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Abstract. Intuitionistic fuzzy set is a very useful tool to depict uncertainty. Lots of multi-criteria
group decision making methods under intuitionistic fuzzy environment have been developed.
Current methods are under the assumption that the criteria and the decision makers are at the same
priority level. However, in real group decision making problems, criteria and decision makers have
different priority level commonly. In this paper, multi-criteria group decision making problems where
there exists a prioritization relationship over the criteria and decision makers are studied. First, the
intuitionistic fuzzy prioritized weighted average (IFPWA) and the intuitionistic fuzzy prioritized
weighted geometric (IFPWG) operators are proposed. Then, some of their desirable properties are
investigated in detail. Furthermore, the procedure of multi-criteria group decision making based on
the proposed operators is given under intuitionistic fuzzy environment. Finally, a practical example
about talent introduction is provided to illustrate the developed method.
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intuitionistic fuzzy prioritized weighted average (IFPWA) operator, intuitionistic fuzzy prioritized
geometric (IFPWG) operator.

Reference to this paper should be made as follows: Yu, D. 2013. Intuitionistic fuzzy prioritized op-
erators and their application in multi-criteria group decision making, Technological and Economic
Development of Economy 19(1): 1-21.

JEL Classification: C43, D81.

Introduction

Atanasov (1986) extended the concept of fuzzy sets which was proposed by Zadeh (1965),
and introduced the intuitionistic fuzzy set (IFS). IFS is characterized by a membership degree
and a non-membership degree, so it is more effective to deal with uncertainty and vagueness
in real applications than Zadeh’s fuzzy sets. Since its appearance, IFS has been investigated by
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many researchers and applied to many fields, such as pattern recognition (Hong, Choi 2000;
Hung, Yang 2004, 2007), market prediction (Liang, Shi 2003) and decision making (Liu 2009;
Liu, Wang 2007; Chen 2011; Li 2010; Wei 2010a, b; Wei 2011; Wei et al. 2011a, b; Wei et al.
2012; Wei, Zhao 2012; Yu 2012; Yu 2013; Yu et al. 2012; Xia et al. 2012).

As a hot topic in the theory of IFS, intuitionistic fuzzy information aggregation has been
investigated widely by many researchers from different points of view. According to the rela-
tionships between the aggregated arguments, the aggregation operators can be divided into
two categories. The first category is based on the assumption that the aggregated arguments
are independent. Based on the OWA operator (Yager 1988), Xu (2007) developed some ag-
gregation operators, such as the intuitionistic fuzzy weighted averaging (IFWA) operator, the
intuitionistic fuzzy ordered weighted averaging (IFOWA) operator, the intuitionistic hybrid
aggregation (IFHA) operator. Xu and Yager (2006) developed some geometric aggregation
operators for intuitionistic fuzzy values (IFVs), such as the intuitionistic fuzzy weighted
geometric (IFWG) operator, the intuitionistic fuzzy ordered weighted geometric (IFOWG)
operator, and the intuitionistic fuzzy hybrid geometric (IFHG) operator. Based on the GOWA
operator (Yager 2004a), Zhao et al. (2010) developed some generalized aggregation operat-
ors, such as the generalized intuitionistic fuzzy weighted averaging (GIFWA) operator, the
generalized intuitionistic fuzzy ordered weighted averaging (GIFOWA) operator, and the
generalized intuitionistic fuzzy hybrid averaging (GIFHA) operator. In the second category
it is assumed that there are interactions phenomena among the decision making criteria.
To deal with this issue, Xu (2011a) extended the power average (Yager 2001) to intuition-
istic fuzzy environment and introduced a series of operators for aggregating intuitionistic
fuzzy values (IFVs) whose weighting vectors depend on the input arguments. Xu (2011b)
applied the Bonferroni mean (BM) (Yager 2009a) to intuitionistic fuzzy environment and
introduced the intuitionistic fuzzy Bonferroni mean (IFBM) and the weighted Bonferroni
mean (WIFBM) whose characteristic is that they can not only consider the importance of
each criterion but also reflect the interrelationship of the individual criteria. Motivated by
the induced Choquet ordered averaging operator (Yager 2004b), Xu (2010), Tan and Chen
(2010) and Tan (2011) developed some intuitionistic fuzzy correlative operators, such as the
intuitionistic fuzzy Choquet average (IFCA) operator, and the intuitionistic fuzzy Choquet
geometric (IFCG) operator.

The above aggregation operators for IFVs is assuming that the criteria are at the same
priority level although some of them consider the correlation phenomena between criteria.
They are characterized by the ability to trade-off between criteria. For example, if C; and

C; are two criteria with the weight ®; and ; respectively. By the above aggregation op-

erator, we can compensate for a decrease of 0 in satisfaction to criteria C; by gain —0 in
i

satisfaction to criteria C;. However, in many real decision making problems, this kind of

compensation between criteria is not feasible. Consider the situation in which a woman is

making a decision based on consideration of powdered milk cost and safety for her child.
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She should not allow a benefit with respect to cost of powdered milk compensate for a loss
in safety. This is a typical kind of prioritization of the criteria, i.e. Safety has a higher priority
than cost. When making decisions in Chinese universities, criteria desired by president usually
have a higher priority than professor. Yager (2008) first investigated this kind of problem by
introducing the prioritized “and” and “or” operators. Then, Yager (2009b) and Yager et al.
(2011) have paid attention on this issue. In this paper, we research the aggregation method
for IFVs which has prioritization relationships between the criteria. To do this, the remainder
of this paper is organized as follows. In Section 1, we briefly review some basic concepts.
Section 2 proposes the intuitionistic fuzzy prioritized weighted average (IFPWA) operator
and intuitionistic fuzzy prioritized geometric average (IFPWG) operator to aggregate the
IFVs, whose desirable properties are also studied in this Section. In Section 3, we develop
a method for multi-criteria group decision making based on the proposed operators under
intuitionistic fuzzy environment. A practical example about the introduction of talents is
provided in Section 4.

