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Abstract. In this paper, we investigate the uncertain multiple attribute group decision making
(MAGDM,) problems in which the attributes and experts are in different priority level. Motivated by
the idea of prioritized aggregation operators (Yager 2008), we develop some prioritized aggregation
operators for aggregating uncertain information, and then apply them to develop some models for
uncertain multiple attribute group decision making (MAGDM) problems in which the attributes
and experts are in different priority level. Finally, a practical example about talent introduction is
given to verify the developed approach and to demonstrate its practicality and effectiveness.
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Introduction

A multiple attribute decision making problem is to find a desirable solution from a finite
number of feasible alternatives assessed on multiple attributes, both quantitative and qualita-
tive (Chen, Lee 2010a, 2010b; Chen, Niou 2011a, 2011b; Merigo, Gil-Lafuente 2009, 2011;
Liu 2009; Merigo 2011b; Xu, Cai 2012; Xu 2002; Yager 1988; Zhang, Liu 2010; Zhou et al.
2012) sion-making (i.e., multi-expert) is a typical decision-making activity where utiliz-
ing several experts alleviate some of the decision-making difficulties due to the problem’s
complexity and uncertainty (Wei 2010a, 2010b, 2011a, 2011b, 2012; Xu, Cai 2012; Ye 2011a,
2011b). However, under many conditions, for the real multiple attribute decision making
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problems, the decision information about alternatives is usually uncertain or fuzzy due to
the increasing complexity of the socio-economic environment and the vagueness of inherent
subjective nature of human think, thus, numerical values are inadequate or insufficient to
model real-life decision problems.

In the literature, many aggregation operators and approaches have been developed to solve
the multiple attribute group decision-making problems with interval numbers as follows.

Xu (2002) investigated the uncertain OWA operator in which the associated weighting
parameters cannot be specified, but value ranges can be obtained and each input argument is
given in the form of an interval of numerical values. The problem of ranking a set of interval
numbers and obtaining the weights associated with the uncertain OWA operator is studied.

Xu (2010) developed some uncertain Bonferroni mean operators, and then combined
them with the well-known ordered weighted averaging operator and Choquet integral
respectively for aggregating uncertain information. They also gave their applications to
multi-criteria decision making under uncertainty, and finally, some possible extensions for
further research are discussed.

Merigo (2011a) presented the uncertain probabilistic weighted average (UPWA) which its
main advantage is that it unifies the probability and the weighted average in the same formu-
lation and considering the degree of importance that each case has in the analysis. Moreover,
it is able to deal with uncertain environments represented in the form of interval numbers.

Merigo and Casanovas (2011a) presented the uncertain induced quasi-arithmetic OWA
(Quasi-UIOWA) operator which is an extension of the OWA operator that uses the main
characteristics of the induced OWA (IOWA), the quasi-arithmetic OWA (Quasi-OWA) and
the uncertain OWA (UOWA) operator. Thus, this generalization uses quasi-arithmetic means,
order inducing variables in the reordering process and uncertain information represented by
interval numbers. A key feature of the Quasi-UIOWA operator is that it generalizes a wide
range of aggregation operators such as the uncertain quasi-arithmetic mean, the uncertain
weighted quasi-arithmetic mean, the UOWA, the uncertain weighted generalized mean, the
uncertain induced generalized OWA (UIGOWA), the Quasi-UOWA, the uncertain IOWA,
the uncertain induced ordered weighted geometric (UIOWG), and the uncertain induced
ordered weighted quadratic averaging (UIOWQA) operator. They studied some of the main
properties of this approach including how to obtain a wide range of particular cases. They
further generalized the Quasi-UIOWA operator by using discrete Choquet integrals.

Merigo and Casanovas (2011b) analyzed in detail the ordered weighted averaging (OWA)
operator and some of the extensions developed about it and developed some new extensions
about the OWA operator such as the induced heavy OWA (IHOWA) operator, the uncertain
heavy OWA (UHOWA) operator and the uncertain induced heavy OWA (UTHOWA) op-
erator. For these three new extensions, they considered some of their main properties and a
wide range of special cases found in the weighting vector such as the heavy weighted average
(HWA) and the uncertain heavy weighted average (UHWA). They further generalized these
models by using generalized and quasi-arithmetic means obtaining the generalized heavy
weighted average (GHWA), the induced generalized HOWA (IGHOWA) and the uncertain
IGHOWA (UIGHOWA) operator.
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Merigo and Casanovas (2011c) introduced the uncertain generalized OWA (UGOWA)
operator which is an extension of the OWA operator that uses generalized means and uncer-
tain information represented as interval numbers. By using UGOWA, it is possible to obtain
a wide range of uncertain aggregation operators such as the uncertain average (UA), the
uncertain weighted average (UWA), the uncertain OWA (UOWA) operator, the uncertain
ordered weighted geometric (UOWG) operator, the uncertain ordered weighted quadratic
averaging (UOWQA) operator, the uncertain generalized mean (UGM), and many special-
ized operators. They studied some of its main properties, and they further generalized the
UGOWA operator using quasi-arithmetic means.

Merigo and Wei (2011) presented the uncertain probabilistic ordered weighted averaging
(UPOWA) operator. It is an aggregation operator that used probabilities and OWA operat-
ors in the same formulation considering the degree of importance of each concept in the
analysis. Moreover, it also used uncertain information assessed with interval numbers in the
aggregation process. The main advantage of this aggregation operator is that it is able to use
the attitudinal character of the decision maker and the available probabilistic information in
an environment where the information is very imprecise and can be assessed with interval
numbers. They studied some of its main properties and particular cases such as the uncertain
probabilistic aggregation (UPA) and the uncertain OWA (UOWA) operator.

Merigo et al. (2012) developed a new decision making approach for dealing with uncer-
tain information and apply it in tourism management. They proposed the uncertain induced
ordered weighted averaging — weighted averaging (UIOWAWA) operator and studied some of
the main advantages and properties of the new aggregation such as the uncertain arithmetic
UIOWA (UA-UIOWA) and the uncertain arithmetic UWA (UAUWA). They studied its applic-
ability in a multi-person decision making problem concerning the selection of holiday trips.

