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Abstract. Decision makers usually prefer to express their preferences by linguistic variables. Classic 
fuzzy sets allowed expressing these preferences using a single linguistic value. Considering inevitable 
hesitancy of decision makers, hesitant fuzzy linguistic term sets allowed them to express individual 
evaluation using several linguistic values. Therefore, these sets improve the ability of humans to 
determine believes using their own language. Considering this feature, in this paper a method upon 
linear assignment method is proposed to solve group decision making problems using this kind 
of information, when criteria weights are known or unknown. The performance of the proposed 
method is illustrated in a numerical example and the results are compared with other methods to 
delineate the models efficiency. Following a logical and well-known mathematical logic along with 
simplicity of execution are the main advantages of the proposed method.

Keywords: linguistic variables, hesitant fuzzy linguistic term sets, multi-criteria group decision 
making, linear assignment method, National Cartographic Center.
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Introduction

Multi-criteria decision making (henceforward MCDM) is a well-known and widely used 
area of operational research. Classic operation research techniques usually determined the 
best decision considering only a single criterion. Considering multiple criteria is a tool for 
decreasing the risk of decisions. MADM has a wide variety of applications in different fields 
(Hwang, Yoon 1995; Tzeng, Huang 2011). 
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Formally speaking, Zimmermann (Zimmerman 1987) defined a multi-criteria decision 
making problem as follows. Let we have a nonempty and finite set of decision alternatives, 
i.e., 1 2, , , mA A A… , and there are a finite set of goals, attributes or criteria, i.e., 1 2, , , mC C C… , 
according to which the desirability of an alternative is to be judged. The aim of MADM is to 
determine the optimal alternative with the highest degree of desirability with respect to all 
relevant goals. An MADM problem usually is formulated in the form of a decision matrix, 

ijD x =   , where xij illustrates the performance of the alternative Ai regard to criterion Cj. 
Yu (Yu 1990) stated that an MADM problem consists of four critical elements, including 
(1) alternatives, (2) decision criteria, (3) performance of alternatives with regard to criteria, 
and (4) the weight vector of criteria importance. Two main features of MADM problems are 
that decisions are usually adopted by a group of experts, and decision information is usually 
uncertain. The uncertainty is a result of partial and approximate information (Yu 1990). This 
uncertainty arose in the 3rd and 4th elements of an MADM problem.

Different frameworks are proposed for dealing with uncertainty. Liu and Lin (2011) clas-
sified these frameworks into three classes encompassing (1) probability and statistic, (2) fuzzy 
set theory, and (3) grey system theory. Fuzzy set theory (Zadeh 1965) is one of the mostly 
applied frameworks of dealing with uncertainty and the first work of decision making with 
fuzzy information dates back to Bellman and Zadeh (1970). Since its initial form of fuzzy 
sets, where a membership degree is assigned to elements of a set, different researchers tried 
to extend its applicability. Some scholars believe that assigning a single membership degree 
to an element, without considering decision makers’ hesitancy, is a limitation of fuzzy sets 
(Zadeh 1975; Grattan-Guinness 1976). Therefore, scholars developed some new extensions 
of classic fuzzy sets, considering this hesitancy. Among these extensions can refer to type-2 
fuzzy sets (Liang, Mendel 2000) where membership function illustrated itself as a fuzzy set, 
interval type-2 fuzzy sets (Atanassov 1986) that membership functions considered as closed 
intervals, intuitionistic fuzzy sets (Atanassov 1986) where a non-membership degree is also 
defined for each element along with its membership allowing a hesitant degree, interval-
valued intuitionistic fuzzy sets (Atanassov, Gargov 1989) where membership and non-mem-
bership degrees illustrated as closed intervals, and etc. These generalizations of fuzzy sets 
are applied extensively in decision making problems by Razavi Hajiagha et al. (2013, 2014a, 
2014b, 2014c, 2015).

Hesitant fuzzy sets (henceforth HFS) (Torra 2010) are another form of fuzzy sets where 
several possible values are allowed for determining the membership of an element in the 
corresponding set. Usually, HFS is applied in quantitative situations, while sometimes un-
certainty is due to vagueness of qualitative meanings rather than quantitative measures 
(Liao et al. 2014). In this case, Zadeh (1975) proposed the fuzzy linguistic approach. This 
concept was later extended to 2-tuple fuzzy linguistic model (Martinez, Herrera 2010; 
Herrera, Martinez 2000). A constraint of these approaches is expert’s limitation in illustrat-
ing their preferences with a single linguistic term (Liao et al. 2014). Inspired from HFS, 
Rodríguez et al. (2012) proposed hesitant fuzzy linguistic term sets (hereafter HFLTSs), 
where experts can have expressed their judgments with several linguistic values. In this 
context, experts can express their preferences using comparative terms such as “between 
very low and medium”. 
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Compared with fuzzy linguistic approaches, HFLTSs are more convenient and flexible to 
reflect the Decision makers’ preferences in decision making process (Zhu, Xu 2014).

The first application of HFLTSs in decision making is presented by Rodríguez et  al. 
(2012). Later, Rodríguez et al. (2013) proposed a new linguistic group decision model ap-
plying comparative linguistic expressions that is close to human cognitive models based on 
HFLTSs and context-free grammars. Liu and Rodríguez (2014) employed a fuzzy envelope 
for computing with words and applied it in MADM. Liao et al. (2014) proposed different 
similarity and distance measures among HFLTSs and introduced the notions of hesitant 
fuzzy linguistic positive and negative solutions for MADM. Zhu and Xu (2014) developed 
several consistency measures for HFLPRs to make sure that the Decision makers are be-
ing neither random nor illogical. Wang et al. (2015) introduced an outranking approach, 
similar to ELECTRE, for MADM with HFLTSs. Farhadnia (2015) extended the notion of 
Entropy for finding criteria weights under HFLTSs. Lee and Chen (2015) recommended 
a group decision making method on the basis of likelihood-based comparison relations of 
HFLTSs and introduced some operators on these sets. Liao et al. (2015a) used HFLTSs with 
VIKOR method and its application in the process of qualitative decision making qualitative 
multiple criteria decision making. Liao et al. (2015b) examined the correlation measures and 
coefficients between HFLTSs and proposed its application in the process of qualitative deci-
sion making. Liao and Xu (2015) used the cosine-distance-based HFL-TOPSIS method and 
the cosine-distance-based HFL-VIKOR method for selecting an ERP system. Montes et al. 
(2015) designed a web tool for decision making in housing market using HFLTSs. Wang and 
Xu (2015) believe that extended hesitant fuzzy linguistic term sets (EHFLTSs) are a useful 
method for modeling the uncertain linguistic data in group decision making.