1. Basic concepts and operations

Definition 1 (Atanassov 1986). Let X = {xl,x2,~ . -,xn} be fixed. An inuitionistic fuzzy set
(IFS) A on X can be defined as:

A:{(xi,uA(xi),vA(xi))|xieX}, (1)

where the functions 4 (x;) and v,(x;) denote the membership and non-membership of
x; to X in A with the condition that

0=<p, ()<L, 0=Sv, (%) <L pylx)+v,(x)<1, (2)

and m,(x;)=1—p,(x;)—Vv4(x;) is called a hesitation degree of x; to A.

Xu (2007) named the pair (p,,v,) intuitionistic fuzzy value (IFV) denoted as o with
the condition 0<p,,v, <1, n, +v, <1. Chen and Tan (1994) introduced the score func-
tion s(a)=t, — f,, to get the score of o, Then, Hong and Choi (2000) defined an accuracy
function H(a)=p, +v, to evaluate the accuracy degree of a.Xu and Yager (2006) gave
an total order relation between two IFVs o and .

If s(o) < s(B) , then o < f3;

If s(at) = s(B), then

i) Ifh(a)=h(p), thena=p;
i) Ifh(a)<h(B), then o <p.

It should be noted that the score function s(o) is between -1 and 1. In order to facilit-

ate the following study, we introduce another score function proposed by Liu (2005). She

I+p, —v

introduced a score function S(a) = % to get the score of . Since 0< UosVe <1,

Ly +V, <1, we can easily get 0<S(a)<1. When comparing Chen’s and Liu’s score func-
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tions, it can be concluded that, if s(a) <s(B) (s(a)>s(B)), then S(a) <S(PB) (S(a)>SPB));

on the other hand, if S(o) <S(B) (S(a) > S(P)), then s(a) < s(B) ((s(a) > s(B)) . Therefore, if
we replace the Chen’s score function by Liu’s score function, the order relation between two
IFVs o and  introduced by Xu and Yager (2006) are also valid.

Let us denote by L the lattice of non-empty IFVs L= {(a,b)‘(a,b) €[0,12,a+b< 1} with
the partial order <; defined as (a,b) <; (¢,d) < a < c&b=>d .The top and bottom elements
are 1; =(1,0) and 0; =(0,1) respectively. (Beliakov et al. 2011; Deschrijver, Kerre 2003). Let
V' be the set of all intuitionistic fuzzy values (IFVs) with < .

Remark 1: If two IFVs a.<; BB, then we have, a <.

For three IFVs a, o, o, € V, some operational laws were given as follows (Xu, Yager 2006).

1) % ® Ay = (ual + Po, Mo, Mo, Yoy Va, )5

2) o ® 0y = (Mg, M, > Ve, + Ve, =V, Ve, )

3) hoe=(1—(1—p )" v, A>0;

4) ot =(pa)‘,l—(1—va)7‘), A>0.

The Prioritized Average (PA) operator was originally introduced by Yager (2008), which
was defined as follows:

Definition 2 (Yager 2008). Let C= {Cl,Cz,...,Cn} be a collection of criteria and there is
a prioritization between the criteria expressed by the linear ordering C, >~ C, > C;...>=C,,
indicate criteria C; has a higher priority than C if j<k.The value C;(x) is the perform-
ance of any alternative x under criteria C I and satisfies C j(x) € [0,1] JIf

PA(C;(x))=2 w,C;(x), ©)
j=1

T. j=1

where w;= nj , Tj =HCk(x) (j=2,..,n), T, =1. Then PA is called the prioritized
T, k=1
j=1"7]

average (PA) operator.

2. Intuitionistic fuzzy prioritized average operators

In this Section, we shall investigate the PA operator under intuitionistic fuzzy environments.
Based on Definition 2, we give the definition of the IFPWA as follows:

Definition 3. Let ;= (g 5Vy.) (j=12,..,n) be a collection of IFVs, and let IFPWA:
] ]
vVt >V, if

T; T. T
IFPWA(ay,0,,...,0,) =—1—o, @ —2—0a, ®-- & —L—aq,,, (4)

n n n
Tj j=1 Tj j=1 T]

j=l
then the function IFPWA is called an intuitionistic fuzzy prioritized weighted average
(IFPWA) operator, where Tj =Hi:$(ock) (j=2,...n), T, =1 and S(ay) is the score of
IFV a .
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Based on operations of the IFVs described in Section 1, we can drive the Theorem 1.
Theorem 1. Let o; = (},laj Va, ) (j=1L,2,...,n) beacollection of IFVs, then their aggreg-
ated value by using the IFPWA operator is also an IFV, and

T T

n nopoon "o
IFPWA(a,,05,...,0,) = 1—1‘[(1—um_)zf'=1 ., 1_[(1/(1_)21'21 7, (5)
j=1 ! =

where T; =Hi;118(ock) (j=2,...n), Ty =1 and S(a) is the score of IFV o, .