Merigo and Casanovas (2011c¢) extended the generalized ordered weighted averaging op-
erator and provide a new class of operators called the uncertain generalized ordered weighted
averaging (UGOWA) operator. It provides a very general formulation that includes as special
cases a wide range of aggregation operators and aggregates the input arguments taking the
form of intervals rather than exact numbers. They further generalize the UGOWA operator
to obtain the uncertain generalized hybrid averaging operator, the quasi uncertain ordered
weighted averaging operator and the uncertain generalized Choquet integral aggregation
operator.

From above analysis, we can see that interval numbers is a very useful tool to deal with
uncertainty. More and more multiple attribute group decision making theories and methods
under uncertain environment have been developed. Current methods are under the assump-
tion that the attributes and the decision makers are at the same priority level. However, in
many real and practical multiple attribute group decision making problems, attributes and
decision makers have different priority level commonly. To overcome this drawback, Mo-
tivated by the ideal of prioritized aggregation operators (Yager 2008, 2009), in this paper, we
propose some uncertain prioritized aggregation operators: uncertain prioritized weighted
average (UPWA) operator, uncertain prioritized weighted geometric (UPWG) operator
and uncertain prioritized weighted harmonic average (UPWHA) operator. The promin-
ent characteristic of these proposed operators is that they take into account prioritization
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among the attributes and experts. Then, we have utilized these operators to develop some
approaches to solve the uncertain multiple attribute group decision making problems in
which the attributes and experts are in different priority level. To do so, the remainder of
this paper is set out as follows. In the next section, we introduce some basic concepts related
to interval numbers and some operational laws of interval numbers. In Section 2 we have
developed some uncertain prioritized aggregation operators: uncertain prioritized weighted
average (UPWA) operator, uncertain prioritized weighted geometric (UPWG) operator and
uncertain prioritized weighted harmonic average (UPWHA) operator and studied some de-
sirable properties of the proposed operator. The prominent characteristic of these proposed
operators is that they take into account prioritization among the attributes and experts. In
Section 3, we have applied these operators to develop some models for uncertain multiple
attribute group decision making (MAGDM) problems in which the attributes and experts
are in different priority level. In Section 4, a practical example about talent introduction is
given to verify the developed approach and to demonstrate its practicality and effectiveness.
In the last section, we conclude the paper and give some remarks.

1. Preliminaries

1.1. Interval numbers

In the following, we briefly describe some basic concepts and basic operational laws related

to interval numbers.

Leta= [aL,aUJ = {x‘aL <x<a¥ }, then 4 is called an interval number. If 0 < gL <4V,
then a is called a positive interval number (Xu 2002).

Consider any two positive interval number a = [aL ,aUJ and b= [bL,bUJ he [0,1} , we

define their operational laws as follows (Xu 2002):
1) a+b=[al,a" |+[bt,bV |=[a" +b",a +bV];
2) Ad= [xaL,mU] ;

3) @k =[(aL ) (av )k}

-b=[al -bE,aV bV ];

al aY
TP |
Definition 1 (Xu 2002). Leta, = [alL,aIU ] and a, = [aZL,ag ] be two interval numbers,
U

and let len(él) = a{] - alL , len(&2 ) =a;
defined as:

4)

DN

5)

S|

—al , then the degree of possibility of @, >a, is

max(O,len(Ez1 )+len(a, ) - max(O,aéJ —atb ))

len(ﬁ1 ) + len(&z)
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From Definition 1, we can easily get the following results easily:
1) 0<p(a; >a,)<1,0< p(a, >a,)<1;
2) p(a,2a,)+p(a, >a,)=1 Especially, p(a, >a,)=p(a, 2a,)=0.5.
Definition 2. If 4= [aL,aU] = {x‘aL <x< aU} is interval number, then the expected
value of 4 is: .
E(a):E(aL +aU), ()

1.2. Prioritized Average (PA) operator

The Prioritized Average (PA) operator was originally introduced by Yager (2008), which was
defined as follows:

Definition 3 (Yager 2008). Let G = {G1 ,Gyes Gy, } bea collection of attribute and that there
is a prioritization between the attribute expressed by the linear ordering G, > G, > G;--->G,,,
indicate attribute G; hasa higher priority than Gy, if j <k. The value G; (x) is the performance
of any alternative X under attribute G;, and satisfies G; (x) € [0,1]. If:

PA(G,(+)) = G, (). ®

T. j-1
- ! T] = HGk (x)(j =2, -,n), T =1.Then PA is called the prioritized average

2T =
=1

(PA) operato;.

where w j =

2. Uncertain prioritized Aggregation operators

2.1. Uncertain prioritized weighted average (UPWA) operator

The prioritized average (Yager 2008) operators, however, have usually been used in situ-
ations where the input arguments are the exact values. We shall extend the PA operators to
accommodate the situations where the input arguments are interval numbers information.
In this section, we shall investigate the PA operator under interval number environments.
Based on Definition 3, we give the definition of the uncertain prioritized weighted average
(UPWA) operator as follows:

Definition 4. Let 4; =| af,a} ](] =1,2,+-,n) beaset of interval numbers, then we define

the uncertain prioritized weighted average (UPWA) operator as follows:

UPWA(ay,dy,->d, )= nTl a1®nié2@---@ nT” a,, (4)
20 2T 27
j=1 j=1 j=1

j-1
where T; = HE(ﬁk )(] =2, -,n), T, =1and E(Zlk) is the expected value of a; = [a,%,a}(] J
k=1
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Based on operations of the interval numbers described in Section 2, we can drive the
Theorem 1.

Theorem 1. Let 4; —[ aj,a; }( j=L2,- ,n) be a set of interval numbers, then their ag-
gregated value by using the UPWA operator is also an interval number, and

UPWA(ay,ay, -4, ) =
L L

-

=1 c =1 c
- ZTJ & ZTJ

-1
where T; HE(ak )(] 2,0 ) T, =1 and E(ﬁk ) is the expected value of a; = [a,%,a}(]] .
k=1
It can be easily proved that the UPWA operator has the following properties.

