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Abstract. In this paper, the auction problem of a kind of continuous homogeneous divisible goods
is studied and a uniform price auction mechanism is presented based on three conditions, i.e. the
auctioneer’s supply is variable, every bidder submits multiple rounds continuous linear bidding, and
every bidder’s valuation to per unit of the goods is independent private information. Concretely, two
key problems, i.e. the bidders’ asymptotic strategic behaviours and forming process and composition
of equilibrium points are explored. The conclusion is drawn that different bidders’ bidding order
and different starting points of initial bidding would not cause different local equilibrium points,
and if the equilibrium points exist, then the equilibrium point is unique.
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Introduction

With the development of auction market of the emission rights, treasury and spectrum, mul-
ti-object auctions become one of the most active research areas in auction theory in recent
years. Multi-object auctions can be classified as auctions of indivisible goods and auctions
of divisible goods. In an auction of indivisible goods, the goods are indivisible, which means
each good is an independent unit (e.g. auctions of mineral rights on federal land, offshore
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drilling rights, procurement contracts, fish, flowers, wine, etc.). However, the goods in auc-
tions of divisible goods are homogeneous and divisible, which means one unit good can be
divided into many smaller units. For example, the auctions of emission rights, stocks, treas-
ury bills, and spectrum are all the auctions of divisible goods (Rao, Zhao 2010). Nowadays,
the divisible goods auctions have attracted increasing attention (Milgrom 2006; Rao, Peng
2009; Burinskiene, Rudzkis 2010; Kaplinski, Tamosaitiene 2010). The divisible goods auction
includes two different types, i.e. uniform price auction and discriminatory price auction.

In the last twenty years, considerable attention has been given to the use of auction by
divisible goods with uniform price. Wilson (1979) was the first to consider uniform price
auctions of divisible goods. He showed there is an equilibrium in which the asset is sold for
half of its value in several settings. Klemperer (1989) generalized this result by showing that
any low price can be supported in equilibrium. Based on these results, Back and Zender
(1993) demonstrated how such a uniform-price auction can yield sensible results, consider
the strategic difference between unit-demand and divisible goods auctions, and compare
uniform-price and discriminatory auctions. This research has motivated further theoretical
analysis of the divisible goods auction.

Since then, some theoretical literatures are emerged on how to reduce or eliminate the
underpricing equilibrium in the Wilson/Back and Zender models. For example, Lengwiler
(1999), Back and Zender (2001), McAdams (2002, 2007), LiCalzi and Pavan (2005), Rao and
Zhao (2011a, b), Rao et al. (2010, 2012) showed that flexible supply can reduce underpricing.
Moreover, Wang and Zender (2002) derived an equilibrium bidding strategy for a divisible
goods auction involving asymmetrically informed risk-neutral and risk-averse bidders when
there is random non-competitive demand. Later, Kremer and Nyborg (2004a, b) used a
model of fixed supply divisible-good auctions, to study the effect of different rationing rules
on the set of equilibrium prices. Chakraborty and Engelbrecht-Wiggan (2005) considered a
uniform- price auction in which each of n symmetric bidders has privately known, decreasing
marginal values from an arbitrary M-dimensional distribution and provided a quantile-type
description of the asymptotic price that appropriately generalizes the characterization of the
unit-demand asymptotic price. Mezzetti et al. (2008) studied sequential and single-round
uniform-price auctions with affiliated values, and derive symmetric equilibrium for the
auction in which k, objects are sold in the first round and k, in the second round, with and
without revelation of the first-round winning bids. They demonstrated that auctioning objects
in sequence generates a low balling effect that reduces the first-round price. Total revenue is
greater in a single-round, uniform auction for k = k, + k, objects than in a sequential uniform
auction with no bid announcement.

Recently, scholars focused on the study on comparison between the uniform-price auction
and the discriminatory auction. Bourjade (2009) modified the uniform-price auction rules in
allowing the seller to ration bidders and proved that this rules provide a strategic foundation
for underpricing when the seller has an interest in ownership dispersion and then many of
the so-called “collusive-seeming” equilibria disappear. Brenner et al. (2009) investigated the
revealed preferences of the issuers by surveying the sovereign issuers that conduct auctions
and found that the majority of the issuers/countries in our sample use a discriminatory auction
mechanism for issuing government debt, and they also concluded that market-oriented eco-
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nomies and those that practice common law tend to use a uniform method while economies
who are less market oriented and practice civil law tend to use discriminatory price auctions.
Holmberg (2009) characterized the Nash equilibrium in a pay-as-bid, divisible-good, pro-
curement auction, and compared the offer curves and mark-ups of the derived equilibrium
to the results for the SFE of a uniform-price auction. Genc (2009) compared the results for
discriminatory auctions to results for uniform-price auctions when suppliers have capacity
constraints. Damianov and Becker (2010), Damianov et al. (2010) examined an auction in
which the seller determines the supply after observing the bids. They compare the uniform
price and the discriminatory auction in a setting of supply uncertainty. Feng and Chatterjee
(2010) studied a uniform-price auction, in which bidders demand no more than one item,
and have independent, private values, and they showed that even when all buyers are present
at the beginning of the auction, and when both the seller and the buyers are impatient, a
sequential sale can still benefit the seller as it stimulates competition among forward-looking
bidders. Jain and Walrand (2010) proposed a mechanism for auctioning bundles of multiple
divisible goods in a network where buyers want the same amount of bandwidth on each link
in their route. They showed that the proposed mechanism is a weak Nash implementation
and there is Nash equilibrium of this auction game which yields the efficient allocation with
strong budget balance. Rubchinsky (2010) considered the fair division problem for two
participants in the presence of both divisible and indivisible items and designed a computa-
tionally efficient algorithm for finding all of them. Holmberg and Newbery (2010) presented
an intuitive account of current understanding and showed how welfare losses depend on the
number of firms in the market and their asymmetry. Sioshansi and Nicholson (2011) com-
pared two types of uniform-price auction formats commonly used in wholesale electricity
markets - centrally committed and self-committed markets. They derived Nash equilibria
for both market designs in a symmetric duopoly setting, and also derived simple conditions
under which the two market designs will be expected cost-equivalent. Groves (2011) studied
a charity auction with multiple goods and showed that the highest-losing bid uniform price
auction revenue dominates its lowest-winning bid counterpart.