Proof. The first result follows quickly from Definition 1 and Theorem 1. In the following,

we prove
T, T T
IFPWA(ay, 0055 0,) =0y @ 2—0, @ @ ——a, =
Zj:lTj j:lTJ' Zj=lTj
n Tj n Tj
I_H(I_Haj)ijle > H(V(lj)ijlTj . (6)
j=1 j=1
By using mathematical induction on n:
1) For n=2: Since
T T
Ti nl nl
n %= 1_(1_“0‘1) leTj ’ (Vo‘l)zj:lTj : @
> T
j=1"J
T T,
T2 nZ n2
T %" 1_(1_M°‘2)2F1Tf’ (V“z)ZJ:ITJ' ’ ®
z]‘:l J
We have
T, T
IFPWA(0y,00) = —+—0, & —2—0a, =
j:lTj j=1TJ'
5 5 5 5

1_(1_“% )Z;T] (1_“0‘2 )Z;T, ’(Vo‘l )Z;ﬂTj (VOLZ )Zj:lT/ ) ©)

2) If Eq. (6) holds for n=k , that is

T T.
L 0, ®@—2—0,®,..,
n

Z j=1 Tj ;‘1:1 Tj Z j=1 T

1_ﬁ(l_u°‘j)

j=1

IFPWA(0,0y5...,0 ) =

L T
=1

DI | (A (10)
J
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then, when n=k+1, by the operational laws described in Section 1, we have

TFPWA(0y, 0y ey Oy ) =

k TJ k TJ Ti1 Ti1
I_H(l_“w )ijlTJ' ) (v“j )ZHTJ ® 1_(1_“%1 )ZzleJ ’(V%l )z?ﬂTf -
=1 j=1
k+1 T kn I
1_H(1_Maj)2j:1Tf>H(Vaj) j:le > (11)
Jj=1 j=1

i.e. Eq. (6) holds for n=k+1. Thus, Eq. (6) holds for all #n. Then

T T

n S "oT
TFPWA (0L, Glys.ors L, ) = 1—1—[(1—“&‘)21':1 i, H(va_)zlef . (12)
j=1 ! j=1

Now, we look at some desirable properties of the IFPWA operator.
Theorem 2. (Idempotency) Let ;= (Ly >V )(j=1L2,..,n) bea collection of IFVs, where
i1 ) ) p) ) )
Tj = HiZIS(ak) (j=2,..,n), Ty =1 and S(a;) isthescore of IFV o .Ifall ocj(] =1,2,..,n)
are equal, i.e. a;=o, forall j,then
IFPWA(a,,0,,...,0, ) = O (13)
Proof. By Definition 3, we have
IFPWA(o,,0,,...,0,) =
T T T
10 & 20, @D
Zj:1 T] Z]’:1 Tj ijl T]
Tl ® T2 @.--® Tn

n a n o n
Z j=1 Tj j=1 Tj Z j=1 Y

20
n a
2T

Corollary 1. If Q; :(uaj,vaj)(j:I,Z,...,n) is a collection of the largest IFVs, i.e.,
a;=0"=(1,0), forall j,then

j
IFPWA(0,0y,...,01,) = (', 0.0 ) =(1,0), (15)

=a. (14)

which is also the largest IFV.



Technological and Economic Development of Economy, 2013, 19(1): 1-21 7

Proof. Similar to the proof of Theorem 2, we can get Corollary easily.
Corollary 2. (Non-compensatory) If o, = (ual Vo, )is the smallest IFV,i.e., o, = o =(0,1),
then

IFPWA(a,,a,,...,0, ) = IFPWA(a, aly,..., 0, ) = (0,1), (16)

which is also the smallest IFV.
Proof. Since o, =(0,1), then by the definition of the score function defined in Section 1,

we have,
S(0;)=0.
Since
i—1 .
T, :Hizls(ak) (j=2,..,n) and T, =1. (17)
We have

Ty = [ 112, SCoe) = (o) x S(oy) %+ x (0t 1) = 0% S(ty) %+ xS(0j 1) =0 (j=2,...m) 5(18)

;,llejzl. (19)

By Definition 3, we have

T, T T,
IFPWA(0, 0.0, ) =——0 ®—2—0, @ ®—L—q, =

1 n
2T T 20T

1 0 0
% @TOLZ @n-@Tan =a, =(0,1).