Theorem 2. (Idempotency) Let a; = [a ia; }( j=12, ,n) be a set of interval numbers,
j-1

where T; —HE(ak)(j=2,---,n) T, =1 and E(ak) is the expected value of a; —[ak ay } If

k=1

all a; (] L2, ,n) are equal, i.e. a;

;= a for all j, then:

UPWA(ay,dy,-a, ) =a. (6)
Theorem 3 (Boundedness) Let a: —[ ]L,a? }( j=12,- -,n) be a set of interval numbers,

where T; HE(ak)(] 2, ,n) T, =1 and E(ék) is the expected value of a4, 2[61,%,{1,&]},

k=1
and let

a~ =mind. =| minal, mina? |;
p ] ] ]
j j j

at =maxa. =| maxal,maxa¥
axd; Ardj j
j j j

Then:

a~ SUPWA(ay,dy,--a, ) <a*. (7)

(t+1) 5 (1) ~r U
Theorem 4. (Monotonicity) Let a aj and a; —[a] a; J(] —1,2,---,11) be two

j—l j-1
set of interval numbers, where T] :pE(dk ),T]’ = ! E(&,’c )(] = 2,'--,n), T, =T/ =1, E(&k)
=1 =1
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is the expected value of a; = [aﬁ,a?}, E(ay,) is the expected value of :[a,'cL,a,'cU], if
- . _
a; <aj, for all j, then:

UPWA(dy,dy, -4, ) SUPWA(a],a5,-ay, ). (8)

2.2. Uncertain prioritized weighted geometric (UPWG) operator

Based on the UPWA operator and the geometric mean, here we define a uncertain prioritized
weighted geometric (UPWG) operator:

Definition 5. Let a; = [a 7:4; J( j=L2, ) be a set of interval numbers, then we define

the uncertain prioritized welghted geometric (UPWG) operator as follows:
4 Tz Tn

"o T
UPWG(&l,d2,~~~,&n)=ﬁlzf:1 ' ®a, . ®a, , )

-1
where T; HE(ak )(] 2, ,n) T, =1 and E(ak) is the expected value of a; —[ak N J
k=1
Based on operations of the interval numbers described in Section 2, we can drive the
Theorem 5.

Theorem 5. Let a; = [aj a; J(] =12, ,n) be a set of interval numbers, then their ag-

gregated value by using the UPWG operator is also an interval number, and

UPWG(ay,dy,+»d, )=

4 5 L)
a, Z;Tj ®a, z;l:lTJ' ®---®4 Z:'l:le = (10)
T
H( )21 o H( ) TGP

j=1

j-1
where T; = HE(&k )(] =2, -,n), T, =1 and E(&k ) is the expected value of g; = [a,%,a,((] J
k=1
It can be easily proved that the UPWG operator has the following properties.

Theorem 6. (Idempotency) Let a; —[ aj,a; }( j=12,- ,n) be a set of interval numbers,
j-1
where T; HE(ak)(] 2, ,n) T, =1 and E(ak) is the expected value of g, —[ak,ak ]
=1
Ifall g, (] 12 . ,n) are equal, i.e. a; =a for all j, then:

UPWG(ay,ay, -4, ) =a. (11)
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Theorem 7. (Boundedness) Let &j = [af ,ay ](] =12, -,n) be a set of interval numbers,
-1

where T; HE(ak)(] 2, ,n) T, =1 and E(sz)is the expected value of a; =[a{;,a}€]],

k=1
and let

4~ =mind. =| minal,mina? |;
nd; joERe
j j j

at =maxa, =| maxat,maxa¥
rdj j j
) j j

Then:
a~ SUPWG(ay,ay,--d, ) <a* . (12)

L U s _| oo
Theorem 8. (Monotonicity) Let a; —[a] 4; } and a; —[a] a; }(]_1,2,...,;1) be two

set of interval numbers, where T; HE(ﬁk ), T;= HE( )( -,n), T, =T=1, E(&k)
k=1
is the expected value of a; —[ak ay ], E( ) is the expected value of a; —[ak ,ay ] if

aj < aj , for all j, then:

UPWG(ay,dy, - »a, | SUPWG(a],aj,-ay, ). (13)

2.3. Uncertain prioritized weighted harmonic average (UPWHA) operator

Based on the UPWA operator and the harmonic average (Chen et al. 2004), here we define
the uncertain prioritized weighted harmonic average (UPWHA) operator:

Definition 6. Let a i —[ aj,a; }( j=12, ,n) be a set of interval numbers, then we define

the uncertain prioritized weighted harmonic average (UPWHA) operator as follows:

O ~ 1
UPWHA(ay,dy,d,, ) = T T T (14)

n n n
2T 2T 27
W W e WU W
4 a, a,

-1

where T; :HE(&k )(] =2,~-~,n), T, =1and E(&k) is the expected value of a; =[a,€,a£} .
k=1

Based on operations of the interval numbers described in Section 2, we can drive the
Theorem 9.
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Theorem 9. Let &j —[ aj,a; :|(] =12, ) be a set of interval numbers, then their

aggregated value by using the UPWA operator is also an interval number, and

UPWHA(ay,d,,+4, ) =

_“1 a, ) a, (15)
1 1
T T
n n
S
j= j
DEae

k=1
It can be easily proved that the UPWHA operator has the following properties
’Iheorem 10 (Idempotency) Let 51 = [ L

j-1
where T; = HE(Elk )(] :2,~-,n), T, =1and E(&k) is the expected value of a; = [a,f,a,g]

](j =12, ',n) be a set of interval numbers,

where T; HE(ak)(] 2, ,n) T, =1 and E(ak) is the expected value of a; —[ak ay ] If
k=1

all a; (] L2, ,n) are equal, i.e. a; =a for all j, then:

UPWHA(ay,dy,++d, ) =a. (16)

Theorem 11. (Boundedness) Let a ! —[ aj,a; J( j=12, ,n) be a set of interval numbers,
-1

where T; HE(ak)(] 2, ), T, =1and E(&k) is the expected value of g, z[a{;,alg] ,
k=1
and let
a- =min&j [mlna] ,mina?:|;
j J j
at =maxa, {maxa ,maxau}.
: j Jj : ]
] ) )
Then:

a~ <UPWHA(ay,ay, -+, ) <at . (17)
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.. ~ _| L U S — 4L 4'U | 7=
Theorem 12. (Monotonicity) Let aj —[a» as ] and a; —[aj 4 ](]—1,2, ,n) be two

7127
j-1 j-1
set of interval numbers, where TJ = yE(&k ), Tj' = g[E(&,’c )(] =2, -,n), T, =T=1, E(Elk)
=1 =1

is the expected value of d; = [a,f,a,?], E(ay) is the expected value of a; = [a,’cL,a,'cUJ , if
a; <aj,forall j, then:
UPWHA(ay,d,, -4, ) <UPWHA(a[,a5,-dy, ) - (18)

n

3. An approach to multiple attribute group decision making
with interval numbers information

In this section, we shall utilize the prioritized aggregation operators to multiple attribute
group decision making.