These are all the important research results in uniform price auctions theory in the past
few years. However, most of these results are obtained based on some simple and special
conditions, such as unitary demand for every bidder’s valuation follows uniform distribution,
the bid price of bidders are discrete, the bidders are symmetrical and so on. When these
conditions are changed, the equilibrium in uniform price auction is generally not unique. If
the equilibrium is not unique, then we call this state as equilibrium excursion. Equilibrium
excursion will certainly affect the auction proceeds, and is bad for estimating the allocative
efficiency. Thus, mechanism design should not ignore to consider the change rules of equi-
librium. Up to now, there is no literature to study the problem of equilibrium excursion, and
to deal with how to induce the auction to a desired equilibrium state when there are multiple
equilibriums in auction.

With the improvement of auctioneer’s strategies as its main line, the elimination of
low price equilibrium as its core, the induction of the ideal equilibrium as its keynote, this
paper presents a uniform price auction mechanism with variable supply based on multiple
rounds linear bidding. Different from the existing uniform price auction mechanisms, in
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our mechanism, all bidders are asymmetric and submit multiple rounds continuous linear
bidding, the auctioneer’s supply is variable, and every bidder’s valuation to per unit of the
goods is independent private information. Specially, we explore the bidders’ asymptotic
strategic behaviours and discuss the formation process of the desired equilibrium in theory,
and then answer the question that whether the equilibrium excursion exists in our uniform
price auction mechanism.

The rest of this paper is organized as follows. Section 1 gives some assumptions and
definitions, and presents a uniform price auction mechanism with variable supply based on
multiple rounds linear bidding. Section 2 analyzes the optimal bidding strategy of bidders.
Section 3 discusses the forming process and composition of equilibrium points. Section 4
gives an auction example to show the forming process of equilibrium point. The final section
concludes this paper.

1. The auction mechanism

First of all, we give some important assumptions and definitions. It is supposed that there
is a risk neutral auctioneer who wants to auction Q, units of a continuous homogeneous
divisible good. He faces n(n>1) potential bidders, numbered 1,2,---,n. The set of bidders
is denoted as N ={1,2,---,n}. All bidders are risk neutral, and all want to maximize their
expected profits. The per unit value of the goods to bidder i is v; and is private information.

Moreover, we suppose that bidders are asymmetric, and each bidder submits a non-de-
creasing, piece-wise continuously differentiable demand function g;(p), i=1,2,---,n. Here,
we set g;(p) is a continuous linear function g;(p) = a; — b, p, which means his total demand
at each price p, where 0<¢g;(p)<Q,, a; >0, b; >0. The actual demand function of bidder i
is denoted as g?(p) =a —b?p and is independent private information, where a? >0, b? >0.
Generally, the goal of each rational bidder is utility maximization, and the declared demand
function g;(p) is less than or equal to the actual demand function g (p).

Suppose that the auctioneer allocates goods under a uniform price. Concretely, the auc-
tioneer strategically allocates Q, units of goods to n bidders under a uniform price (mar-
ket clearing price) p" after having observed the declared information of demand function
q;(p), i=1,2,---,n. The allocated quantity for bidder i is denoted as g;, where g, =q;(p").
The maximum demand quantity of bidder i is denoted as G;. In auction, for the bidder i,
he must pay p’g; to get the quantity g;, where satisfies q; <G,.

To improve the auctioneer’s decision;qmaking environment and increase the effectiveness

of auction, we modify the fixed supply Zqi =Q, in the traditional auction models (Wilson

i=1 n

1979; Klemperer 1989; Back, Zender 1993) as the variable supply Zqi =Q<Q,, which
i=1

means the total supply Q to the bidders before the auction is uncertain, where Q €[0,Q,]

is a value determined by the auctioneer after having observed the declared information of

demand function g;(p). This information is common knowledge.
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The goal of the auctioneer is to maximize his income p'Q = i p"q; by choosing optimal
supply Q<Q, and an optimal uniform price p* >0. The auctii:oln model can be expressed
by the following optimization problem M, :

Max U= p*sz*iqi,
s.t. -

Z‘L‘ =Q
i=1

q:=q(p)=a,-bp’, i=12-n
quiSGp i=12,---,n.
Q=<Q
The goal of the i bidder is to maximize his income by declaring his smart bidding strategy
q;(p), that is:

Max u; =(v; — p)q;(p)s
a(p) 1)
st. g, (p)=G,.

M, describes an auction mechanism of divisible goods under a uniform price with
variable supply. For M, , Rao and Zhao (2010, 2012) have proved his properties, i.e.: 1) This
auction mechanism is a feasible auction mechanism, that is, it satisfy the individual rationality
condition and incentive compatibility condition; 2) In equilibrium, the auctioneer’s optimal
supply strategy is Q" = Q,,.