Corollary 2 indicated that when the satisfaction to the criteria which owns the highest priority
is the smallest IFV, we can’t get any compensation from other criteria even if they are satisfied.
Theorem 3. (Boundary) Let ;= (Mg 5Ve )(j=L2,..,n) be a collection of IFVs, where
N i
T; = HizllS(ock) (j=2,..,n), T, =1 and S(a;) is the score of IFV a;, and let

o = [min(ua_ ). max(v, )] Lot = (maX(ua. ).min(v, )j. (20)
j (N J j | J
en
o~ <IFPWA(a,,0,,...,0,,) <at. (21)
Proof. Since min(uaj )< paj < mgx(paj) and min(vaj )< vaj < max(vaj ),forall j,then
) ) J ]

Tj Tj

n n T. n n
[Ma-p, )Zi:l > H[l —max(u, )JZHTJ =1-max(u, ), (22)

j=1 ! =1 j J j i
and then T
n no
1-TT0-n, )27 <max(u, ). (23)
J j J

j=1
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Similarly, we have
T

n Zn T.
— _ =17 > 3
1T )2 2 i, ),
and
7 7

ﬁ(min(va.))zyj Slﬁ[(va,)zfllT" slﬁ[(max(vq.))zl
j=1 ] I =1 J o J

Let IFPWA (0, 0ly,..., 0, ) = 0 =(l1,,V,, ), then we have,
min(p, ) <p, <max(p, );

j J j J
min(v, )<v, <max(v, ).

i ] ] ]

From Egs. (26) and (27), we can get Egs. (28) and (29) easily.

Ry = mjin(paj )5V < m]ax(vaj )s

U, Smax(u, ),v, 2min(v, ).
i i

Therefore,
o~ <; IFPWA(ay,0,y,...0,) < ot

Based on remark 1, we have,

o~ <IFPWA(a,,0,,...,0,) <at,

which completes the proof of Theorem 3.

T,

J
7]

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

Theorem 4. (Monotonicity) Let Q; =(uaj,vaj) and oc} =(ua},va}) (j=12,..,n) betwo

. -1 « i1, xn . .
collections of IFVs, TJ = izlS(ak), Tj = izls(ock) (j=2,...n), T, =T; =1, S(a) is

the score of IFV OLk,S(OLZ) is the score of IFV a;c ifp, < My and v, > Vi ,forall j,then
j j J j

IFPWA(0y,0ty,...,0t,) SIFPWA(0, 05 5. .., 0Ly )

Proof. Since p, <p . forall j,then
j j ™
n

i1 I

T

J

n " n nJ %
1—H(1—uajJZj:1Tj 31—1-[(1—“0()2}._1% .
j=1

j=1

Since v, 2v ., forall j,then
j i .
T I
n n n *
T > T;
j=1"7 > v j=1"7
>T1( 0L_,) .
=

1)
A

T:

5, j
H(l—uajjz;llej ZH(1—HMJZ,‘_1TJ ;
j=1

*

(32)

(33)

(34)

(35)
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Let a=(p,,v,)=IFPWA(a,,0,,...,0,), O I(HQ*,VQ*)ZIFPWA(OLI,OL;,...,(X;),We have

Mo SH > Vg 2V s (36)
IFPWA(ay,0y5...,0t,) <; IFPWA(0, 0,...,0,) - (37)

Based on remark 1, we have,
IFPWA(0,0y,...,0t,) SIFPWA(0, 0. .., 0L ) (38)

which complete the proof of Theorem 4.
Theorem 5. Let o= (uaj ’chj) (j=1,2,..,n) beacollections of IFVs, Tj = i:S((xk)
(j=2,..,n),T; =1 and S(a) is the score of IFV o, if f = (Hp, ,vﬁ) is an intuitionistic fuzzy
value on X, then
I[FPWA(o, @B,a, ®B,...,a, ®B) =IFPWA(a,,0,,...,a, ) DP. (39)

Proof. Since

0Ly B = (g, + iy — g bV ) =(1- (=g Y= b )ove, vy - (40)

According to Theorem 1, we have
IFPWA(o, ®B,a, ®B,...,0, D)=
T; T

n J

1—1‘{((1—%).)( MB)) a T é(vajm)x_m

J=1

el 1|, Lo n
—(I—Mﬁ%{z;.m}n(l—w) ?-lTw<vB>§[z JH(V JE |-

j=1
" i T
—(l—uﬁ)g(l—uaj)zj T ,VBH( )Z] SR (41)

According to Definition 3 and the operational laws of IFV's, we have
IFPWA(a,,0,,...,0,) @B =
T; T;

J J
T " " T
b 10, )2
I

n
-T10-k, ) =@ (g ) =
j=1

" T T

‘(I‘Hﬁ)H(l—“aj)Zj o >VsH( )ZJ LT - (42)

j=1
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Thus,
IFPWA(a, @B, a, ®B,...,a, ®PB)=IFPWA(a,,0,,...,a, ) DB. (43)

Theorem 6. Let Q; =(uaj,vaj) (j=1,2,..,n) beacollections of IFVs, T] :Hi:S(ak)
(j=2,...n), T, =1 and S(o;,) be the score of IFV o, If r >0, then

IFPWA(ro,,ro,,....,ra, ) =rIFPWA(a,,a,,...,0,,) . (44)

Proof. According to operation laws described in Section 1, we have

g ={1-{1me ) o ] )

According to Theorem 1, we have
T, T;

J J
n r n n r n
IFPWA(ro,rly. . .70t ) = 1—H[(1—Ha.) jzj-le, H[(va_) JZHTi -
= ' =\
DI R
I_H(l_uaj) Zj:lTj > H(V(xj) Zj:1TJ' > (46)
j=1 j=1