For a multiple attribute group decision making problems with interval numbers in-
formation, let X = {XI,XZ,- . ~,Xm} be a discrete set of alternatives, Let G = {GI,GZ,- . ~,Gn}
be a collection of attribute and that there is a prioritization between the attribute ex-
pressed by the linear ordering G, -G, - G;----G,, indicate attribute G; has a higher
priority than G, if j<s, and let D :{DI,DZ,-u,Dt} be the set of decision makers and
that there is a prioritization between the attribute expressed by the linear ordering

D, - D, > Dj-- > D, , indicate attribute D, hasahigher priority than G,, if n<y. Suppose

~ k k
that A, = (ﬁl(jk)j = {(“z’? )( ) ,(afj] )( )} is the multiple attribute group decision making
mxn mxn

matrix, where &l(jk) is an attribute value, which take the form of interval number, given by
the decision maker Dy € D, for the alternative X; € X with respect to the attribute G; €G.

Then, we utilize the UPWA (or UPWG, UPWHA) operator to develop an approach to
multiple attribute group decision making problems with interval number information, which

()

3

~ k k
in the matrix R, = (?U(k)) (ﬁ](k) = [(ryL )( ) ,(ri]U )( )D using the following formulas:
mxn

can be described as following:

Step 1. Normalize each attribute value ; ’ in the matrix A, into a corresponding element

()" =(ef) et
() =(eg )" et

i=12,m, j=1,2,--,n, k=1,2,---,t. (19)

, for benefit attribute G It
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) (o) ) & o)
) =) S )

, for cost attribute Gj,

i=12,m, j=1,2,,n, k=12,-+t. (20)
Step 2. Calculate the values of T (k 2, ) as follows:
k-1
E( j t)s (21)
A=l
Tij =1. (22)

Step 3. Utilize the decision information given in matrix R;, and the UPWA operator:

’7"_(1]’1]) UPWA( =(1) (2) . ;(f)):

ij Tij ol STy
(1) (2) (t
T T
B el oot
k k
>y Z )
k=1 k=1
, Egk)(rsz)(k) , 7:§k)(n§;)(k)
,;f(m’; SO
DL A
k=1 k=1
i=1,2m, j=1,2,-n. (23)
Or the UPWG operator:
i =(rk¥ )= UPWG(,J(),,(Z), ,rl](t)j=
(8 )50 @77 |00 -0 )31 -
k=1 k=1 k=1
Ti}(_k) Tl](k)
: (k) : (k) &
) 10 ) J
k=1 k=1 k=1 k=1

=12, j=1,2,- 0. (24)
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Or the UPWHA operator:
- (1) -(2) (¢
1

/S 1S /s

k=1 k=1 k=1
@ @---®
7 72 )
ij ij j

=12, j =12,

129

(25)

to aggregate all the individual decision matrices R (k =12, -,t) into the collective decision

matrix R=(?,-~) =[a1§,a§j]] S i=1,2,m, j=12,
mxn mxn

Step 4. Calculate the values of Tj; (i =12,--,m, j=2,- -,n) as follows:
T, = E(fix)(i=1’2""’m’j=2»“"”);

T, =1i=12--m.

1

(26)

(27)

Step 5. Aggregate all interval numbers into preference value 7; ( j=L2,- -,n) by using the

uncertain prioritized weighted average (UPWA) operator:

i =(rhanV ) =UPWA(fy gy ) =

T. T T.

il = 2 = in_ =~
S @1, @ @1y
2:72 7? E:Tb
j=1 j=1 j=1

n Tyl n

Tt ZTl}rIJ
b b
j=1 j=1
DR IERDN
j=1 j=1

(28)
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Or the uncertain prioritized weighted geometric (UPWG) operator:

o= (rh U ) = UPWG 7y gy ) =

Ty Ty Tin
n n n
Z ij
1 > j=1 —
11 ®r121 ® Q7. i =

(29)
Or the uncertain prioritized weighted harmonic average (UPWHA) operator:
77i=(r’ ) UWHA (11’ Tig>" zn)
FPWHA(dy,dy,»d, )
1 p—
T T Tin
n n n
2L 2T 2T
E ol 0. .0X
T Ti2 _ in
1 1
TR
n n
n ZTU n ZT’]
X2
==
i=12,---,m (30)

to derive the overall interval numbers preference values 7, ( =12,

) of the alternative A;.
Step 6. To rank these collective overall preference values 7, (

=1, 2 ,m), we first compare
each a; with all the 7 ( j=12,- ,m) by using Eq. (1). For simplicity, we let p;; = p(f 7 )

21 ),
then we develop a complementary matrix as P ={ p; » where p; >0, p;+p; =1

Xm
Pii = 05, i,j =1,2,---,n

>
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Summing all the elements in each line of matrix P, we have:
m
Pi= ppi=120m.
j=1

Then we rank the collective overall preference values 7, (i =12, -,m) in descending order
in accordance with the values of p; (z' =12, -,m) .

Step 7. Rank all the alternatives A, (i =12, -,m) and select the best one(s) in accordance
with the collective overall preference values 7, (i =12, ~,m) .

Step 8. End.

4. Numerical example

In order to strengthen the construction projects selection, promote the building of construc-
tion projects selection, the construction companies of management in a city wants to select
the prospect construction projects. This selection has been raised great attention from the
construction project president D, dean of construction project D,, and engineer office D;
sets up the panel of decision makers which will take the whole responsibility for this se-
lection. They made strict evaluation for 5 prospect construction projects X; (i = 1,2,3,4,5)
according to the following four attributes: @ G, is the safety; @ G, is the product quality;
® G, is the duration; @ G, is the cost. Construction project president have the absolute
priority for decision making, dean of the construction project comes next. Besides, this
selection will be in strict accordance with the principle of combine ability with political
integrity. The prioritization relationship for the criteria is as below, G, > G, > G; = G, . The
five prospect construction projects X (i = 1,2,3,4,5) are to be evaluated using the 0-1 scale
by the three decision makers D, (k = 1,2,3) under the above four attributes, and construct,
respectively, the uncertain decision matrices are shown in Tables 1-3:

Table 1. Decision matrix Al

G, G, G, G,
X, [0.80, 0.90] [0.72, 0.80] [0.91, 0.96] (0.62, 0.68]
X, [0.88, 0.93] [0.67, 0.83] [0.60, 0.70] (0.69, 0.75]
X, [0.95, 0.98] [0.90, 0.95] [0.77,0.82] (0.93, 0.96]
X, [0.82, 0.88] [0.97, 1.00] (0.98, 1.00] (0.97, 1.00]
X [0.78, 0.81] [0.78, 0.81] (0.83, 0.88] (0.94, 0.99]

w

Table 2. Decision matrix Az

G, G, G, G,
X, [0.75, 0.85] [0.67, 0.75] [0.86, 0.91] [0.57, 0.63]
X, [0.83, 0.88] (0.62, 0.78] [0.55, 0.60] (0.64, 0.70]
X, [0.90, 0.93] (0.85, 0.90] (0.72, 0.77] (0.88,0.91]
X, (0.77, 0.83] (0.92, 0.95] (0.93, 0.95] (0.92, 0.95]
X [0.73, 0.76] (0.73, 0.76] [0.78, 0.86] (0.89, 0.90]

o
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Table 3. Decision matrix A3

G, G, G, G,
X, [0.72, 0.82] [0.64, 0.72] (0.83, 0.88] (0.54, 0.60]
X, [0.80, 0.85] [0.59, 0.75] (0.52, 0.62] (0.61, 0.67]
X, [0.87, 0.90] (0.82, 0.87] (0.69, 0.74] (0.85, 0.88]
X, [0.74, 0.80] [0.89, 0.92] [0.90, 0.92] [0.89, 0.92]
X [0.70, 0.73] [0.70, 0.73] [0.75, 0.80] [0.86, 0.91]

o

Taking into account all the attributes dimensional consistent, for convenience, we needn't
normalize decision matrix R;. Then, in order to select the most desirable candidate, we utilize
the UPWA operator to develop an approach to multiple attribute group decision making
problems with interval numbers information, which can be described as following:

Step 1. Because all the attribute values are ranged from 0-1, so we needn’t normalize the
decision matrices R, .

ili (1) 72 70

Step 2. Utilize (21)-(22) to calculate the Tij , Tij , le :

1)) -

—_ = = =
—_ = = =
—_ = = =
—_— = = =
[ T T = T =

[0.850 0.760 0.935 0.650 |
0.905 0.750 0.650 0.720
1" = 0.965 0925 0795 0945 |,
0.850 0.985 0.990 0.985
0.795 0.795 0.855 0.965

[0.680 0.540 0.827 0.390 |
0774 0525 0374  0.482
Tf) =0.883 0.809 0.592 0.846
0.680 0921 0931 0.921
0.592  0.592 0.701 0.864

Step 3. Utilize the decision information given in matrix R,, and the UPWA operator to

aggregate all the individual decision matrices R (k = 1,2,3) into the collective decision matrix

R= (;71] )5X4 = [“z’lj ’aiS'] ]5x4. The aggregating results are shown in Table 4.
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Table 4. Decision matrix R

G G G G

1 2 3 4

X, [0.762, 0.862] [0.685, 0.765] [0.869, 0.919] [0.589, 0.649]
X, [0.840, 0.890] [0.635, 0.795] [0.569, 0.653] [0.656, 0.716]
X, [0.908, 0.938] [0.859, 0.909] [0.734, 0.784] [0.889,0.919]
X, [0.782, 0.842] [0.928, 0.958] [0.938, 0.958] [0.928, 0.958]
X [0.744, 0.774] [0.744, 0.774] [0.791, 0.851] [0.899, 0.935]

[

Step 4. Utilize (26)-(27) to calculate the values of Tij (i =12,--,m,j=2, -,n) as follows:

[1.000 0812 0.725 0.894 |
1.000 0.865 0.715 0.611
T;=|1.000 0923 0.884 0.759
1.000 0.812 0943 0.948

1.000 0759 0.759  0.821

Step 5. Aggregate all interval numbers 7; ( j=L2,- ~,n) by using the uncertain prioritized
weighted average (UPWA) operator to derive the overall interval numbers Fl(z =12, ',m)
of the prospect construction projects A;:

7 =[0.731,0.808 ], 7 =[ 0.695,0.787 |, 7, =[ 0.849,0.889 |,
7, =[ 0.886,0.923], 7 =[ 0.779,0.817 .

Step 6. Rank these preference degrees 7, (i = 1,2,3,4,5), we first compare each 7, with all
the 7; ( j= 1,2,3,4,5) by using Eq. (1), and then develop a complementary matrix:

[0.500 0.667 0.000 0.000 0.250]
0333 0.500 0.000 0.000 0.060
P=|1.000 1.000 0.500 0.044 1.000
1.000  1.000 0956 0.500 1.000
0.750  0.940 0.000 0.000  0.500

Summing all the elements in each line of matrix P, we have:

Py =1.148, p, =0.893, p; =3.544, p, = 4.456, p; =2.190.

Then we rank the preference degree ?1(1 = 1,2,3,4,5) in descending order in accordance
with the values of p; (i = 1,2,~~~,5): Ty =Ty =15 =1 =1y

Step 7. Rank all the all the construction project A; (i =12, -,5) in accordance with the
preference degree fl(l =12, «,5): Ay~ Ay~ A; - A = A,, and thus the most desirable all
the construction projectis A,.
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Based on the UPWG operator, then, in order to select the most desirable prospect con-
struction project, we can develop an approach to multiple attribute group decision making

problems with interval numbers information, which can be described as following:

Step 1. See Step 1.
Step 2'. See Step 2.