In the above auction mechanism, every bidder is allowed to submit multiple rounds bid-
ding. In each round bidding, the auctioneer can let bidders submit their biddings according
to a specific order (such as registration order). When all bidders complete the first round
bidding, the auctioneer publishes the allocation results (p',ql,q}, -+,q}) in time, where p! is

the uniform price when the first round bidding is over, and q% ,qi o -,q}l denotes the allocated
quantity for n bidders. Based on these results, the bidders submit their second round bid-
dings according to the same specific order. In the same way, the bidding process is carried on.

Suppose all bidders are completely rational, that is, from the second round bidding, each
bidder chooses his optimal bidding strategy in this new round according to the allocation
results of previous round biddings. His objective is to maximize his utility of current round
bidding.

Specially, in order to reduce the arbitrary of bidding and improve the auction efficiency,
all bidders’ new biddings are not allowed to modify downward, i.e. if bidder j submits his

bidding ¢ j(t)( p)= ag»t) - bgt) p in the ™ round (t is a positive integer), and his new bidding in
(t+1)" round is qgt“)( p)= ag»t“) - b§t+1) p, then the conditions ag»”l) > aﬁ-” , b;“” < b;” must
be satisfied. This bidding rule is called “Not allowed to modify downward rule”.
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For the above auction mechanism, when the total supply Q, is full allocated to the bidders,
ie. Q' = Q,» and all bidders’ incomes are no longer increased (all bidders are no longer to
submit new biddings), the whole bidding process is over, and the auction reaches equilibrium
state. Specially, the corresponding point (p*,4;,45,*-»q,,) composed of equilibrium price p°
and the allocated quantity q; (i=1,2,---,n) is called equilibrium point.

In the following sections, we will explores the bidders” asymptotic strategic behaviours,
and discuss the forming process of equilibrium points.

2. Optimal bidding strategy analysis

By the analysis of Section 1, we know that the total supply Q, is full allocated to the bidders,
ie. Q" =Q, isanecessary condition to the equilibrium state of auction. Based on this neces-
sary condition, we discuss the bidders’ optimal bidding strategies and the forming process
of equilibrium points.

Let the bidder i’s bidding in the #* round be ¢!’ (p)=a') —b{") p, where a{") >0, b >0,
i=1,2,--,n, and his new bidding in (t+ 1) round be g,/*V(p)= al(t“) - bi(t“)p, where
al™*V >0, " >0, i=1,2,---,n. In addition, all bidders’ biddings must satisfy “Not allowed
to modify downward rule’, which means the conditions a**V >a{®, p*D <p® must be
satisfied.

Proposition 1. Let bidder i’s bidding in the #" round be qgt)( p)= al(t) - bft) p, where
a >0, b >0, i=1,2,---,n,and ¢{(p) <G, then we have:

n

(i) If the condition Zal(t) <2Q, is satisfied, then the total supply Q, is not full allocated
i=1
to the bidders, and the uniform price and the allocated quantity to bidder i of current

>l Y al)

round bidding are p(t) =4l and qgt) = agt) - i=1

n n
OWE OWR
i=1 i=1

, i=1,2,---,n, respectively;

n
(ii) If the condition Zal(t) >2Q, is satisfied, and when there exists ke N such that
i=1

n
Z al") - Q,
a,(f) - b,(f ) ’zln— > Gy, then the total supply Q, is not full allocated to the bidders, and

>4
1
i=1 ()

a;’ -G
the uniform price of current ¢ round bidding is p*) =—k——% and the allocated quantity

b
a -G
to bidder k is g{"’ = Gy, and the allocated quantity to bidder j is ‘15’0 = aﬁt) - bﬁ‘” - X0 £,
’

j:]-sz;"'ana jik;
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n n
(iii) If the condition Zal@) =2Q, is satisfied, or if the condition Zal(t) >2Q, is satis-
i=1 n i=1

Za(t) -Q,

fied, and for any i e N' such that a{") —b{")- ’1— <G;, then the total supply Q, is full
$oh0

i=1
allocated to the bidders, and the uniform price and the allocated quantity to bidder i of cur-

n n
S, -
rent ¢ round bidding are p(*) ==L and ql(t) = agt) - i=12,n
n n
> bt > bt
1 1
i=1 i=1
respectively.

Proof. By model M, in the #* round bidding, when bidder i submit the bidding
gD (p)=a® —bPp, i=1,2,---,n, he will get the allocated quantity ¢’ =al") b p®),
i=1,2,---,n, and q(t)( Pp)<G;. Substitute q(t) into the auctioneer’s revenue function U, we
can obtain the auctioneer’s revenue in the #" round bidding as follows:

n n n n
U® = pHQt) = p(t)(zalit) _ p(t)zbiw) =p® Zal(t) —(p"))> Zbi(w )
i=1 i=1 i=1 i1
In order to achieve maximum the auctioneer’s revenue, the following condition must be

satisfied: .
O Y (RS N0

i=1 i=1

U _

Namely,

n n
>a® —2p®3 b =0
i=1 i=1
Thus we get the uniform price of current #* round bidding is:

i o
pH = )