Wei et al. (2015) extended the TODIM method of MADM under HFLTSs. Furthermore, 
some researchers focused on hesitant fuzzy linguistic preference relations as a new prefer-
ence structure and extended their applications in MCDM (Zhang, Wu 2014; Wu, Xu 2015). 
Zhu and Xu (2016) extended EHFSs by combining the proposed distance measures with the 
Dempster-Shafer belief structure.

The aim of this paper is to develop a new form of linear assignment method (LAM) for 
MADM when expert’s judgments are expressed according to HFLTSs. This method is ex-
tended under two different conditions when (1) criteria weights are predetermined and (2) 
criteria weights are unknown. The main motivation beyond extending LAM under HFLTS is 
firstly due to simplicity and clear logic of LAM method; secondly due to abilities of HFLTS in 
capturing decision makers uncertainty; and thirdly providing an efficient method of dealing 
with HFLTS in real world applications.

Bernardo and Blin (1977) initially scheduled LAM method inspiring from assignment 
problem in linear programming for MADM. Classic LAM method relies on crisp values of 
decision matrix. Considering inevitable uncertainty of decision making problems, LAM is 
extended under different uncertainty frameworks; moreover, fuzzy LAM method is extended 
by scholars using different modelling and solving approaches (Lin, Wen 2004; Bashiri et al. 
2011; Baykasoğlu et al. 2016). Lin and Wen (2004) applied the min-max criterion of Bellman 
and Zadeh (1970) and formulated the fuzzy LAM method in the form of a mixed integer 
nonlinear programming problem. Bashiri et al. (2011) aggregated the judgments of decision 
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makers by averaging their opinions and then, they solved a linear programming problem to 
find the optimal permutation of the alternatives. Then, they used the obtained permutation in 
subsequent linear programming models to find the final ranking of alternatives. Baykasoğlu 
et al. (2016) applied various concepts of fuzzy sets theory such as fuzzy arithmetic and ag-
gregation, fuzzy ranking and fuzzy mathematical programming to solve a MADM problem 
using fuzzy LAM. Chen (2013) extended the LAM under interval type-2 fuzzy sets. The in-
terval valued intuitionistic fuzzy LAM is also proposed by Chen (2014). Zamri and Abdullah 
(2015) used the linear assignment method and simple additive weighting through the type-2 
Fuzzy sets proposed a robust and user-friendly method in decision making framework. Ab-
dolazimi et al. (2015) used linear assignment method in zoning Shahroud-Bastam watershed 
for artificial recharge of groundwater for GIS technique and compared it with ELECTRE 
results. They found that the results of linear assignment method are more accurate and are 
more consistent with reality. 

The need for presenting a new approach of decision making with HFLTS can be justified 
due to reasonable requirements. First, the flexibility and ability of HFLTS in describing deci-
sion makers’ ambiguity made it as an interesting tool for decision making problems under 
uncertainty. Second, considering non-existence of an exact solution for uncertain problems 
(referred to as an axiom in (Zadeh 1965), it seems appropriate empowering analysts with 
more tools for dealing with uncertain decision making problems. Third, the clear and simple 
logic behind linear assignment method made it as a fascinating candidate for extending it 
under different uncertainty frameworks. Accordingly, upon above reasons, in this paper the 
LAM method is extended for group decision making problems with HFLTS information.

This contribution is structured as follows; first of all, a brief overview on required notions 
of HFLTSs is given in section 1. The modelling and solving the linear assignment method 
with HFLTSs is detailed totally in section 2 with known and unknown weights. A numerical 
example is then solved via the advanced method and the results are compared with other 
methods. Finally, conclusion remarks are given in section Conclusions.

1. Hesitant fuzzy linguistic term sets

Linguistic variables are variables whose values are words or sentences rather than values 
(Zadeh 1975). Using linguistic variables is a more realistic approach since it is closer to 
human cognition (Farhadnia 2015; Herrera et al. 1996). As a case in point, criteria such as 
age of a person, speed of a car, story of a movie and etc. can be described easily applying 
linguistic variables. There are different approaches to select linguistic descriptors and define 
their semantics. With this fact in mind, in this section an overview is represented on the 
notion of HFLTS.

Definition 1.1. (Torra 2010). Let X be a fixed set, a hesitant fuzzy set on X is in terms of 
a function h that when applied to X returns a subset of [0, 1].

Xia and Xu (2011) defined a hesitant fuzzy set mathematically as

 ( ){ }, ,EE x h x x X= ∈
 

(1)

where hE(x) is a set of values in [0, 1]. 
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HFS can be applied on quantitative variables. Rodríguez et al. (2012) introduced the no-
tion of HFLTSs for qualitative variables.

Definition 1.2. Let S be a linguistic term set, { }0 , , gS s s= … , a HFLTS, HS, is an ordered 
finite subset of the consecutive linguistic terms of S. 

The commonly used approaches for selecting linguistic descriptors include the ordered 
structure approach and context-free grammar approach (Rodríguez et al. 2012). For example, 
S can be defined as S = {s0: nothing, s1: very low, s2: low, s3: medium, s4: high, s5: very high, 
s6: perfect}. A HFLTS can be defined as ( ) { }1 2 3, ,sH s s sϑ = .

A totally ordered discrete linguistic term set is proposed by Xu (Xu 2004, 2005, 2012] as 
{ }, , 1,0,1, ,sas = a = −t… − … t  where t is a positive integer sa represent a possible value for 

a linguistic variable; thus, S satisfies the following conditions:
(1) If a > b, then sa > sb.
(2) The negation operator is defined as: ( )neg s sa −a= , especially, ( )0 0neg s s= . 
For t = 3, S can be taken as: S = {s–3 = none, s–2 = very low, s–1 = low, s0 = medium, s1 = 

high, s2 = very high, s3 = perfect}. A similar scale of this 7 points is represented by Farhad-
nia (2015) for appraising the speed of a car. Inspiring from mathematical definition of HFS 
by Xia and Xu (2011), Liao et al. (2014) redefined the concept of HFLTS mathematically as 
below (restated by Farhadnia (2015).

