X, (0.163,0.185,0.200)  (0.124,0.137,0.156)  (0178,0.200,0.224) (0.158,0.176,0.201)
X, (0.237,0264,0317)  (0.142,0.159,0.179)  (0.172,0.191,0.209)  (0.146,0.181,0.212)
X, (0.177,0.199,0215)  (0.219,0.229,0.244)  (0.203,0.217,0232)  (0.215,0.228,0.248)
X, (0.142,0.155,0.165)  (0.233,0.243,0258)  (0.186,0.203,0221)  (0.220,0.229,0.250)
X, (0.161,0.183,0.198)  (0.210,0.221,0.235)  (0.168,0.179,0.195)  (0.173,0.180,0.200)

]

Table 13. Decision matrix R (FPWQA)

G

1

G

2

G

3

G

4

W

!

e aRolol

5

(0.178,0.197,0.213)
(0.238,0.268,0.342)
(0.178,0.201,0.218)
(0.145,0.157,0.165)
(0.161,0.184,0.199)

(0.133,0.145,0.162)
(0.145,0.161,0.182)
(0.219,0.230,0.245)
(0.234,0.243,0.259)
(0.214,0.226,0.240)

(0.181,0.201,0.224)
(0.178,0.196,0.214)
(0.205,0.221,0.235)
(0.191,0.206,0.223)
(0.170,0.181,0.196)

(0.162,0.177,0.202)
(0.157,0.183,0.212)
(0.216,0.228,0.249)
(0.226,0.234,0.257)
(0.174,0.180,0.200)

Step 4. By utilising the decision information given in Tables 10-13, and FWA, FWG,
FWHA and FWQA operators, and ®= (0.3,0.1,0.2,0.4) is the weighting vector of the at-
tributes, we derive the overall preference values of the alternatives. The aggregating results
are shown in Table 14.

Table 14. The overall preference values of the alternatives

FPWA and FWA FPWG and FWG FPWHA and FWHA

FPWQA and FWQA

[

o

Sy

(0.165,0.183,0.204)
(0.182,0.208,0.246)
(0.202,0.218,0.236)
(0.194,0.205,0.222)

0.165,0.180,0.202
0.176,0.203,0.237

0.189,0.201,0.217

(0.159,0.178,0.199)
(0.171,0.199,0.230)
(0.200,0.217, 0.233)
(0.184,0.197,0.212)

(0.165,0.185,0.206)
0.188,0.213,0.256
0.203,0.219,0.237
0.198,0.209,0.227

o el oNola

( )
( )
(0.201,0.218,0.235)
( )
( )

~ o~ o~ o~

)
)
)
)

(0.173,0.186,0.202) 0.172,0.185,0.202 (0.171,0.184,0.201) 0.174,0.186,0.203

Step 5. According to the aggregating results shown in Table 14 and the expected value of
triangular fuzzy variable by Eqn (2), the ordering of the alternatives are shown in Table 15.
Note that > means “preferred to”. As we can see, depending on the aggregation operators
used, the ordering of the alternatives is the same. And the best alternative is X..

Table 15. Ordering of the alternatives

Ordering
FPWA and FWA X >X>X >X>X,
FPWG and FWG XXX XX,
FPWHA and FWHA X>X>X XX,
FPWQA and FWQA XX XXX,

The Approach II can be also utilised to deal with triangular fuzzy multiple attribute group
decision making problems where the information about the decision makers is completely
unknown.
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Conclusion

In this paper, based on the ideal of power aggregation, proposed eight triangular fuzzy power
aggregation operators were proposed: the fuzzy power weighted average (FPWA) operator,
the fuzzy power weighted geometric (FPWG) operator, fuzzy power weighted harmonic
average (FPWHA), fuzzy power weighted quadratic average (FPWQA), the fuzzy power
ordered weighted average (FPOWA) operator, the fuzzy power ordered weighted geometric
(FPOWG) operator, fuzzy power ordered weighted harmonic average (FPOWHA) and fuzzy
power ordered weighted quadratic average (FPOWQA). The prominent characteristic of
these operators is that they take into account information about the relationship between the
triangular fuzzy variables being aggregated. Then, these operators were utilised to develop
some approaches to solve the triangular fuzzy multiple attribute group decision making
problems with the known weights or completely unknown weights information of decision
makers. Finally, some illustrative examples about the risk investment were given to verify the
developed approach and to demonstrate its practicality and effectiveness.
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