Substitute it into q(t) = a(t) b(t) p®, then the allocated quantity to bidder i is:

t t
O3l

ql(t)_ (t)_ 2:1 > izlaz;"'an' (3)
2> b1
i=1
Therefore, by (2) and (3), the total allocated quantity of the t* round bidding to all bidders is:
n n n
(t) (t) (t) (t)
y " 6o a |, xa 2.4
QW :qu(f) :Z al(f) _;;1 :Zal(f) _L zb(t) _i= 12 ) (4)
i=1 i=1 Zzbi(t) i=1 Zzb(t) i=1
i=1
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Based on this result, the problem can be diVided into four special cases as follows.

z (t)
a;
1) When Za(t) <2Q,, by (4), we have QW =1= 12 < Qq > which means the total supply
i=1
Q, is not full allocated to the bidders, and the uniform price and the allocated quantity to
bidder i of current t* round bidding are the results expressed by (2) and (3);

Z (£)

a;

2) When Za(t ) = =2Q,, by (4), we have Q) == 12 =Q, > which means the total supply
i=1

Q, is full allocated to the bidders. Thus, Za(’ ) = =2Q, is the critical point for whether the
i=1

good is full allocated to the bidders or not. When the goods is full allocated, we have:

S0 -3 -5 -0
i=1 i=1

n
S alt) -
thus p®) = ‘:ln— Substitute it into g{") =a{") ~b{"p®), i=1,2,---,n, and the allocated
S
1
=1 b ( Za(t)

quantity to bidder i is ¢ =a{") — —, i=12,,n;
S
1
i=1 < (t)
2 -

n
3) When > a{") >2Q, if for any ke N such that a{) —b{" - =L > G, then

n

i=1 zbl(t)

i=1
the allocated quantity to bidder i is q,(f) :a,(f) —b](f) p =G, , thus the uniform price

t
(t).“l(c)_Gk

a;’ =G
k k. and the allocated quantity to bidder j is q§t) =a§t) —b; ORE
k

& (D) =
is pit) =

(£)
by

j=12,---,n, and j#k.

n
-

By 2), when p® :+, the total allocated quantity of all bidders is

Zb(t)

alt) - 40
> o 2

(t) — (t) (t) . i=1 () —
Q Z(a —b; ) Q- Thus, when p'*) = b(t Z "
b;

i=1 Zbl(t)

i=1 i=1

, the total

L e,
allocated quantity of all bidders is QW' = Z(al(t) - bl-(t) -akb(—[)k) <Q,.
i=1 k
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n
n >a -
4)When Y a{) >2Q,,and forany ke N such that a*) —b{") <G, by (i), the
i=1 sz‘(t)
n
i1
>a-Q l

uniform price must satisfy the condition p*) =< izln—, so the total allocated quantity is:

Sup

i=1
(1)
n n Zal _QO
Q=3 b0 pt)> 3 -4 g,
i=1 i=1 Zb(t)
1
i=1

Together with the maximal supply given by the auctioneer is Q,, so we have Q) =Q,,
which means Q, is full allocated to the bidders, and the uniform price and the allocated
quantity to bidder i of current #" round bidding are the same with case 2).

> 40
" Zai -Q
ByProposition 1, when Zal(” >2Q,,andforanyi € N suchthat al(t) - bi(f) AL <G,

" i
i=1 zb(t)
i
i=1

the total supply Q, is full allocated to the bidders. This result gives a sufficient condition for
Q, is full allocated. This sufficient condition is denoted as C. Moreover, from above analysis,
we know that Q" = Q, is a necessary condition to the equilibrium state of auction. Thus,
based on this necessary condition and condition C, we discuss the bidders’ optimal bidding
strategies and the forming process of equilibrium points.

In addition, from Proposition 1, the following Corollary 1 can be deduced.

Corollary 1. For the above auction mechanism, if the bidder’s bidding started from the
t round satisfies the condition C, then the uniform price between two adjacent rounds
satisfies p(**1) > p(®), and the auctioneer’s is income between two adjacent rounds satisfies
UG >U), where s>t (s and ¢ are all positive integers).

Proof. By Proposition 1, if the bidder’s bidding started from the #* round satisfies the
condition C, then the total allocated quantity of the s throundis Q') =Q, forany s>t ,and

i(;ll(S) -Q

the corresponding uniform price is p(*) =4=L— Obviously, the value of p(*) increases

n
>
i=1

with a{*) increasing, and p(*) increases with b decreasing. Thus, when bidder i (ie N)
submits his bidding of the (¢ + 1) round according to the rules al(”l) > al(s ), bi(”l) < bfs ), the

uniform price p*!) of the (¢+ 1) round must satisfy p(s+1) > p(s),
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For the auctioneer, the incomes between two adjacent rounds are UG+ = p(s+DQ(s+D)
and U® = p)QW) respectively. Since QD =QI) =Q,, p*V) > p*) , we have UV >U ),

From Proposition 1 and Corollary 1, we can conclude that in multiple rounds bidding
process, all bidders’ declared demand functions are gradually close to their actual demand
functions, the uniform price is gradually increasing, the auctioneer’s income is also gradually
increasing. At the end, the Q, will be full allocated to the bidders. This results show that the
auction mechanism given by this paper has good properties of information stimulant, and
can effectively restrain tacit collusion and reduce many underpricing equilibrium. Moreover,
in equilibrium, the auctioneer can realize his goal of utility maximization.

Based on Proposition 1 and Corollary 1, we discuss the bidders” optimal strategies.