Definition 1.3. Let { }1 2, , , NX x x x= …  be a reference set, and { }, , 1,0,1, ,sas = a = −t… − … t  
be a linguistic term set. A HFLTS on X is mathematically shown in terms of 

 ( ){ }, ,i i iH x h x x Xs s= ∈
 

(2)

where, ( )ih xs  is a set of some possible values in the linguistic term set s. To adjust the no-
tion of HFLTS, consider the following example.

Example 1.4. (Farhadnia 2015) Suppose that an expert approximate speed of three 
cars x1, x2, and x3. This expert believes that x1 speed is “at least fast”, x2 speed is “be-
tween very slow and average”, and x3 speed as “great than fast”. Considering the follow-
ing term set S = {s–3 = very slow, s–2 = slow, s–1 = slightly slow, s0 = average, s1 = slight-
ly fast, s2  = fast, s3  = very fast}, the HFLTS of appraising these cars can be shown as 

( ) { } ( ) { } ( ) { }{ }1 1 2 3 2 2 3 2 1 0 3 3 3, , , , , , , , ,x h x s s x h x s s s s x h x ss s − − − s= = = .
For ranking HFLTSs, the notion of HFLTS score function is introduced (Herrera et al. 

1996).
Definition 1.5. For a HFLTS defined over linguistic term set { }, , 1,0,1, ,sas = a = −t… − … t , 

where { }, 1,2, ,
l l

h s s l Ls δ δ= ∈s = … , the score function ( )s hs  is defined as:

 ( )
1

1 .
L

l
l

s h
Ls

=

= δ∑
 

(3)

Liao et al. (2014) also defined the variance function of a HFS. Later, Farhadnia (2015) 
extended the following definition for variance function of HFLTS.

Definition 1.1. For HFLTS hs defined according to definition 2.4, its variance function 
is defined as:

 ( ) ( ) ( )
12

1 .
L

l k
l k

v h
Ls

≠ =

= δ − δ∑
 

(4)
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If ( )1h s  and ( )2h s  are two HFLTSs, then:
 – If ( ) ( )1 2s h s h> , then ( ) ( )1 2h hs > s ;
 – If ( ) ( )1 2s h s h= , then
1. If ( ) ( )1 2v h v h= , then ( ) ( )1 2h hs ≈ s ;
2. If ( ) ( )1 2v h v h> , then ( ) ( )1 2h hs < s ;
3. If ( ) ( )1 2v h v h< , then ( ) ( )1 2h hs > s .

2. Linear assignment method with HFLTSs

Classic linear assignment method (LAM) is proposed by Bernardo and Blin (1977). In this 
section, LAM is extended in situations where a group of experts expressed their opinions on 
HFLTSs. Considering a group of K experts, , 1,2, ,ke k K= …  participated in a group decision 
making problem, where a finite set of alternatives { }1 2, , , mA A A A= …  are evaluated upon 
a finite set of criteria { }1 2, , , nC c c c= … . Preferences of experts are stated in a linguistic term 
set { }, , 1,0,1, ,sas = a = −t… − … t . Each expert k expressed his opinion about performance 
of alternative Ai regard to criterion cj using a HFLTS ( )ij

kh s ; therefore, at the first step, in-
dividual decision matrices are obtained as:

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

11 12 1

21 22 2

1 2

n
k k k

n
k k k

k

m m mn
k k k

h h h

h h h
D

h h h

 s s s
 

s s s =  
 
 s s s 





   



. (5)

It is natural that decision makers have different opinions about elements of decision 
matrix. For instance, considering linguistic term set S = {s–3 = none, s–2 = very low, s–1 = 
low, s0 = medium, s1 = high, s2 = very high, s3 = perfect}, one decision maker may believe 
that alternative Ai performed “perfect” at criterion cj (denoted as { }1 3

ijh s= ), while the other 
decision maker appraise its performance as “between medium to very high” (denoted as 

{ }2 0 1 2, ,ijh s s s= ). If they can persuade each other, an aggregated HFLTS is obtained. Other-
wise, their aggregated assessment can be represented as { }0 1 2 3, , ,ijh s s s s= . This method of 
aggregation is proposed and applied by Liao et al. (2014), Farhadnia (2015), the logic behind 
this aggregation operator is designed based on negotiation, consensus and persuasion with-
out any value given to a specific decision maker. Hence, in this step, an aggregated decision 
matrix is composed.

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

11 12 1

21 22 2

1 2

n

n

k

m m mn

h h h

h h h
D

h h h

 s s s
 

s s s =  
 
 s s s 





   



. (6)

Now, the score function of decision matrix elements is computed to form the score func-
tion decision matrix as:
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( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

11 12 1

21 22 2

1 2

n

n

k

m m mn

s h s h s h

s h s h s h
S D

s h s h s h

 
 
 
 =
 
 
  





   



. (7)

Similarly, adopting variance function definition of HFLTS, the variance function decision 
matrix is constructed as:

 

( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

11 12 1

21 22 2

1 2

n

n

k

m m mn

v h v h v h

v h v h v h
V D

v h v h v h

 
 
 
 =
 
 
  





   



. (8)

Afterwards, considering the comparison role given at the last paragraph of section 2, data 
for criteria in both S(Dk) and V(Dk) can be used to formulate a bi-objective linear assignment 
model. The values of score functions in a given criterion j, i.e., ( ) ( ) ( ){ }1 2, , ,j j mjs h s h s h… , can 

be ranked in a descending manner while variance functions, i.e., ( ) ( ) ( ){ }1 2, , ,j j mjv h v h v h… , 
are ranked in an ascending manner. This modeling proceeds considering the situation wheth-
er criteria weight vector ( )1 2, , , nw w w w= …  is predetermined or unknown.