Step 3'. Utilize the decision information given in matrix R, , and the UPWG operator
to aggregate all the individual decision matrices R; (k = 1,2,3) into the collective decision

matrix R={7 )5X4 = [aéf,ag Lx4. The aggregating results are shown in Table 5.
Table 5. Decision matrix R
G, G G, G,

X, [0.761, 0.861] [0.684, 0.764] [0.868, 0.919] [0.588, 0.648]
X, [0.839, 0.889] [0.634, 0.794] [0.568, 0.651] [0.655, 0.715]
X, [0.908, 0.938] [0.859, 0.909] [0.733, 0.783] [0.888, 0.918]
X, [0.781, 0.841] [0.927, 0.957] [0.937, 0.957] [0.927, 0.957]
X [0.743, 0.773] [0.743, 0.773] [0.791, 0.851] [0.898, 0.934]

o

Step 4'. Utilize (26)-(27) to calculate the values of Tij (i =12,--,m,j=2, ~,n) as follows:

[1.000 0811 0724 0.894 |
1.000 0.864 0.714 0.610
T;=|1.000 0923 0884 0758
1.000  0.811 0.942 0.947
1.000 0758 0.758  0.821

Step 5. Aggregate all interval numbers 7; ( j=L2,- ~,n) by using the uncertain prioritized
weighted geometric (UPWG) operator to derive the overall interval numbers 7 (i =12, ~,m)

of the construction projects A; :

7 =[0.724,0.802 ], 7, =[ 0.686,0.781], 7, =[ 0.845,0.886 |,

7, =[0.882,0.920 |, 7; =[0.777,0.814 .

Step 6’. Rank these preference degrees 7; (i = 1,2,3,4,5) , we first compare each 7; withall

the 7; ( j= 1,2,3,4,5) by using Eq. (1), and then develop a complementary matrix:

[0.500
0.328
1.000
1.000

0.780

0.672
0.500
1.000
1.000
0.968

0.000
0.000
0.500
0.949
0.000

0.000
0.000
0.051
0.500
0.000

0.220
0.032
1.000
1.000
0.500
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Summing all the elements in each line of matrix P, we have:

P, =1.391, p, =0.860, py =3.551, p, = 4.449, ps =2.249.

Then we rank the preference degree Fl(z = 1,2,3,4,5) in descending order in accordance
with the values of p,(i=1,2,+,5): 7y =7 =75 =7, = 7.

Step 7'. Rank all the all the construction projects A; (i = l,2,--~,5) in accordance with
the preference degree 171(1 =12, ~,5) 1A, = Ay - Ag - A - A, , and thus the most desirable
construction projectis A, .

Based on the UPWHA operator, then, in order to select the most desirable construction
project, we can develop an approach to multiple attribute group decision making problems
with interval numbers, which can be described as following:

Step 1", See Step 1.

Step 2"". Utilize the decision information given in matrix R , and the UPWHA operator
to aggregate all the individual decision matrices R, (k = 1,2,3) into the collective decision

matrix R = fl]> = [aé .ay | . The aggregating results are shown in Table 6.
5x4 5x4
Table 6. Decision matrix R
G, G, G, G,
X, [0.760, 0.860] [0.683, 0.763] [0.868, 0.918] [0.587, 0.647]
X, 0.839, 0.889] [0.633, 0.793] [0.567, 0.650] (0.654, 0.715]
X, (0.907, 0.937] [0.858, 0.908] [0.736, 0.786] 0.888, 0.918]
X, [0.780, 0.840] [0.927,0.957] [0.936, 0.956] [0.927, 0.957]
X (0.742, 0.772] (0.742,0.772] [0.790, 0.850] (0.897, 0.933]

w

Step 3"'. Utilize (26)-(27) to calculate the values of Tij (i =1,2,---,m,j=2,- -,n) as follows:

(1.000 0.810 0.723 0.893 |
1.000 0.864 0.714  0.609
T;=[1.000 0922 0.883 0757

1.000  0.810 0.942  0.946
11,000 0757 0757  0.820

Step 4”'. Aggregate all interval numbers 7; ( j=L2,- ~,n) by using the uncertain priorit-
ized weighted harmonic average (UPWHA) operator to derive the overall interval numbers
7 (i =12, -,m) of the prospect construction projects A;:

7 =[0.718,0.795 |, 7, =[ 0.677,0.774 |, 7 =[ 0.842,0.883 ],
7, =[0.879,0.918 ], 7; =[0.774,0.811].
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Step 5”. Rank these preference degreer, (i = 1,2,3,4,5) , we first compare each 7; with all
the 7; ( j= 1,2,3,4,5) by using Eq. (1), and then develop a complementary matrix:

[0.500 0.675 0.000 0.000 0.186
0.325 0.500 0.000 0.000 0.002
P=|1.000 1.000 0.500 0.058 1.000
1.000  1.000 0.942 0.500 1.000
0.814 0.998 0.000 0.000 0.500

Summing all the elements in each line of matrix P, we have:
p =1.131, p, =0.827, p, =3.558, p, = 4.442, p; =2.312.

Then we rank the preference degree 7, (i = 1,2,3,4,5) in descending order in accordance
with the values of p; (i =12, -,5) TR TRl (el O

Step 6”. Rank all the construction projects A, (i =12, -,5) in accordance with the
preference degree 771(1 = 1,2,-~-,5): Ay = Ay~ A = A > A,, and thus the most desirable
construction projectis A, .

In this section, we have proposed three approaches to solve the uncertain multiple attribute
group decision making problems in which the attributes and experts are in different priority
level. From the above analysis, we can see that the main advantages of the proposed operators
and approaches over the traditional uncertain aggregation operators and approaches are not
only due to the fact that our operators accommodate the interval numbers but also due to
the consideration of the prioritization among the attributes and the decision makers, which
makes it more feasible and practical.

Conclusions

In this paper, we investigate the uncertain multiple attribute group decision making
(MAGDM) problem in which the attributes and experts are in different priority level. Then,
Motivated by the ideal of prioritized aggregation operators (Yager 2008), we have developed
some prioritized aggregation operators for aggregating interval numbers information: uncer-
tain prioritized weighted average (UPWA) operator, uncertain prioritized weighted geometric
(UPWG) operator and uncertain prioritized weighted harmonic average (UPWHA) operator.
The prominent characteristic of these proposed operators is that they take into account prior-
itization among the attributes and experts. Then, we have utilized these operators to develop
some approaches to solve the uncertain multiple attribute group decision making problems
in which the attributes and experts are in different priority level. Finally, a practical example
about talent introduction is given to verify the developed approach and to demonstrate its
practicality and effectiveness.



Technological and Economic Development of Economy, 2015, 21(1): 118-139 137

Acknowledgments

The author is very grateful to the editor and the anonymous referees for their insightful and
constructive comments and suggestions, which have been very helpful in improving the
paper. The work was supported by the Social Sciences Foundation of Ministry of Education
of the People’s Republic of China under Grant No. 14XJCZH002.