Proposition 2. If the bidders biddings after the #" round all satisfy the condition C, then
for the bidder j( j=1,2,---,n ), we have:

n
(a? + >a)-Q,
-
=
()
0
b) + Db

i=1
i#]

0_p0.
l)Ifaj bj

<G;,thenbidder j’soptimal strategy in the (£ + 1)* round

bidding is to submit qgt“)( p)= a? - b? P, that is, he submits his actual demand function;

n
(a? + Zal(t) )—Q
i=1
i#j

b9+ b

i=1
i#j

)If a) -b)- > G;, thenbidder j s optimal strategyin the (¢ + 1)" round

bidding is to submit q§t+1)( p)= ag.”l) - b§t+1) p according to the rule ag-t“) > a§t ), b;”l) < b;t),

where ag»”l),bg”l) satisfy the following condition:

n
1
(ayJr ) ¢+ Zagt) )-Q,
i=1
g+ bﬁ-m) ) i#] -G..

] n
b§t+l) + Zbl(t)
i=1
i#j

Proof. By Proposition 1, if the bidders’ biddings after the #* round all satisfy the condi-
tion C, then the total allocated quantity of all bidders in the #" round bidding is Q") = Q,. After
. . 1. P19 (t+1) _ (1) (1) o - th S 1.
the bidder j submit his new bidding 4" (p) = a; bi"p in the (¢+1)" round bidding
according to the rule a§-t+l) > ag-t ), by“) < b§t) , by Proposition 1, the total allocated quantity
in the (¢ + 1)™ round bidding is also QU+ = Q, - Thus the uniform price of the ™ round
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n
1
(af ™V + 3 a)-Q
i=1
i#j

n
t+1
B+ Y b0
i=1
i#j

(t+1) —(1/ _P(t+1)) (t+1)

bidding is pt*V = , and the bidder j’s income can be expressed by:

Together with qy“) = a(»”l) - b(-”l) P+, s0 uy“) can be rewritten as:

(t+1) (t+1) (t+1) (t+1) (t+1)\2
(m) (v, - 4; "4 1D =y gD _ 4G (q; ")
pn Vidj b(t+1) p(+D
j j j
So we have:
au(tﬂ) ., a;tﬂ) . q(t+1) (5)
(t+1) 7T ) (t+1)
oq; b; b;

Moreover, bidder j’sactual demand function is q? (p)= a? - b? P> so the possible maximal
0

a
uniform priceis p .. = b_J The goal of the j* bidder is to maximize his income by declaring

his smart bidding strategy qJ( p), that is, Max Uj —(v - p)qj (p), (1) is satisfied, so bidder

J’s j(j €N) valuation v; for per unit good satlsﬁes Vi~ Pmax >0, 1e.v; >— Moreover, by

J
the “Not allowed to modify downward rule” al(t“) > agt), bf”l) < bl-(t), and the assumption in

Section 1 (the declared demand function g;(p) is less than or equal to the actual demand
0 a('t+1) a0 (t+1)
] J J
function g?(p)), then we have b_°> T 0V >b_(-)> b(”l)
au(t+1) j j
have ———> 0, which means bidder ] s income increases with g;

(t 1)
aq] t+1 t

(ag» )+Za§ N-Q,

i=1

i#j
n
b§t+1) + zbl(t)

i=1
i#j

Together with (5), thus we

U+ increasing.

(t+1)

In addition, since p(*+) = , thus p**1) increases with

creasing, and p(*) increases with b;”l) decreasing. The bidding strategies of the rest
n—1 bidders are unchanged besides bidder j, so the rest n—1 bidders’ allocated quantities

(t+1)

decrease with a; " increasing and decrease with b(t“) decreasing. Therefore, bidder j’s

(t+1)

allocated quantity q(t+l) in the (¢+ 1)* round b1dd1ng increases with a7 increasing and

increases with by“) decreasing.
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n
(a? +>a)-Q,
-
;ij
()
0
b + b}

i=1
i#j

ifand only if bidder j(j e N) submit the new bidding qj(t“)(p) = a;o) - b&o)p in the (t+1)*
n
(a;’ + Zal(')) -Q,
i=1

Based onabove analysis, when the condition 0 < a? - b;) . <G; issatisfied,

round bidding, bidder j can get maximum allocated quantity af —b?- ) X

J n
0 (t)
bY + b,
i=1
and he can realize the goal of income maximization. i#]

n
(0) (t)
a + > af
i1

i#j

n
0
26 +3"b)
i=1
i#j

When ago)—by))- >G; is satisfied, if and only if bidder j(jeN)

submit the new bidding qg.”l)(p):a;’“) —b&””p which satisfies condition al**! —

]
n
t+1 t
(a§-+)+ E a,())—QO

i=1

b;”l) . el - =G; inthe (1+ 1) round bidding, bidder j can get maximum
t+1 t
b+ b
i=1
i#j
allocated quantity G, and his income reaches maximum value. Otherwise, if ay”) continues

to increase, or b§t+1)

his allocated quantity is still qg

continues to decrease, then the uniform price continues to increase, but

) =G 5> thus his income uy“) =(v; - PG ; will decrease.

3. Forming process and composition analysis of equilibrium points

In practical bidding process, when the first round bidding is over, the auctioneer can pub-
lish the allocation results in time by using model M,. Start with the second round bidding,
all bidders submit their biddings according to a specific order. Based on current allocation
results, the bidders submit their next round biddings according to the optimal strategy given
by Proposition 2. When the total supply Q, is full allocated to the bidders, and all bidders’
incomes are no longer increased, and the auction reaches equilibrium state, the whole bid-
ding process is over.