2.1. LAM with predetermined weights

First, let the criteria weight vector ( )1 2, , , nw w w w= …  be known. These weights can be ob-
tained via subjective judgments, pairwise comparisons (Saaty 1977), Entropy (Hwang, Yoon 
1995), LINMAP (Srinivasan, Shocker 1973), factor relation (Ginevičius 2011), or any other 
method. In this way, suppose that an alternative Ai takes rank { }, 1,2, ,l l m∈ …  in jth crite-
rion on score function and takes rank { }, 1,2, ,l l m∈ …′ ′  upon variance function. The set of 
all criteria in which Ai takes rank l is denoted as Cl. 

Correspondingly, if alternative Ai finally occupies the rank l, this decision’s utility will 
be 

l

i
jl

j C
w w

∈

= ∑ . Then as well, for variance function if Ai finally occupies the rank l′ , this 

decision’s utility on variance function will be '
l

i
jl

j C
w w

∈

= ∑ . Considering ranking of all alter-

natives over all criteria’s, S(Dk) and V(Dk) are transformed into the following two matrices, 
respectively,

 

( )

1 1 1
1 2
2 2 2
1 2

1 2

m

m

m m m
m

w w w

w w w
S

w w w

 
 
 P =  
 
  





   

  

(9)
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and

 

( )

1 1 1
1 2
2 2 2
1 2

1 2

' ' '

' ' '
'

' ' '

m

m

m m m
m

w w w

w w w
S

w w w

 
 
 P =  
 
  





   



. (10)

The optimal decision in this case can be determined by solving the below mathematical 
problem:

 { }

1 1

1 1

1

1

max ,

max '

. .

1, 1,2, , ;

1, 1,2, , ;

0,1 , , 1,2, , .

m m
i

ill
i l
m m

i
ill

i l

m

il
i
m

il
l

il

w p

w p

S T

p i m

p l m

p i l m

= =

= =

=

=

= =

= =

∈ =

∑∑

∑∑

∑

∑





  

(11)

To solve this bi-objective assignment problem, a goal programming approach is suggest-
ed. First, two simple linear assignment models are solved by considering different objectives 
of Eq. (11). These models are demonstrated in the following relations:

{ }

1 1

1

1

max

. .

1, 1,2, , ;

1, 1,2, , ;

0,1 , , 1,2, , .

m m
i

ill
i l

m

il
i
m

il
l

il

w p

S T

p l m

p i m

p i l m

= =

=

=

= =

= =

∈ =

∑∑

∑

∑







                     (12)

{ }

1 1

1

1

max '

. .

1, 1,2, , ;

1, 1,2, , ;

0,1 , , 1,2, , .

m m
i

ill
i l

m

il
i
m

il
l

il

w p

S T

p l m

p i m

p i l m

= =

=

=

= =

= =

∈ =

∑∑

∑

∑







(13)

Suppose that solving Eq. (12), the optimal solution obtained as S* and the optimal solu-
tion of Eq. (13) be V*. Therefore, to find the final solution of initial decision making problem, 
the following goal programming model is formulated:
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{ }

1 2

*
1 1

1 1

*
2 2

1 1

1

1

min
. .

;

' ;

1, 1,2, , ;

1, 1,2, , ;

0,1 , , 1,2, , ;

m m
i

ill
i l
m m

i
ill

i l
m

il
i
m

il
l

il

d d
S T

w p d d S

w p d d V

p i m

p l m

p i l m

− −

− +

= =

− +

= =

=

=

+

+ − =

+ − =

= =

= =

∈ =

∑∑

∑∑

∑

∑







 

(14)

Solving the problem in Eq.  (14), the values of 1ilp = , for all , 1,2, ,i i m= …  and 
, 1,2, ,l l m= …  determine the ranking of alternative , 1,2, ,iA i m= … .

2.2. LAM with unknown weights

Occasionally, decision makers don’t have sufficient information to determine the weight 
vector w. In this case, before constructing matrices of P(S) and P′(S), determining w is 
required. Confronting with this problem, the Entropy-based methods can be used to extract 
the weighting vector w from decision matrix directly. Farhadnia (2015) introduced a fam-
ily of Entropy measures that is performable to determine criteria weights. E.g. his Entropy 
measure based on generalized distance is defined as bellow:

 

( )

1

1 1

2 11
2g

m L
l

d
i l

E H
m L

l l

s
= =

 
   δ  = −     t    
 

∑ ∑ . (15)

Considering l = 1, the Entropy-based weights of criteria can be obtained as:

 1

1 j
j m

jj

E
w

m E=

−
=

−∑
. (16)

Farhadnia (2015) also determined different Entropy measures hinged on different dis-
tance measures, like generalized Hausdorff distance, hybrid Hamming distance, and etc. be-
ing applicable to determine the weight vector as well. These weights are applied for decision 
making based on LAM method, as described in previous section. 
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2.3. LAM with HFLTSs algorithm

In this section, the linear assignment method for multi-criteria group decision making under 
HFLTSs is presented.

Step 1. Identify the alternatives set { }1 2, , , mA A A A= …  and criteria set { }1 2, , , nC c c c= … .
Step 2. If the weight vector ( )1 2, , , nw w w w= …  is determined, go to step 3, otherwise go 

to step 9.
Step 3. Using Eqs (3) and (4), respectively, construct the score decision matrix, Eq. (7), 

and variance decision matrix, Eq. (8).
Step 4. Rank columns of score decision matrix in a decreasing manner and variance deci-

sion matrix columns in an increasing manner.
Step 5. Compute 

l

i
jl

j C
w w

∈

= ∑  and '
l

i
jl

j C
w w

∈

= ∑  for alternative Ai if it occupies the rank l 

and l’ in criteria of Cl in score matrix and lC ′  in variance matrix.
Step 6. Construct P(S), Eq. (9), and P′(S), Eq. (10).

Fig. 1. Linear assignment method by HFLTSs
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Step 7. Formulate and solve two linear assignment problems based on Eqs (12) and (13).
Step 8. Formulate and solve the goal programming problem of Eq. (14) to determine 

multi-criteria decision making problem’s solution.
Step 9. Use Farhadnia (Farhadnia 2015) Entropy-based method to determine the weights 

of criteria and back to step 2. 
Figure 1 illustrates the flowchart of this algorithm.