References

Chen, H. Y; Liu, C. L.; Sheng, Z. H. 2004. Induced ordered weighted harmonic averaging (IOWHA)
operator and its application to combination forecasting method, Chinese Journal of Management
Science 12(5): 35-40.

Chen, S. M,; Lee, L. W. 2010a. Fuzzy multiple attributes group decision-making based on the interval
type-2 TOPSIS method, Expert Systems with Applications 37(4): 2790-2798.
http://dx.doi.org/10.1016/j.eswa.2009.09.012

Chen, S. M;; Lee, L. W. 2010b. Fuzzy multiple attributes group decision-making based on the ranking
values and the arithmetic operations of interval type-2 fuzzy sets, Expert Systems with Applications
37(1): 824-833. http://dx.doi.org/10.1016/j.eswa.2009.06.094

Chen, S. M,; Niou, S. J. 2011a. Fuzzy multiple attributes group decision-making based on fuzzy induced
OWA operators, Expert Systems with Applications 38(4): 4097-4108.
http://dx.doi.org/10.1016/j.eswa.2010.09.073

Chen, S. M.; Niou, S.J. 2011b. Fuzzy multiple attributes group decision-making based on fuzzy preference
relations, Expert Systems with Applications 38(4): 3865-3872.
http://dx.doi.org/10.1016/j.eswa.2010.09.047

Liu, P. D. 2009. Multi-attribute decision-making method research based on interval vague set and TOPSIS
method, Technological and Economic Development of Economy 15(3): 453-463.
http://dx.doi.org/10.3846/1392-8619.2009.15.453-463

Merigo, J. M. 2011a. The uncertain probabilistic weighted average and its application in the theory of
expertons, African Journal of Business Management 5(15): 6092-6102.

Merigo, J. M. 2011b. A unified model between the weighted average and the induced OWA operator,
Expert Systems with Applications 38(9): 11560-11572. http://dx.doi.org/10.1016/j.eswa.2011.03.034

Merigo, J. M.; Casanovas, M. 2011a. The uncertain induced quasi-arithmetic OWA operator introduction,
International Journal of Intelligent Systems 26(1): 1-24. http://dx.doi.org/10.1002/int.20444

Merigo, J. M.; Casanovas, M. 2011b. Induced and uncertain heavy OWA operators, Computers & Industrial
Engineering 60(1): 106-116. http://dx.doi.org/10.1016/j.cie.2010.10.005

Merigo, J. M.; Casanovas, M. 2011c. The uncertain generalized OWA operator and its application to
financial decision making, International Journal of Information Technology & Decision Making 10(2):
211-230. http://dx.doi.org/10.1142/50219622011004300

Merigo, J. M.; Gil-Lafuente, A. M. 2009. The induced generalized OWA operator, Information Sciences
179: 729-741. http://dx.doi.org/10.1016/j.ins.2008.11.013

Merigo, J. M.; Gil-Lafuente, A. M. 2011. Decision-making in sport management based on the OWA
operator, Expert Systems with Applications 38(8): 10408-10413.
http://dx.doi.org/10.1016/j.eswa.2011.02.104

Merigo, J. M.; Gil-Lafuente, A. M.; Martorell, O. 2012. Uncertain induced aggregation operators and its
application in tourism management, Expert Systems with Applications 39(1): 869-880.
http://dx.doi.org/10.1016/j.eswa.2011.07.085


http://dx.doi.org/10.1016/j.eswa.2009.09.012
http://dx.doi.org/10.1016/j.eswa.2009.06.094
http://dx.doi.org/10.1016/j.eswa.2010.09.073
http://dx.doi.org/10.1016/j.eswa.2010.09.047
http://dx.doi.org/10.3846/1392-8619.2009.15.453-463
http://dx.doi.org/10.1016/j.eswa.2011.03.034
http://dx.doi.org/10.1002/int.20444
http://dx.doi.org/10.1016/j.cie.2010.10.005
http://dx.doi.org/10.1142/S0219622011004300
http://dx.doi.org/10.1016/j.ins.2008.11.013
http://dx.doi.org/10.1016/j.eswa.2011.02.104
http://dx.doi.org/10.1016/j.eswa.2011.07.085

138 L.-G. Ran, G.-W. Wei. Uncertain prioritized operators and their application ...

Merigo, J. M.; Wei, G. W. 2011. Probabilistic aggregation operators and their application in uncertain
multi-person decision-making, Technological and Economic Development of Economy 17(2): 335-351.
http://dx.doi.org/10.3846/20294913.2011.584961

Wei, G. W. 2010a. Some induced geometric aggregation operators with intuitionistic fuzzy information
and their application to group decision making, Applied Soft Computing 10(2): 423-431.
http://dx.doi.org/10.1016/j.as0¢.2009.08.009

Wei, G. W. 2010b. GRA method for multiple attribute decision making with incomplete weight information
in intuitionistic fuzzy setting, Knowledge-Based Systems 23(3): 243-247.
http://dx.doi.org/10.1016/j.knosys.2010.01.003

Wei, G. W. 2011a. Grey relational analysis method for 2-tuple linguistic multiple attribute group decision
making with incomplete weight information, Expert Systems with Applications 38(5): 4824-4828.
http://dx.doi.org/10.1016/j.eswa.2010.09.163

Wei, G. W. 2011b. Some generalized aggregating operators with linguistic information and their applic-
ation to multiple attribute group decision making, Computers & Industrial Engineering 61(1): 32-38.
http://dx.doi.org/10.1016/j.cie.2011.02.007

Wei, G. W. 2012. Some induced correlated aggregating operators with intuitionistic fuzzy information
and their application to multiple attribute group decision making, Expert Systems with Applications
39(1): 2026-2034. http://dx.doi.org/10.1016/j.eswa.2011.08.031

Xu, Z. S. 2002. The uncertain OWA operator, International Journal of Intelligent Systems 17(6): 569-575.
http://dx.doi.org/10.1002/int.10038

Xu, Z. S. 2010. Uncertain bonferroni mean operators, International Journal of Computational Intelligent
Systems 3(6): 761-769.