T T

n

T iy

rTFPWA(ay,ay,..0, ) =7| 1-] I(l—“al)ZFI 7, H(V(X.)ZFI i

. J . J
j=1

j=1

r r

T, T;

J

j
1— ﬁ(l_“aj)ZjﬂTj , ﬁ(va )Zj:le

. ; j
j=1 j=

—

T; T,
n ; n] n . n]
1—1_[(1—“&}.) Zj:lTj > H(V(xj) Zj:lTj . (47)
j=1 j=1
Thus
IFPWA(ro,,ra,,...,ro, ) =rTFPWA(a,, o,,..., 0, ) . (48)

According to Theorems 5 and 6, we can get Theorem 7 easily.
: . -1
Theorem 7. Let a; = (ua}_ ,vaj ) (j=1,2,..,n) bea collections of IFVs, T] = HizlS(ak)
(j=2,..,n), Ty =1 and S(a;) isthescore of IFV o, ,If r>0, B = (uB,vB) is an intuitionistic

fuzzy value on X , then,

I[FPWA(ro, @B,ro, ©B,...,ra, ®B)=rIFPWA(a,,a,,...,0,,) D . (49)
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Theorem 8. Let ;= (uoL Vo ) andB uﬁ ,VB ) (j=L2,..,n) be two collections of
IFVs, T H S(ock) 2,. ,n) T, =1 and S(o;) is the score of IFV o, then,
I[FPWA(a, @B;,0, @B,,....a, @B,) =IFPWA(a,,a,,...,a, ) DIFPWA(B,,B,,...,B,). (50)
Proof: According to Definition 3, we have

IFPWA(o, ®B;,a, ®B,,...,a, @B,) =

T
T.
_ . _ _ Z"] T. z] 17
1 H (1 Hq)(l MB) j=1"7> H( OL B )
i1 j j i1 i
T T] Tv T]

[0, )Zf”Hl )2 H<v )mev LN FEN

j=1

IFPWA(0l, 0Ly, 1, ) O IFPWA(B,, BB, ) =

T T T T

"t " " T n "o B "oT
I_H(I_Huj)ZJ:I J’ H(Vaj)z}:l J @ I_H(l_uﬁj)zﬂ J’ H(Vﬁj)zpl )
j=1 j=1 j=1

y g g 7

n

1[0, )Zﬂfnl y )2 H(v )Z,”H(V 2l )

j=1

Thus,
IFPWA(o; @B, a5 DB,s...o0, ©P,) =IFPWA(0,,0,,...,0,,) DIFPWAPB,,B,,-.,B,,) -(53)

Based on the IFPWA operator and the geometric mean, here we define an intuitionistic
fuzzy prioritized weighted geometric (IFPWG) operator.
Definition 4. Let ;= (uaj ,va]_) (j=1,2,..,n) be a collection of IFVs, and let IFPWG:
V>V, if
T T, T

n

.y .y iy
IFPWGX(O(.I,OLZ,...,OL")=(Xlzf:1 ! ®OLZZJ:1 ! ®~~~®0cnzf:1 7, (54)

then the function IFPWG is called an intuitionistic fuzzy prioritized weighted aggregation
(IFPWG) operator, where Tj ZHi:S(O‘k) (j=2,..,n), T =1 and S(a) is the score of
IFV a.
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Theorem 9. Let ;= (Mg >Vy.) (j=1,2,..,n) beacollection of IFVs, then their aggreg-
i
ated value by using the IFPWG operator is also an IFV, and

7 g
n n n
IFPWG(a,,0y,...,01,) = H(u )21 A Hl v, Zj:lTj , (55)
j=1 ’
where T H ) (j=2,..,n), T; =1 and S(oy) is the score of IFV a .

Proof: The proof of Theorem 9 is similar to Theorem 1.
Theorem 10. (Idempotency) Let Q; —(},la Vg )( j=1,2,...,n) beacollection of IFVs, where
T H S(ak (j=2,..nm),T; =1 and S(ock) is the score of IFV o . Ifall ocj(j=1,2,...,n)

are equal, i.e. a; =0, forall j, then
IFPWG(a,,0y,...,0,) = .. (56)

Proof: The proof of Theorem 10 is similar to Theorem 2.

Theorem 11. (Boundary) Let o; —(},LOL Vg )( j=12,..,n) beacollection of IFVs, where

Tj S(ak) (j=2,..,n),T;=1 and S((xk) is the score of IFV a,, and let
o =(min(ua,),max(va_ )j, at =[maX(ua. ),min(v,, )j- (57)
j T J j | /
Then
o~ <IFPWG(a,;,0y,...,0,) < at. (58)

Proof: The proof of Theorem 11 is similar to Theorem 3.