3. Numerical example

In this section, an example is solved when criteria weight vector is predetermined. Liao et al. 
(2014) investigated the problem of a company evaluating five movies 1 2 5, , ,x x x…  based 
on four criteria encompassing story (c1), acting (c2), visuals (c3) and direction (c4). They 
proposed the weighting vector of these four criteria as ( )0.4,0.2,0.2,0.2w = . The company 
expanded the seven point linguistic term set 

s = {s–3 = terrible, s–2 = very bad, s–1 = bad, s0 = medium, s1 = well, s2 = very well, s3 = 
perfect}. If decision makers in the company have different opinions about performance of 
a movie over a given criterion, they try to persuade each other, and if an aggregation isn’t 
achieving, their judgments will be aggregated, as described in section 2. Table 1 presents the 
HFLTSs decision matrix provided by the company. 

Table 1. The hesitant fuzzy linguistic judgment matrix provided by decision organization

Movie c1 c2 c3 c4

m1 {s–2, s–1, s0} {s0, s1} {s0, s1, s2} {s1, s2}
m2 {s0, s1, s2} {s1, s2} {s0, s1} {s0, s1, s2}
m3 {s2, s3} {s1, s2, s3} {s1, s2} {s2}
m4 {s0, s1, s2} {s–1, s0, s1} {s1, s2, s3} {s1, s2}
m5 {s–1, s0} {s0, s1, s2} {s0, s1, s2} {s0, s1}

Considering HFLTS matrix in Table 2, the score and variance decision matrix are ob-
tained as illustrated in Tables 2 and 3, respectively.

Table 2. Score function decision matrix

Movie c1 c2 c3 c4

m1 –1 1/3 1 3/2
m2 1 3/2 1/2 1
m3 5/3 2 3/2 2
m4 1 0 2 3/2
m5 –1/3 1 1 1/3
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Table 3. Variance function decision matrix

Movie c1 c2 c3 c4

m1 1.41 1 1.41 1
m2 1.41 1 1 1.41
m3 1 1.41 1 0
m4 1.41 1.41 1.41 1
m5 1 1.41 1.41 1

Consequent to Table 2, alternatives ranking in different criteria are obtained according 
to Table 4.

Table 4. Ranking alternatives based on score function

Movie c1 c2 c3 c4

m1 5 4 3 2
m2 2 2 5 4
m3 1 1 2 1
m4 2 5 1 2
m5 4 3 3 5

Similarly, ranking upon variance matrix, Table 3, obtained as:

Table 5. Ranking alternatives based on variance function

Movie c1 c2 c3 c4

m1 2 1 2 2
m2 2 1 1 3
m3 1 2 1 1
m4 2 2 2 2
m5 1 2 2 2

Regarding Tables 4 and 5, the following two matrices are constructed.

 

( )

1

2

3

4

5

0 0.1 0.1 0.2 0.4
0 0.4 0 0.2 0.2

0.8 0.2 0 0 0
0.2 0.3 0 0 0.2
0 0 0.3 0.4 0.2

m
m
mS
m
m

 
 
 
 P =
 
 
 
 

.

Consider the value of 0.3 at 5th row and third column of the above matrix. Conforming 
to Table 4, m5 occupied 3rd rank at c2 alone, and at c3 along with m1. Those, if m5 ranked 
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3 finally, it gains 0.2 from c2 and dividing the weight of c3 with m1, it achieves a gain of 0.1 
from c3. Therefore, 5

3w 0.2 0.1 0.3= + = . Equivalently, for variance matrix the ( )Ð S′  is con-
structed. 

 

( )

1

2

3

4

5

0.1 0.216 0 0 0
0.2 0.133 0.2 0 0
0.5 0.066 0 0 0'
0 0.333 0 0 0

0.2 0.2 0 0 0

m
m
mS
m
m

 
 
 
 P =
 
 
 
 

.

Now, the problem in Eq. (12) is formulated as:

 { }

11 12 54 55

11 12 15

21 22 25

51 52 55

11 21 51

12 22 52

15 25 55

max0 0.1 0.4 0.2
. .

1;
1;

1;
1;
1;

1;
0,1 , , 1,2, ,5.il

p p p p
S T
p p p
p p p

p p p
p p p
p p p

p p p
p i l

+ + + +

+ + + =
+ + + =

+ + + =
+ + + =
+ + + =

+ + + =

∈ =





















Solving above problem, S* = 2 is obtained. Substituting the elements of P′(S), the problem in 
Eq. (13) is formulated and V* = 1.033 is attained. Eventually, the goal programming model 
of Eq. (14) is formulated as below:

 { }

1 2

12 13 54 55 1 1

11 12 51 52 2 2

11 12 15

21 22 25

31 32 35

41 42 45

51 52 55

min
. .

0.1 0.1 0.4 0.2 2;

0.1 0.216 0.2 0.2 1.033;
1;
1;
1;
1;
1;

0,1 , , 1,2, ,5.il

d d
S T

p p p p d d

p p p p d d
p p p
p p p
p p p
p p p
p p p
p i l

− −

− +

− +

+

+ + + + + − =

+ + + + + − =
+ + + =
+ + + =
+ + + =
+ + + =
+ + + =

∈ =

















Solving this model, the optimal solution is obtained as * * * * *
15 23 31 42 54 1p p p p p= = = = = . 

On the basis of this result, the ranking of alternatives is 3 4 2 5 1m m m m m> > > > . Liao et al. 
(2014) solved this problem employing different distance functions among HFLTSs. Applying 
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generalized weighted distance measure, generalized weighted Hausdorff distance measure, 
and generalized hybrid weighted distance measure with l = 1, a similar ranking was ob-
tained. Nonetheless, for different distance measures with l = 2, 4, 6, 10, the ranking was 

3 2 4 5 1m m m m m> > > > . It is notable that the results obtained with the proposed method 
completely coincide with Liao et al. (2014) different distance measures when l = 1, while 
there are small differences with other values of l.