Based on Proposition 1 and Proposition 2, next we discuss the forming process and
composition of equilibrium point (p*,q;,45,"*»q,,)-
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Case 1: After the first round bidding, if all bidders’ blddlngs reach the limit state, that is,
they all declare their actual demand functions, g 1)( p)= -0 P> j=12,---,n, and the total
allocated quantity is Q" =Q,, then the auction reaches equlhbrlum state. By Proposition 1,
the equilibrium point is as follows:

p = (6)

BV e’ - Q)
Y A — | R )

Case 2: After the first round bidding, if existing there several bidders’ biddings (bidder
ky,ky, -, k;,, h<n) do not reach the limit state, this # bidders will participate in the second
or multiple rounds biddings.

Suppose that from the t* round bidding, all bidders’ biddings of each round all satisfy
the condition C. So in each round bidding from the " round, the total allocated quantity
Q, will be full allocated to the bidders, and each bidder will submit his bidding according
to the optimal strategies given by Proposition 2.

After r (r>2) rounds biddings, suppose that all bidders’ biddings reach the limit state
(they all declare their actual demand functions, i.e. q(’)( p)= a? - b? p> or his bidding such

that his allocated quantity reach maximal, that is, his declared bidding qgr)( p)= ay) - b;r) p

i a0 —q,

satisfies the condition a b(r) ’l—sz, then the auction reaches equilibrium

S

i=1
state, and the equilibrium point is:

i alr) -
P ®)
S

i=1

n
b (Y al"” - Q)

0) _ i=1
Gj» aj ’n =G
S
q;: i=1 5 j:1a2)"')n' (9)
b z o b0 Z ol —
a0 - PO < Gj

S S

i=1 i=1
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Based on above conclusions, we get the following Proposition 3.

Proposition 3. For the above auction mechanism, the different bidders’ bidding order and
different starting points of initial bidding would not cause different local equilibrium points,
and if the equilibrium points exist, then the equilibrium point is unique.

Proof: From above discussion, if the auctioi? reaches equilibrium state after tlr}e first round
Z“EO) -Q bEO)(Z“z@ -Q)

. . o1e . . . * =1 * (0) i=1
bidding, then the equilibrium point is p” = - and ¢ j=a;’ - =

Sap Sap

1 1

i=1 i=1

Obviously, from this results of p* and q}, together with a,(o) and bi(o), i=1,2,---,n areall
constants, we can see that the equilibrium point is unique, and the different bidders’ bidding
order and different starting points of initial bidding would not cause different local equilib-

rium points.

After r (r >2) rounds biddings, if all bidders will no longer submit new biddings, and Q,, is

Z“zm -Q

full allocated to the bidders, then the equilibrium priceis p* = =L———— and the allocated

n
n Zbi(r)
bE'O)(Z“Er) -Qp) i=1
0) _ i=1
J n "
2
i=1
result, if we can prove that the uniform price p* in equilibrium is unique, then all bidders’

quantity to bidder j is q; =a , Or q; = Gj, j=L2,---,n. Based on this

allocated quantities qI R q; S -,q; are all unique, thus the equilibrium point ( p* ,qf , q; RPN q;)
is unique. Next we prove that the uniform price p* is unique.

In equilibrium, all bidders’ bidding can be divided into two cases, i.e. they declare their
actual demand function q§r)( p)= a;-) - b}} p, or submit the biddings such that their allocated
quantities reach maximal, that is, the declared bidding qﬁr)( p)=a§r) —b§” p satisfies the

i“zm_Qo i“zﬁr)_Qo
condition ag-’) —bg')- = =G;. So in the equilibrium price p=Et — the

n n

S S0

i=1 A i=1 .
IV lV
values of part agr) and bi(r) (we set i =ij,iy, ++i, ) are a? and b?, thus Zal(r) and Zblm

i=i) i=iy

all are constant values. The values of other a,(’) and bi(’) (we set i=1i,,,0,,5, i, ) must
n
Z“z( = Q
satisfy the condition a,(’) ~ b,-(r) ’zln— =G,. Therefore, to prove the equilibrium price

S
i=1
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n
zal(r) -
p =il

n
S
i=1

is a constant value, we only to prove that for any two bidding of bidder

i (k=v+1Lv+2,--,n), q(’)( )= af}f)—bg)p and qgk')’(p)zafk’)‘ —bl.(k’)’p, where satisfy
n n
$anq, S
a”-p.EL______ -G and o -p" .12 =G, , the equilibrium price
’k "k k 3 Y k

n
S
i=1

n
S
i=1

n ) n
algk’) + Zal@ - a?}c’) + Zaf” -Q
i=1 i=1
. . iy iy . . .
which we get are the same, i.e. - = - is satisfied, that is:
(r) (r) (r) (r)
b+ Db b + Db
i=1 i=1
i#iy, i
(r) b +a‘” z e +b(r)(z - Q)= a(r)bm N amz b + b(r) z - Q).
1 1
1¢1k z¢zk t:tzk ;:tzk
In fact, since:
n
Z“z(r) -Q Z“(r) Q
P = S N Y -G
’k i n i i’
S S
i=1 i=1
thus:
) ) () B0 ) (3 A0 R (DN _ (N (1)
r r r r r r r r r
a; bik’ +a; Zbi' _bik (Zai —Q0)=aik bik +a; Zbi' _bik (Zai -Qp)-
i1 i=1 i=1 i=1
ii, ii, i, ii,
So we have:
(r) b(r) + a(r) Zb(r) + b(f)(za(r) Q )= a(r)b(r) +a(f) Zb(r) +b(r) Za(r) -Q, ).
1 1
l¢lk ;¢lk l¢lk i¢lk