Theorem 12. (Monotonicity) Let a; :(ua WV ) and oc* =(u ,v ) (j=1,2,..,n) be
two collections of IF Vs, Tj :H S(ock T H S((xk (j=2,. ,n) LT =T =1, S(oy)
is the score of IFV o, ,S(a;c) is the score of IFV ock ifp, < Mo and v, > Vi ,for all j,then

7 j

IFPWG(ay,0y,...,0t,) SIFPWG(0y, 0., 01 ). (59)

Proof: The proof of Theorem 12 is similar to Theorem 4.
Theorem 13. Let o= (uaj ,vaj ) (j=L2,..,n) beacollection of IFVs, T] = Hi:l S(oy.)
(j=2,..,n), T, =1 and S(a;.) be the score of IFV a, if = (“ﬁ’VB) is an intuitionistic fuzzy

value on X, then
IFPWG(o, ®B,a, ®B,...,a, ®B)=IFPWG(a,,0,,...,a, ) OB (60)

Proof: The proof of Theorem 13 is similar to Theorem 5.
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Theorem 14. Let Q; :(uaj,vaj) (j=1,2,..,n) beacollections of IFVs, Tj =H£:S(ak)
(j=2,..,n), T, =1 and S(a;) is the score of IFV o, If ¥ >0, then,

TFPWG( (e )5 (01,) - (et )" ) = (IFPW Gty ety 01,)) (61)

Proof: The proof of Theorem 14 is similar to Theorem 6.
Similar to Theorem 7, we can drive Theorem 15 easily.

Theorem 15. Let ;= (ual_ ,vq}_ ) (j=1,2,..,n) beacollections of IFVs, Tj = Hi;ll S(oy)
(j=2,..,n), T, =1 and S(o;.) isthescore of IFV ay,If r>0, = (uﬁ,vﬁ) is an intuitionistic

fuzzy value on X, then,
IFPWG((a)" ®B,(01,)" ®B,.... (a1, ) ®B) = (IFPWG (0t 015,...,0t,.)) @ (62)

Theorem 16 Let o; —(“a Ve ) andB —(u[3 ’VB ) (j=1,2,..,n) be two collections of
IFVs, Tj = S(ock) (j= 2, ,n) T, =1 and S(oy,) is the score of IFV o , then,

IFPWG((XI®B1,OL2®B2,...,(XH®l3n)=IFPWG(OL1,(XZ, o, ) @ IFPWG(B,,B,,...,B,,).(63)

Proof: The proof of Theorem 16 is similar to Theorem 8.

3. An approach to multi-criteria group decision making under intuitionistic
fuzzy environment

In this Section, we utilize the proposed aggregation operators to group decision making
under intuitionistic fuzzy environment.

In a group decision making problem, suppose X ={x;,x,,-,x,,} is the set of alternatives,
Let C= {Cl,CZ,...,Cn} be a collection of criteria and that there is a prioritization between
the criteria expressed by the linear ordering C, - C, > C;...>- C, indicates criteria C; has

a higher priority than C; if j<i, and E={e,e,, :-,e,} is the set of decision makers and

p
that there is a prioritization between the decision makers expressed by the linear ordering
e, - e,...- e, indicate criteria e_ has a higher priority than e if ¢<7.Let D@ = (di(jq))
(q)

mxn

be an intuitionistic fuzzy decision matrix, and d-(ﬂ) = (tg.q) ,n(q)) be an attribute value

provided by the decision maker e_, which is expressed in an IFV where t(q) indicates the

q b
degree of the alternative x; satisfies the attribute C; expressed by the dec1310n maker e,
f(.q) indicates the degree of the alternative x; does not satisfy the attribute C; expressed by

(q)

j indicates the indeterminacy degree corresponding, such that

the decision maker €gr T

i=1,2,..m; j=12,.,n.
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If all the attributes C j( j=L2,..,n) are of the same type, then the attribute values do not
need normalization. Whereas, there are generally benefit attributes (the bigger the attribute
values the better) and cost attributes (the smaller the attribute values the better) in multi-at-
tribute decision making (Xu, Hu 2010). We may transform the attribute values of cost type into

the attribute values of benefit type, in such a case, D@ = (di(jq)) can be transformed into

mxn

the intuitionistic fuzzy decision matrices R@ :(réq))mxn,where r§ 9 = (qu),v(]q),n(q)) and

,for benefit attribute C; .
=i v m?) = % i=1,2,0m, j=12.0n,  (64)

d;q), for cost attribute C,

(q)

where qu) is the complement of dl-(jq) such that

d(q) (fl(q) t(q)’n(q)) 7T(q) 1— t(q) f(q) 1— M(q) 5]61) L i=120m; j=12,0n. (65)

Then, we utilize the IFPWA (or IFPWG) operator to develop an approach to multi-cri-

teria decision making under intuitio &Stic fuzzy environment, the main steps are as follows:
Step 1. Calculate the values of T (g=L2,...,p) based on the following equations.

H S(r 1) @=2.0p); (66)
Tl.§1)=1. (67)
Step 2. Utilize the IFPWA operator
Tf}(ﬂ) le(q)
p popla) p ppla)
rij:IFPWA(riJ(-l),(), ,r( )=|1- H u,] 1) 2ge1 Ty ,H(vff)) = (68)
q=1
or the IFPWG operator:
T(q) T-(q)

ij i

p P rla) p Pl

 =IEPWGG, ) = | [T 25 a2 | (69)
q=1 q=1

To aggregate all the individual intuitionistic fuzzy decision matrix R(@ = (réq) s (q =12,.., p)

into the collective intuitionistic fuzzy decision matrix R =( L2,..,m; j=12,..,n.

rij )mxn’ i=
Step 3. Calculate the values of T;; , (i=1,2,...,m, j=1,2,...,n) based on following equations.