Solving the above problem by different methods, the following results are remarkable. 
(1) Rodríguez et  al. (2012) method includes three phases: (1) transformation, (2) ag-

gregation, and (3) exploitation. Applying min-upper and max-lower operators, for 
five alternatives it follows that ( ) { }1 0 1,H m s s=′ , ( ) { }2 1H m s′ = , ( ) { }3 2H m s′ = , 

( ) { }4 1H m s′ = , and ( ) { }5 0H m s′ = . The preference degrees among these intervals 
show that 3 2 4 1 5~m m m m m> > > . 

(2) The idea of likelihood-based comparison of Lee and Chen (2015), first the 1-cut of 

s is ( )( ) 3 31 ,h s s−s =    . Letting ( )( )1ijh m  be the 1-cut of alternative mi in cri-

terion cj, then ( )( )11 2 01 ,h m s s−=    , ( )( )12 0 11 ,h m s s=    , ( )( )13 0 21 ,h m s s=    , 

( )( )14 1 21 ,h m s s=    , ( )( )21 0 21 ,h m s s=    , ( )( )22 1 21 ,h m s s=    , ( )( )23 0 11 ,h m s s=    , 

( )( )24 0 21 ,h m s s=    , ( )( )31 2 31 ,h m s s=    , ( )( )32 1 31 ,h m s s=    , ( )( )33 1 21 ,h m s s=    , 

( )( )34 2 21 ,h m s s=    , ( )( )41 0 21 ,h m s s=    , ( )( )42 1 11 ,h m s s−=    , ( )( )43 1 #1 ,h m s s=    , 

( )( )44 1 21 , ,h m s s=     ( )( )51 1 01 ,h m s s−=    , ( )( )52 0 21 ,h m s s=    , ( )( )53 0 21 ,h m s s=    , 

and ( )( )54 0 11 ,h m s s=    . Based on the HFLWA operator of Lee and Chen (2015), the 

score of alternatives are obtained as ( )1 0.5525R m = , ( )2 0.6352R m = , ( )3 0.8107R m = , 

( )4 0.6531R m = , and ( )5 0.5442R m = , respectively; thus, 3 4 2 1 5m m m m m> > > > .
(3) Using hesitant linguistic weighted average (HLWA) operator of Wei et  al. (2014), 

( ) { }1 1 0 1, ,HLWA m s s s−= ,  ( ) { }2 0 1 2, ,HLWA m s s s= ,  ( ) { }3 1 2,HLWA m s s= , 
( ) { }4 0 1 2, ,HLWA m s s s= , and ( ) { }5 0 1,HLWA m s s= . The alternatives are ranked as 

3 2 4 5 1~m m m m m> > > .
Considering these methods, it is obvious that m3 ranked first employing all methods. 

Nevertheless, Rodríguez et al. (2012) and Wei et al. (2014) methods determined m2 and m4 
as indifferent. The only difference ranking between the proposed method and Lee and Chen 
(2015) are m5 and m1. 

Farhadnia (Farhadnia 2015) moreover analyzed the above problem assuming that criteria 
weight vector is unknown. He determined criteria weight vector using different distances. Using 
ge neralized distance with l = 0.5. This vector is obtained as ( )1 0.2322,0.2343,0.2444,0.2891 .W =  
When l = 1, the weight vector is ( )2 0.2483,0.2345,0.2483,0.2690W =  and for l = 2, this 
vector is ( )3 0.2558,0.2352,0.2522,0.2569W = . Applying these weights, the proposed method 
ranks alternatives as 3 4 2 5 1m m m m m> > > > . Accordingly, the results seem stable regard 
to small changes in criteria weights. It can be considered as an advantage of the proposed 
method, beyond its other advantages as summarized in the conclusion.
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4. A real world application

To illustrate a real world application, one of the most important decisions in the production 
of topographic maps has been considered. Topographic maps show the position of natural 
and man-made features on the ground. These maps are reliable sources of spatial date and 
are widely used in construction and development projects. 

To prepare topographic maps the ground data should be collected from the earth. The 
data gathering process for large scale maps of narrow fields can be done by land survey 
operation; even though, it’s not economic way for producing topographic maps of a broad 
land in terms of time and cost. Under these circumstances, the producers employ aerial 
photography by a specific camera.

Choosing the right camera is a key decision, affects the quality and accuracy of the im-
ages, and the cost of the operation. Although the optimal performance of the aerial camera 
depends on some factors like the flight altitude, intended use of the maps, and also condition 
of the ground in terms of the complexity and density of features; nonetheless, available cam-
era in the market can be compared and evaluated by specified and common criteria. In this 
research, nine cameras are evaluated with regards to eight criteria. The constructed decision 
matrix is shown in Table 6.

Table 6. Decision matrix of camera selection

Brand name Number 
of pixels

Pixel 
size 

(µm)

Focal 
length 
(mm)

Frame 
rate 

(second)

Color 
depth 

(bit per 
color)

FMC After sale 
service

Ease of 
use

Z/I Imaging 
DMC II250

16,768 * 
14,016 5.6 112 2.3 12 Yes {s4, s5} {s5, s6}

VexcelUltra-
Cam-D

11,500 * 
7,500 9 100 1 > 12 Yes {s2, s3} {s4, s5}

VexcelUltra-
Cam_X

14,430 * 
9,420 7.2 100 1.35 > 12 Yes {s2, s3, s4} {s3}

VexcelUltra-
Cam_XP

17,310 * 
11,310 6 100 2 > 12 Yes {s3, s4} {s4, s5}

VexcelUltra-
Cam_Eagle

20,010 * 
13,080 5.2 80, 210 1.8 > 12 Yes {s5, s6} {s4}

DiMAC 10,500 * 
7,200 6.8 55, 80, 

100, 120 1.9 16 Yes {s4, s5, s6} {s2, s3, s4}

Applanix 
DSS

5,436 * 
4,092 9 55 or 35 <3 12 No, not 

required {s2, s3, s4} {s2, s3}

IGI DIGI-
CAM

7,216 * 
5,412 6.8

28, 35, 
50, 80, 

100, 150, 
210, 300

1.9 14 Yes {s6} {s5, s6}

Rollei Metric 
AIC

Up to 
7,228 * 
5,428

6.8 35, 47, 
60, 72 N/A 16 N/A {s3, s4} {s6}
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In the above table,
 – “Number of pixels” stands for the dimension of each digital image frame.
 – “Pixel size” is the physical dimension of any individual pixel in a CCD. 
 – “Frame rate” illustrates the time delay between any two consecutive images captured 
in an aerial photography mission.