For the bidder j, no matter which starting point of initial bidding he chooses, his de-

clared bidding q(r)(p) a(’) (r)

p must satisfies the condition 4;

n
> el -

b(r) =1

j n
S

i=1

(r) _
=G;
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when the auction reaches equilibrium state, and the equilibrium point is a unique constant

n
Z“zm -Q
* _ izl

P =
S
1
i=1
cause different local equilibrium points. In addition, for the different bidders’ bidding order,

n
n n Za,( D— Q
the values of Y a{” and > b{" will not change, so the value of p* =41 will not

i=1 i=1 i (")
1
i=1

change, which means different bidders’ bidding order would not cause different local equi-
librium points.

From above proof, we can conclude that the different bidders’ bidding order and different
starting points of initial bidding would not cause different local equilibrium points, and if
the equilibrium points exist, then the equilibrium point is unique.

In essence, in multiple rounds bidding, the bidders submit their biddings according to
a specific order (they don’t simultaneously submit their biddings), and all bidders know the
former biddings before they submit the next round biddings, thus the auction process can be
regarded as a complete information dynamic game. By the standard conclusion of the game
theory: generally speaking, in the limited game with complete information, the equilibrium
point is unique. This conclusion can be deduced by Backward Induction. From this, it can be
seen that, the conclusion given by Proposition 3 is in accordance with the standard conclusion
of the game theory. Thus, the conclusion given by Proposition 3 is reasonable.

, which means the different starting points of initial bidding would not

4. Description of auction process

Based on the discussions and analysis in sections 1, 2 and 3, we give the following steps to
show how to implement the uniform price auction of divisible goods based on multiple
rounds linear bidding.

Step 1: The buyer publishes the basic requirement about the auction, and announces the
bidding rules, for example, each bidder must submits a non-decreasing continuous linear
function g;(p)=a; —b;p, i=1,2,---,n, every bidder is allowed to submit multiple rounds bid-
dings, and the auctioneer can let bidders submit their biddings according to a specific order
(such as registration order) in each round bidding, all bidders’ new biddings must satisfy the
“Not allowed to modify downward rule”, and so on.

Step 2: The bidders submit their biddings to the auctioneer according to the basic re-
quirement and bidding rules.

Step 3: Substituting the bidders’ bidding data into model M;. Ifall bidders’ biddings reach
the limit state after the first round bidding, i.e. they all declare their actual demand functions,
qg-l) (p)=aj—b¥p, j=1,2,--,n,and the total allocated quantity is Q" = Q,, then the auction
reaches equilibrium state, the auction is over, and the equilibrium price is p" which can be
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computed by (6), the allocated quantity for bidder j is q; which can be computed by (7).
The bidder j must pay p*q; to get the quantity q;.

Step 4: If existing there several bidders’ biddings (bidder k,k,, .k}, h <n) do not reach
the limit state after the first round bidding, this 4 bidders will participate in the second or
multiple rounds biddings. The detail bidding process is described as Case 2 in Section 4. When
all suppliers are no longer to submit new biddings, the whole bidding process is over, the
auction reaches equilibrium state, and the equilibrium price is p* which can be computed
by (8), the allocated quantity for bidder j is q} which can be computed by (9). The bidder
j must pay p*q} to get the quantity q;.

5. An application example

In this section, we give an auction example to describe the forming process of equilibrium
point.

Supposed that an auctioneer wants to auction Q, = 150 units of a continuous homogen-
eous divisible good (such as industrial coal, petroleum, emission rights, and so on). There
are three bidders participate in multiple rounds bidding. The set of bidders is denoted as
N ={1,2,3}. All bidders and the auctioneer are risk neutral. The maximum demand quantities
of these three bidders are G, =110, G, =70, G; =100 respectively, and the actual demand
function of them are as follows:

d2(p)=150-7p, ¢V (p)=220-8p, ¢\ (p)=120-8p.

Now suppose that bidder 3 has already submitted his actual demand function qgl) (p)=120-8p,
i.e. bidder 3 no longer submits new bidding from the second round. The other two bidders’
initial biddings are as follows:

4 (p)=120-9p, ¢(p)=160-10p.

By using model M, to allocate the total quantity Q,. Substitute above relative data to
M, and solve M,, the uniform price is p* =9.26, and the allocated quantities to bidders
are g, = 36.67, q, = 67.40, g = 45.93. And the actual total allocated quantity given by the
auctioneer is Q" = 150, and his income is U = 1388.89.

Although the scheduled supply Q, = 150 is full allocated to the bidders, the biddings of
bidders 1 and bidder 2 don’t reach the limit state, and don’t realize maximization of allocated
quantity. So the auction does not reach equilibrium state. The auctioneer will publish the
current allocation results, and let bidders submit multiple rounds biddings according to the
bidding rule of “Not allowed to modify downward rule”.

Case 1: In the second round bidding, bidder 1 bids first, and bidder 2 follows bidder 1.

0) 4 (1) 4 (1) _
Since the initial bidding of bidder 1 satisfies a{”) — b{ - G _ta, ta; —Q
pO 4 p® 4

10y 03

by Proposition 2, bidder 1 will choose his optimal strategy to maximize his income, that is, he

=71.6<G, =110,
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will submit his actual demand function q(z)( p)=150—7p. Thus, the income of bidder 1 is

maximal, and the current uniform price and allocated quantities are as follows:
p =112, g/ =71.6, q, =48, q; = 30.4.