j—1 . .
T; = izlS(rik) (i=1,2,0m, j=2,.,0) 5 (70)

T,=1 i=12,..m. (71)

1
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Step 4. Aggregate the intuitionistic fuzzy values 7; for each alternative x; by the IFPWA

(or IFPWG) operator:

1 T

n " T, n " T, ]
1, =IFPWA (11,1507, ) = 1—H(1—u,,~)zf:1 , H(v,-j)zf:l i i=12..m,  (72)
Jj=1 Jj=1

or

T T

n "o n "o
1, =IFPWG(r;y, el ) = H(u,j)zjzl i ,1—1—[(1—vij)2121 Tl i=12,.,m. (73)
j=1 j=1

Step 5. Rank all the alternatives by the score function described in Section 1

1"‘“@ -V,

S(r) = L i=1,2m, (74)

then the bigger the value of s(r;), the larger the overall IFV r, and thus the alternative
x;(i=1,2,...,m).

4. Practical example

Work to strengthen academic education, promote the building of teaching body, the school
of management in a Chinese university wants to introduce oversea outstanding teachers.
This introduction has raised great attention from the school; university president e, , dean of
management school e, , and human resource officer e, sets up the panel of decision makers
which will take the whole responsibility for this introduction. They made strict evaluation for
5 candidates x;(i=1,2,...,5) from four aspects, namely morality C, research capability C,
teaching skill C;, educational background C, . University president have the absolute priority
for decision making, dean of the management school comes next. Besides, this introduction
will be in strict accordance with the principle of combined ability with political integrity. The
prioritization relationship for the criteria is as below, C, > C, > C; > C, . Three decision mak-
ers evaluated the candidates x;(i =1,2,3,4,5) with respect to the attributes C j( j=12,...,4)
and construct the following three intuitionistic fuzzy decision D@ = (dl-(jq))5X4 (g=1,2,3)
(see Tables 1-3). Since all the attributes Cj (j=L2,...,5) are of the benefit type, then the at-
tribute values do not need normalization, therefore, R(@ = D(@ = (di(jq) Yoxa = (rl-](-q) )oxa -

Table 1. Intuitionistic fuzzy decision matrix R

C, C, C, C,
X, (0.9,0.0) (0.6,0.3) (0.75,0.15) (0.9,0.0)
X, (0.9,0.0) (0.75,0.15) (0.75,0.15) (0.75,0.15)
x, (0.9,0.0) (0.75,0.15) (0.75,0.15) (0.45,0.45)
x, (0.75,0.15) (0.75,0.15) (0.9,0.0) (0.3,0.6)
x (0.75,0.15) (0.6,0.3) (0.75,0.15) (0.6,0.3)

[
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Table 2. Intuitionistic fuzzy decision matrix R®

C C, C, C,
x, (0.75,0.15) (0.75,0.15) (0.9,0.0) (0.3,0.6)
X, (0.75,0.15) (0.9,0.0) (0.75,0.15) (0.75,0.15)
x, (0.9,0.0) (0.9,0.0) (0.75,0.15) (0.6,0.3)
X, (0.9,0.0) (0.3,0.6) (0.75,0.15) (0.6,0.3)
X, (0.45,0.45) (0.6,0.3) (0.9,0.0) (0.9,0.0)

Table 3. Intuitionistic fuzzy decision matrix R(3)

C C, C, C,
x, (0.75,0.15) (0.9,0.0) (0.75,0.15) (0.3,0.6)
X, (0.6,0.3) (0.75,0.15) (0.9,0.0) (0.6,0.3)
x, (0.9,0.0) (0.6,0.3) (0.75,0.15) (0.9,0.0)
x, (0.9,0.0) (0.75,0.15) (0.75,0.15) (0.75,0.15)
X, (0.75,0.15) (0.75,0.15) (0.9,0.0) (0.45,0.45)

Based on the IFPWA operator, the main steps are as follows.

Step 1. Calculate the values of Tij(l) , Téz) , Tf) based on Egs. (66) and (67).

1111 0.95
1111 0.95
V=111 1 i) = 095
1111 0.8
1111 0.8
0.76  0.52 0.76
0.76  0.76 0.64
Ti](.3)= 09025 0.76  0.64

076 028 076

04 04225 0.76

0.65 0.8

08 0.8

08 0.8
08 0.95
0.65 0.8

0.3325
0.64
0.325
0.2275
0.6175

0.95
0.8

05 |,
0.35
0.65

Step 2. Utilize the IFPWA operator (Eq. (68)) to aggregate all the individual intuition-

istic fuzzy decision matrix R4 = (r,;q) )sxa (9=1,2,3) into the collective intuitionistic fuzzy

decision matrix R = (rij )sxa (see table 4).

Step 3. Calculate the values of Tij , (i=1,2,...,m, j=1,2,...,n) based on Egs. (70) and (71).