 – “Color depth” is the number of bits used to indicate the color of a single pixel.
 – FMC is an acronym for Forward Motion Compensation. It’s a technique employed 
to compensate image blurring occurring as a result of slower shutter speeds, faster 
flight speeds and so on.

Considering HFLTS matrix in Table 6, the score and variance decision matrix are ob-
tained as illustrated in Tables 7 and 8, respectively.

Table 7. Score function decision matrix of camera selection

Brand name Number 
of pixels

Pixel size 
(µm)

Focal 
length 
(mm)

Frame 
rate 

(second)

Color 
depth 

(bit per 
color)

FMC
After 

sale ser-
vice

Ease of 
use

Z/I Imaging 
DMC II250

16,768 * 
14,016 5.6 112 2.3 12 1 4.5 5.5

VexcelUltra-
Cam-D

11,500 * 
7,500 9 100 1 > 12 1 2.5 4.5

VexcelUltra-
Cam_X

14,430 * 
9,420 7.2 100 1.35 > 12 1 3 3

VexcelUltra-
Cam_XP

17,310 * 
11,310 6 100 2 > 12 1 3.5 4.5

VexcelUltra-
Cam_Eagle

20,010 * 
13,080 5.2 145 1.8 > 12 1 5.5 4

DiMAC 10,500 * 
7,200 6.8 88.75 1.9 16 1 5 3

Applanix 
DSS

5,436 * 
4,092 9 45.00 <3 12 0 3 2.5

IGI DIGI-
CAM

7,216 * 
5,412 6.8 119.13 1.9 14 1 6 5.5

Rollei Metric 
AIC

Up to 
7,228 * 
5,428

6.8 53.50 N/A 16 0 3.5 6

Table 8. Variance function matrix of camera selection

Brand name Number 
of pixels

Pixel 
size 

(µm)

Focal 
length 
(mm)

Frame 
rate (se-

cond)

Color depth
(bit per 
color)

FMC
After 
sale 

service

Ease of 
use

Z/I Imaging DMC 
II250

0.0 0.0 0 0.0 0.0 0.0 0.5 0.5

VexcelUltra Cam-D 0.0 0.0 0 0.0 0.0 0.0 0.5 0.5
VexcelUltra Cam_X 0.0 0.0 0 0.0 0.0 0.0 0.82 0
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Brand name Number 
of pixels

Pixel 
size 

(µm)

Focal 
length 
(mm)

Frame 
rate (se-

cond)

Color depth
(bit per 
color)

FMC
After 
sale 

service

Ease of 
use

VexcelUltraCam_XP 0.0 0.0 0 0.0 0.0 0.0 0.5 0.5
VexcelUltraCam_
Eagle 0.0 0.0 91.92 0.0 0.0 0.0 0.5 0

DiMAC 0.0 0.0 27.80 0.0 0.0 0.0 0.82 0.82
Applanix DSS 0.0 0.0 14.14 0.0 0.0 0.0 0.82 0.5
IGI DIGICAM 0.0 0.0 95.61 0.0 0.0 0.0 0 0.5
RolleiMetric AIC 0.0 0.0 256.33 0.0 0.0 0.0 0.5 0

Considering Tables 7 and 8, the following two matrices are constructed.

 

( )

1

2

3

4

5

6

7

8

9

0.002 0.338 0.103 0.192 0.111 0.138 0 0 0
0.196 0 0.094 0.034 0.253 0 0.173 0 0
0.002 0.249 0.010 0.287 0.085 0.087 0 0 0
0.002 0 0.347 0.145 0.225 0 0 0 0
0.358 0.173 0.148 0.169 0 0.111 0 0 0
0.021 0 0.210 0.069 0.272 0.253 0 0 0
0

A
A
A
A
AS
A
A
A
A

P = ;

.056 0.007 0 0.019 0 0.256 0.241 0 0.253
0.175 0.226 0.037 0.069 0 0 0 0.253 0
0.188 0.007 0.037 0 0.087 0.103 0.253 0.138 0

 
 
 
 
 
 
 
 
 
 
 
 
 
  

 

( )

1

2

3

4

5

6

7

8

9

0.062 0.068 0 0.026 0 0 0 0 0
0.062 0.068 0 0.026 0 0 0 0 0
0.118 0 0.058 0.026 0 0 0 0 0
0.062 0.068 0 0.026 0 0 0 0 0
0.118 0.035 0.052 0 0 0 0 0 0
0.062 0.052 0.227 0 0 0 0 0 0
0.062 0.034 0.109 0 0 0 0 0 0
0.338 0.034 0 0 0 0 0 0 0
0.118 0.086 0 0 0 0 0

A
A
A
A
AS
A
A
A
A

P = .

0 0

 
 
 
 
 
 
 
 
 
 
 
 
 
  

Formulating and solving the problems in Eqs (12) and (13), the results are found to be 
S* = 2.595 and V* = 0.677. The goal programming model of Eq. (14) is then formulated as:

End of Table 8
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1 2

11 12 98 99 2 2

11 12 98 99 2 2

11 12 19

21 22 29

91 92 99

11 21 91

12 22 92

19 29 9

min
. .

0.002 0.338 0.138 0 2.595;

0.062 0.068 0 0 0.677;
1;
1;

1;
1;
1;

d d
S T

p p p p d d

p p p p d d
p p p
p p p

p p p
p p p
p p p

p p p

− −

− +

− +

+

+ + + + + − =

+ + + + + − =
+ + + =
+ + + =

+ + + =
+ + + =
+ + + =

+ + +





















{ }
9 1;

0,1 , , 1,2, ,9,ilp i l
=

∈ = 

Solving this model, the optimal solution obtained as * * * *
12 25 34 43p p p p= = = =  

* * * * *
51 66 79 88 97 1p p p p p= = = = = . Based on these results, the ranking of alternatives eventu-

ates as 5 1 4 3 2 6 9 8 7A A A A A A A A A> > > > > > > > . Consequently, according to the pro-
posed method, the best camera is “Vexcel Ultra Cam_Eagle”; furthermore, “Z/I Imaging 
DMC II250” and “Vexcel Ultra Cam_XP” gain the 2nd and 3rd ranks.