And the actual total allocated quantity given by the auctioneer is Q" = 150, and his income
is U =1680.
Then bidder 2 will submit his new biddings according to the current allocation results.
a0 4 a® 1 4? _Q
b(O) 1 0
b(O) + b(l) + b(2)
choose his optimal strategy to maximize his income, that is, q(z)( p)= a(zz) —béz) p> where
? and béz) satisfy:
a(2) _b(2) . agz) +a(1) +a£2) QO
2 2 1 2
b + b + b

Since a

=101.74> G, =70, by Proposition 2, bidder 2 will

=70 and 8<b{¥ <10.

When b{? is determined, we can solve the value of a{?). For example, a{*) =184 and
b =9, a¥ =171.33 and b =8, a{?) =190.33 and b{») =9.5 are all the biddings which
satisfy above two conditions. However, in these biddings, no matter what bidding bidder 2
submits, the final results are the same, i.e. the total supply Q, is full allocated to the bidders,
and all bidders’ incomes are no longer increased, and the auction reaches equilibrium state.
The corresponding equilibrium point (p*, q;, g, g3 ) is as follows:

p'=12.67, q, =61.33, q, =70, q5 = 18.67.
The auctioneer’s actual income is U = 1900.
Case 2: In the second round bidding, bidder 2 bids first, and bidder 1 follows bidder 2.

b(o) ag ) +a(1) +a(1) Q

b + b + bV
Proposition 2, bidder 2 will choose his optimal strategy to maximize his income, that is,

When bidder 2 bids first, since a

=120.8>G, =70, by

2 1 1)
b(z) ag )+ag)+a§ Q0

(2) (2) _p(2 @) )
(p)=a3” —by” p,where a;”’and b5 satisfy conditions a{?) b(z) b<1) b(l)

=70
and 8 <b{? <10, such as a{?) =159.41 and b =9.5, a$? =154.71 and b$? =9, and so on.

However, in these biddings, no matter what bidding bidder 2 submits, the final results are
the same, that is:

P =941, g, =35.29, g, =70, g, = 44.71.

And the actual total allocated quantity given by the auctioneer is Q" = 150, his actual income
is U =1411.76.

Then bidder 1 will submit his new biddings according to the current allocation results.
By the judgment method which is similar with case 1), we can determine that the optimal
bidding strategy of bidder 1 is to submit his actual demand function ¢\¥(p)=150—-7p, the
corresponding allocation result is as follows:

p"=11.40, g, =70.17, q, = 51.07, g5 = 28.76.
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When the second round bidding is over, obviously, the bidding of bidder 1 reaches the
limit state, but the biddings of bidders 2 don’t reach the limit state, and don’t realize maxim-
ization of allocated quantity. So the auction does not reach equilibrium state, and bidder 2
will continue to submit new bidding in the third round bidding.

From the conclusion (iii) given in Proposition 2, the optimal bidding strategy of bidder 2
in the third round is the same as the optimal bidding strategy of bidder 2 in the second round.
Meanwhile, the total supply Q" = 150 is full allocated to the bidders, and all bidders’ incomes
are no longer increased, and the auction reaches equilibrium state. The corresponding equi-
librium point (p*,q;,95.9;) is as follows:

p'=12.67, q =61.33, g, =70, q = 18.67.

The auctioneer’s actual income is U = 1900.

From the forming process of equilibrium point given by case 1) and case 2), we can con-
clude that bidders’ bidding order is different, but the final equilibrium point is unique, in the
other word, the final equilibrium point is independent of bidders’ bidding order.

In fact, for above example, we can also prove that the final equilibrium point is independ-

ent of bidders’ starting points of initial bidding. For example, we modify the initial biddings
of three bidders q%l)(p) =120-9p, qgl)(p) =160-10p, qgl)(p) =120-8p as new biddings
qfl)(p) =130-9p, qgl)(p) =185-10p, qgl)(p) =120—-8p. By use the optimal strategy given
in Proposition 2, we can easily get the final equilibrium point in these new biddings is the

same as the final equilibrium point given by case 1) and case 2).
Obviously, the result of equilibrium point is in accordance with the conclusion given by
Proposition 2.

Conclusions

This paper studies the auction problem for a kind of continuous homogeneous divisible goods
and presents a uniform price auction mechanism. Compared with the existing mechanisms
of uniform price auctions, the contribution of the paper is as follows. In our mechanism,
the bidders submit multiple rounds continuous linear bidding, all bidders are asymmetric,
the auctioneer’s supply is variable, and every bidder’s valuation to per unit of the goods is
independent private information. By exploring the bidders’ asymptotic strategic behaviours
and the forming process and composition of equilibrium points, the conclusion can be drawn
that the different bidders’ bidding order and different starting points of initial bidding would
not cause different local equilibrium points, and if the equilibrium points exist, then the
equilibrium point is unique. Therefore, the auction mechanism proposed in this paper can
effectively improve the efficiency of resources allocation.

In future work we intend to analyse the effect of multi-attribute bidding strategy in more
complex auction protocols such as multi-sourcing multi-attribute, combinatorial, double and
simultaneous-multiple auctions. Moreover, as for other directions for our future research, we
think the mechanism design for multi-dimensional auctions, two stages auctions in which
the second stage includes negotiations, and how to apply these multi-attribute auctions to
the fields of real business and industry world, etc. are valuable and interesting issues.
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