Xu, Z. S.; Cai, X. Q. 2012. Uncertain power average operators for aggregating interval fuzzy preference
realtions, Group Decision and Negotiation 21(3): 381-397. http://dx.doi.org/10.1007/s10726-010-9213-7

Yager, R. R. 1988. On ordered weighted averaging aggregation operators in multicriteria decision making,
IEEE Transactions on Systems, Man, and Cybernetics 18: 183-190. http://dx.doi.org/10.1109/21.87068

Yager, R. R. 2008. Prioritized aggregation operators, International Journal of Approximate Reasoning 48:
263-274. http://dx.doi.org/10.1016/j.ijar.2007.08.009

Yager, R. R. 2009. Prioritized OWA aggregation, Fuzzy Optimization Decision Making 8: 245-262.
http://dx.doi.org/10.1007/s10700-009-9063-4

Ye, J. 2011a. Expected value method for intuitionistic trapezoidal fuzzy multicriteria decision-making
problems, Expert Systems with Applications 38(9): 11730-11734.
http://dx.doi.org/10.1016/j.eswa.2011.03.059

Ye,]. 2011b. Fuzzy cross entropy of interval-valued intuitionistic fuzzy sets and its optimal decision-making
method based on the weights of alternatives, Expert Systems with Applications 38(5): 6179-6183.
http://dx.doi.org/10.1016/j.eswa.2010.11.052

Yu, D.; Wu, Y. Y,; Lu, T. 2012. Interval-valued intuitionistic fuzzy prioritized operators and their application
in group decision making, Knowledge-Based Systems 30: 57-66.
http://dx.doi.org/10.1016/j.knosys.2011.11.004

Zhang, X; Liu, P. D. 2010. Method for aggregating triangular fuzzy intuitionistic fuzzy information and its
application to decision making, Technological and Economic Development of Economy 16(2): 280-290.
http://dx.doi.org/10.3846/tede.2010.18

Zhou, L. G.; Chen, H. Y,; Merigo, J. M.; Gil-Lafuente, A. M. 2012. Uncertain generalized aggregation
operators, Expert Systems with Applications 39(1): 1105-1117.
http://dx.doi.org/10.1016/j.eswa.2011.07.110


http://dx.doi.org/10.3846/20294913.2011.584961
http://dx.doi.org/10.1016/j.asoc.2009.08.009
http://www.sciencedirect.com/science?_ob=ArticleURL&_udi=B6V0P-4Y4R2YM-1&_user=7630335&_coverDate=04%2F30%2F2010&_alid=1327334726&_rdoc=2&_fmt=high&_orig=search&_cdi=5652&_docanchor=&view=c&_ct=25&_acct=C000072332&_version=1&_urlVersion=0&_userid=7630335&md5=b9f8f12347b36ea2a583947fe0c6be3c
http://www.sciencedirect.com/science?_ob=ArticleURL&_udi=B6V0P-4Y4R2YM-1&_user=7630335&_coverDate=04%2F30%2F2010&_alid=1327334726&_rdoc=2&_fmt=high&_orig=search&_cdi=5652&_docanchor=&view=c&_ct=25&_acct=C000072332&_version=1&_urlVersion=0&_userid=7630335&md5=b9f8f12347b36ea2a583947fe0c6be3c
http://dx.doi.org/10.1016/j.knosys.2010.01.003
http://www.sciencedirect.com/science/journal/09574174
http://dx.doi.org/10.1016/j.eswa.2010.09.163
http://dx.doi.org/10.1016/j.cie.2011.02.007
http://www.sciencedirect.com/science/article/pii/S0957417411011420?_alid=1839280038&_rdoc=2&_fmt=high&_origin=search&_docanchor=&_ct=4&_zone=rslt_list_item&md5=d5a361fffd0ad9e3979c5cf37c133aa4
http://www.sciencedirect.com/science/article/pii/S0957417411011420?_alid=1839280038&_rdoc=2&_fmt=high&_origin=search&_docanchor=&_ct=4&_zone=rslt_list_item&md5=d5a361fffd0ad9e3979c5cf37c133aa4
http://www.sciencedirect.com/science/journal/09574174
http://dx.doi.org/10.1016/j.eswa.2011.08.031
http://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=31&SID=4BMPOCDB8mg9IcG2P9a&page=1&doc=5
http://dx.doi.org/10.1002/int.10038
http://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=25&SID=4BMPOCDB8mg9IcG2P9a&page=1&doc=19
http://dx.doi.org/10.1007/s10726-010-9213-7
http://dx.doi.org/10.1109/21.87068
http://dx.doi.org/10.1016/j.ijar.2007.08.009
http://dx.doi.org/10.1007/s10700-009-9063-4
http://dx.doi.org/10.1016/j.eswa.2011.03.059
http://dx.doi.org/10.1016/j.eswa.2010.11.052
http://dx.doi.org/10.1016/j.knosys.2011.11.004
http://www.tede.vgtu.lt/en/lt/3/NR/PUB/23737
http://www.tede.vgtu.lt/en/lt/3/NR/PUB/23737
http://dx.doi.org/10.3846/tede.2010.18
http://dx.doi.org/10.1016/j.eswa.2011.07.110

Technological and Economic Development of Economy, 2015, 21(1): 118-139 139

Ling-Gang RAN is a lecturer in School of Economics and Management, Chongqing University of Arts
and Sciences. He received the B.E. degree in management sciences and engineer from Jiangxi University
of Science and Technology, China. He has worked for School of Economics and Management, Chongging
University of Arts and Sciences, China as a lecturer since 2010.

Gui-Wu WEI has an MSc and a PhD degree in applied mathematics from SouthWest Petroleum University,
Business Administration from school of Economics and Management at SouthWest Jiaotong University,
China, respectively. From May 2010 to April 2012, he was a Postdoctoral Researcher with the School
of Economics and Management, Tsinghua University, Beijing, China. He is a Professor in the School of
Economics and Management at Chongqing University of Arts and Sciences. He has published more than
90 papers in journals, books and conference proceedings including journals such as Decision Support
Systems, Expert Systems with Applications, Applied Soft Computing, Knowledge and Information Systems,
Computers & Industrial Engineering, Knowledge-Based Systems, International Journal of Uncertainty,
Fuzziness and Knowledge-Based Systems, International Journal of Computational Intelligence Systems and
Information: An International Interdisciplinary Journal. He has published 1 book. He has participated in
several scientific committees and serves as a reviewer in a wide range of journals including Computers &
Industrial Engineering, International Journal of Information Technology and Decision Making, Know-
ledge-based Systems, Information Sciences, International Journal of Computational Intelligence Systems and
European Journal of Operational Research. He is currently interested in Aggregation Operators, Decision
Making and Computing with Words.