5. Qualitative analysis

In the previous section, a problem was solved considering the scheduled method and the 
obtained results are compared with other extended procedures. In view of the features of a 
good decision making method proposed by Saaty and Ergu (2015), the following conclusions 
can be made regarding our recommended method. 

(1) Simplicity of execution. Considering ease of use as a criterion for choosing an 
MADM method, the proposed method seems an appropriate tool without any 
unrecognizable or difficult step. However, the amount of computations required is 
somewhat high. Therefore, the method rates medium in this feature.

(2) Comprehensive structure: breadth and depth. Saaty and Ergu (2015) called an 
MADM method as broad if it contains a number of distinct criteria and deep if 
criteria can broke down to sub-criteria. It is clear that the proposed method is 
broad since it contains several distinct criteria. However, its depth feature can be 
criticized. 

(3) Comprehensive structure consisting of merit substructures. A decision structure is 
comprehensive if it represents a decision problem considering different political, 
social, economic, legal, and etc. criteria. Considering the proposed method, there 
isn’t any limitation to define different criteria.
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(4) Logical, mathematical procedure. The proposed method follows a logical proce-
dure acquiring from linear assignment method. 

(5) Justification of the approach – justifiable axioms. The main features of the pro-
posed method are similar to linear assignment method as a well-known and widely 
accepted method. 

(6) Scales of measurement. The information of the problem is assumed to be in the 
form of HFLTS. 

(7) Synthesis of judgments with merging functions. For group decision making, the 
individual decision matrices can be synthesized. Hence, according to Saaty and 
Ergu (2015), the proposed method gains medium in this criterion.

(8) Ranking of tangibles. Since the arranged method provides a cardinal ranking of 
alternatives, it is ranked high in this criterion.

(9) Generalization to ranking of intangibles. The advised method rated high in this 
criterion since the intangible factors are evaluated using HFLTSs with a great flex-
ibility in translating linguistic variables.

(10) Rank preservation and reversal. Considering non-existence of an exact solution 
for uncertain problems in one hand and possibility of sensitivity analysis in the 
designed method, this feature is evaluated as medium for the proposed method.

(11) Sensitivity analysis. The determined method includes criteria weighting vector and 
alternatives performance as its input parameters. Sensitivity analysis is applicable 
to assess the impact of attribute weights change on ranking of alternatives. Thus, 
it rates medium in this criterion.

(12) Validation of decision problems. The expected method is performable in real-
world problems with tangible and intangible factors. 

(13) Generalizability to dependence and feedback. The method doesn’t consider any 
treat regarding criteria dependence.

(14) Applicability to conflict resolution. As described earlier, decision makers can per-
suade each other to resolve the conflict and if they don’t achieve an agreement, 
their assessments are combined in the form of a HFLTS. Therefore, the proposed 
method rates high in this feature.

(15) Prediction of the outcome of decisions with intangibles. As previously mentioned, 
the proposed method uses advanced and formalized framework of HFLTSs to deal 
with intangibles. The power of HFLTS provides a method of predicting preferences 
of decision makers. Ergo, the method rates medium in this feature.

(16) Trustworthiness and validity of the approach. The planned method works with 
cardinal measurements with a mathematical logical procedure. Resultantly, it rates 
high in this criterion.

Performance of the proposed method on above mentioned criteria are summarized in 
Table 9.
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Table 9. Summarizes the performance of the proposed method regard to the above criteria

Criterion The proposed method  
is rated 

1 Simplicity of execution Medium 
2 Comprehensive structure: breadth and depth Medium
3 Comprehensive structure consisting of merit substructures High 
4 Logical, mathematical procedure High 
5 Justification of the approach – justifiable axioms High 
6 Scales of measurement High 
7 Synthesis of judgments with merging functions Medium
8 Ranking of tangibles High 
9 Generalization to ranking of intangibles High 

10 Rank preservation and reversal Medium 
11 Sensitivity analysis Medium 
12 Validation of decision problems High 
13 Generalizability to dependence and feedback Low 
14 Applicability to conflict resolution High 
15 Prediction of the outcome of decisions with intangibles Medium
16 Trustworthiness and validity of the approach High 

Taking into account the above table and its applications, it seems that the considered 
method is an acceptable method of decision making under uncertainty, both practically and 
theoretically. 

Conclusions

Linguistic variables improve the ability of decision makers in expressing their opinions with 
linguistic terms instead of quantitative values. Ordinal fuzzy sets allow experts to express 
their judgments using a single term, while it is possible that experts hesitate among several 
values. In fact, terms such as “below medium” or “medium to good” are common in human 
recognition. This hesitancy is allowed in hesitant fuzzy linguistic term sets; therefore, these 
sets have played a significant role in human decision making. Several methods are previously 
proposed dealing multi-criteria decision making with HFLTSs. In this paper, linear assign-
ment method is extended for multi-criteria group decision making when experts opinions 
are expressed by HFLTSs. After aggregation of individual decision matrices in a group deci-
sion matrix, using the concept of HFLTS score and variance functions, the HFLTSs based 
MCDM problem is converted to a bi-objective linear assignment method for finding the best 
ranking of alternatives. This multi objective problem is then solved with goal programming. 
Comparison of the results of the contemplated method proved its applicability in MCDM 
problems while it produced results consistent with previous methods. 

The algorithmic scheme of the proposed method can facilitate its application in real world 
decision problems. Furthermore, the mathematical problem of the method can be easily 
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solved with the current package, e.g. Lingo. The prominent advantages of the proposed meth-
od consist of (1) great computational efficiency and simplicity, (2) logical and well-known 
mathematical background, (3) requiring least parameters to be chosen by experts that can in-
fluence the obtained results, (4) applicable to solve decision making problems with mix data 
including exact and ambiguous information (as represented in the real world application of 
Sec. 5) while other methods required all data to be in the form of HFLTS. All in all, compared 
with computational difficulty of previously presented methods, the proposed linear assign-
ment based method can be known as suitable for decision making with hesitant information. 
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