0.9109
0.8983
0.9500
0.9285
0.7217

0.7973
0.8140
0.8475
0.6373
0.4965

0.7225
0.7340
0.6780 |-
0.5805
0.4610
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Table 4. Intuitionistic fuzzy decision matrix R

C, C, c, C,
X, (0.8217,0.0000) (0.7507,0.0000) (0.8122,0.0000) (0.7016,0.0000)
X, (0.7966,0.0000) (0.8122,0.0000) (0.8034,0.0000) (0.7172,0.1799)
X, (0.9000,0.0000) (0.7841,0.0000) (0.7500,0.1500) (0.6279,0.0000)
X, (0.8570,0.0000) (0.6285,0.2557) (0.8217,0.0000) (0.4670,0.4212)
X (0.6670,0.2237) (0.6365,0.2605) (0.8570,0.0000) (0.7068,0.0000)

[

Step 4. Utilize the IFPWA operator (Eq. (72)) to aggregate all the preference values
(i=1,2,3,4,5) in the i th line of R, and get the overall preference values 7;:

B
r, =(0.7802,0.0000) , r, =(0.7880, 0.0000)

r; =(0.8006, 0.0000), r, =(0.7473,0.0000) , r; =(0.7148,0.0000).

Step 5. Calculate the scores of 7, (i=1,2,3,4,5) respectively:

S; =0.8901, S, =0.8940, S; =0.9003, S, =0.8737, S; =0.8574.
Since
S;>5,>5,>§, >S5,

we have
Xy = Xy = Xy - Xy - X

Based on the IFPWG operator, the main steps are as follows:
Step 1. See step 1.
Step 2'. Utilize the IFPWG operator (Eq. (69)) to aggregate all the individual intuition-

istic fuzzy decision matrix R(@ = (rI-J(-q) )sxa (9=1,2,3) into the collective intuitionistic fuzzy

decision matrix R' = (ré )sxa (see table 5).

Table 5. Intuitionistic fuzzy decision matrix R’

C C, C, C,
X, (0.8022,0.0975) (0.7069,0.1919) (0.7940,0.1057) (0.4855,0.4024)
X, (0.7535,0.1453) (0.7940,0.1057) (0.7867,0.1130) (0.7074,0.1922)
x, (0.9000,0.0000) (0.7431,0.1558) (0.7500,0.1500) (0.5509,0.3464)
x (0.8381,0.0615) (0.5272,0.3639) (0.8022,0.0975) (0.3993,0.4951)

X (0.6229,0.2744) (0.6279,0.2727) (0.8381,0.0615) (0.6232,0.2739)
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Step 3": Calculate the values of T}; , (i=1,2,..,m, j=1,2,..,n) based on Egs. (70) and (71).

0.8524  0.6457  0.5450
0.8041 0.6788  0.5681
0.9500 0.7540 0.6032
0.8883 0.5167  0.4404
0.6742 0.4572  0.4061

— = = =

Step 4': Utilize the IFPWG operator (Eq. (73)) to aggregate all the preference values ri;-
(i=1,2,3,4,5) in the i th line of R’, and get the overall preference values r,’:

1 =(0.7061,0.1888) , 7 =(0.7623,0.1370) ,
r} =(0.7471,0.1506) , r; = (0.6415,0.2502) , 7. =(0.6585,0.2392) .

Step 5': Calculate the scores of ;' (i=1,2,3,4,5), respectively:

S} =0.7586, S, =0.8127, S; =0.7983, S, =0.6956, S; =0.7097 .

Since

S, >8>8>8>8,,
we have

Xy > Xy = Xy > X - Xy

The optimal decision have changed the sort result by the IFPWG operator is different
from that by the IFPWA operator. The IFPWA operator focuses on the impact of overall data
while the IFPWG operator highlights the role of individual data. For example when we sort
by IFPWG operator several smaller attribute values correlated with candidate x, such as
rﬁ) =(0.45,0.45) have bigger impact on the variation of its position in the sort, which leads
to candidate x; being in the second place.

If the criteria or the decision makers are at the same priority level, then the proposed
operators are reduced to the traditional intuitionistic fuzzy aggregation operators. However,
there are different priority levels among these four criteria and three decision makers. For
example, the candidate is very hard to be selected when he received poor evaluation from
the president of the university. From another point of view, if a candidate owns bad moral
character, then he is impossible to be selected no matter how good performance he has
received on research capabilities, teaching skill and education background. Therefore, we
must consider the prioritization among the criteria or the decision makers. To deal with such
situations, the IFPWA and the IFPWG operators are useful tools. From the above analysis,
the main advantages over the traditional intuitionistic fuzzy operators are not only due to
the fact that our operators accommodate the intuitionistic fuzzy environment but also due
to the consideration of the prioritization among the criteria and the decision makers, which
makes it more feasible and practical.
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Conclusions

In this paper, we have studied the intuitionistic fuzzy information aggregation problems where
there is a prioritization relationship over the criteria, and have proposed the intuitionistic
fuzzy prioritized weighted average operator and the intuitionistic fuzzy prioritized weighted
geometric operator on the basis of the idea of prioritized average. The significant feature of
the proposed operators is that they consider prioritization among the criteria. Some of their
desirable properties are investigated in detail. Then, we have applied our operators to develop
a method of multi-criteria group decision making under intuitionistic fuzzy environment.
Finally, an example is given to illustrate the given method. The proposed multi-criteria
group decision making method considers prioritization relationship among these criteria
and decision makers, which allows our method to have wider practical application poten-
tials. It is worth noting that the results of this paper can be extended to the interval-valued
intuitionistic fuzzy environment.
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