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ABSTRACT

The problem of the coe�cient stability for operator� di
erence schemes with variable
operator is investigated� A priori coordinated estimates in the L��norm are obtained for
di
erential�operator equations and operator�di
erence schemes� Estimates in the energy
space HA for coe�cient stability and stability with respect to the right�hand side and the
initial data are proved under more strong assumptions for operator�s perturbation�

�� INTRODUCTION

For many di	erential problem the coe
cients of the equation may not be
strictly de�ned� For example� this often happens if we get them by using
some computational algorithm or as a result of physical experiment� This
fact emphasizes the importance of investigation of schemes with perturbed
coe
cients� The di	erence scheme is called �coe
ciently stable� if small
perturbation of scheme
s coe
cients implies small changes of the solution�
The necessity of the coe
cient stability was remarked in the beginning of

the �� years� in the papers of Tikhonov and Samarskii ���� A priori estimates
for the solution of the stationary problem� demonstrating continuous depen�
dence on the perturbations of the right�hand side and on the perturbations
of the operator �strong stability� can be found in the books ������ The prob�
lem of coe
cient stability for stationary di	erential equation is considered in
Senatorov
s articles ������ A priori estimates for evolutionary equations with
constant operators� when the operator� the right�hand side and the initial
data were perturbed� are investigated in ���� At the di	erential level� we note
the article �����
In ����� a new measure for a perturbation of the unlimited operator A� �



Coe�cient stability of operator�di�erence schemes ���

A � � is introduced� With this measure the coe
cient stability is proved
under substantially weaker conditions then in the fundamental work ����
In the paper� by means of the technics� introduced in ���� the problem of the

coe
cient stability when the operators depend on the time� are established�
Under natural assumptions on operator
s perturbation ������ a priori estimates
in the L��norm for di	erential problem are obtained� Correspondingly coor�
dinated estimates are proved for operator�di	erence schemes� after discretiza�
tion in time� Estimates of strong stability for the scheme with weights in the
energy space HA are obtained� if more strong assumptions ��� for operator
s
perturbation are assumed�
It is interesting to note that the estimates of strong stability in the L��norm

are proved without a standard requirement of Lipschitz continuity of the time
dependent operator A�t��

�� COEFFICIENT STABILITY OF DIFFERENTIAL

�OPERATOR EQUATIONS WITH VARIABLE OPERATOR

Let H be a real �nite dimensional Euclidean space with an inner product ��� ��
and a norm k � k� For further investigations we will specify that A�A�t� is
dependent on the time� self�adjoint and positively de�ned operator in H�

A��t� � A�t� � �E� � � �� ���

We denote byHR� R
� � R � � a Hilbert space with an inner product �y� v�R �

�Ry� v� and a norm kykR �
p
�y� y�R�

Consider the Cauchy problem�

du

dt
�A�t�u � f�t�� � � t � T � u��� � u�� ���

where f�t�� u� are given vectors� By eu�t� we denote the solution of the problem
with perturbed right�hand side� initial data and operator�

deu
dt

� eA�t�eu � ef�t�� � � t � T � eu��� � eu�� ���

Our goal is to estimate the perturbation of the solution z�t� � eu�t��u�t� by
means of perturbations of f�t�� u� and operator A�t�� We will suppose about

the perturbed operator eA�t� the same properties as for the non�perturbed
operator A�t�� eA��t� � eA�t� � e�E� e� � �� ���

The non�negative constant � ����� in the inequality����� eA�t��A�t�
�
y� v
���� � �kykeA�t�kvkA�t�� � � �� ���
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will serve as a measure for operator
s perturbation�

Theorem �� If conditions ���� ��� and �	� are ful
lled� then the following
estimate for the perturbation of the solution z�t� � eu�t�� u�t� holds�

keu�t�� u�t�k� � keu� � u�k
� �

tZ
�

k ef���� f���k�A�����d�

���

��keu�k� � tZ
�

k ef���k�eA�����d�
�A �

���

Proof� Subtracting ��� from ��� we get the problem for z�t��

dz

dt
�A�t�z � � ef�t��f�t���� eA�t��A�t��eu� � � t � T � z��� � eu��u�� ���

By means of technics given in ��� we multiply equation ��� by �z in scalar way
in H�

d

dt
kzk� � �kzk�A�t� � �

�ef�t�� f�t�� z
�
� �

�
� eA�t��A�t��eu� z� � ���

Using the Cauchy�Schwarz inequality and condition ��� we obtain following
estimates�

�
� ef�t�� f�t�� z

�
� k ef�t�� f�t�k�A���t� � kzk�A�t��

�
�� eA�t��A�t�

� eu� z� � ��keukeA�t�kzkA�t� � ��keuk�eA�t� � kzk�A�t��

Substituting inequalities obtained above in ��� we get�

d

dt
kzk� � k ef�t�� f�t�k�A���t� � ��keuk�eA�t��

Integrating the last inequality with respect to time from � to t we come to
the following estimate�

kz�t�k� � kz���k� �

tZ
�

k ef��� � f���k�eA�����d� � ��
tZ

�

keu���k�eA���d�� ���

In order to estimate the last term in ��� we consider the perturbed equation
���� Multiplying ��� by �eu in scalar way we get the following results�

d

dt
keuk� � �keuk�eA�t� � �� ef�t�� eu� � keuk�eA�t� � k ef�t�k�eA���t��
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Integrating this inequality with respect to time we come to the estimate�

tZ
�

keu���k�eA�t�d� � keu���k� � tZ
�

k ef���k�eA�����d�� ����

Substituting ���� in ��� we �nally come to the required a priori estimate ����
Theorem is proved� �

�� COEFFICIENT STABILITY OF TWO�LAYERED

OPERATOR�DIFFERENCE SCHEMES WITH WEIGHTS

AND VARIABLE OPERATOR

In this part we will investigate the di	erence schemes obtained by discretiza�
tion of the time in di	erential equation ���� Correspondingly coordinated
estimates will be proved�
Let � � � be a time step and yn � y�tn�� An � A�tn�� fn � f�tn�� tn � n� �

We will use the following notations�

y � yn� �y � yn��� �y � yn���

yt � ��y � y���� y�t � �y � �y���� y��� � 	�y � ��� 	�y�

For Cauchy problem ��� we set the di	erence scheme with weights�

yt�n �Any
���
n � fn� n � �� �� � � � � y� � u�� ����

The di	erence scheme for the perturbed problem ��� is given as

eyt�n � eAney���n � efn� n � �� �� � � � � ey� � eu�� ����

Theorem �� If conditions ���� ��� and �	� are ful
lled and 	 � ���� then the
solutions of schemes ���� and ���� satisfy the following estimate

keyn�� � ynk
� � keu� � u�k

� �
nP

k��

�k efk � fkk
�
A
��

k

���
�
keu�k� � nP

k��

�k efkk�eA��
k

�
�

����

Proof� Subtracting ���� from ���� we get the problem for the perturbation
of the solution zn � eyn � yn�

zt�n�Anz
���
n � � efn�fn�� � eAn�An�ey���n � n � �� �� � � � � z� � eu��u�� ����
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Multiplying equation ���� by ��z
���
n in scalar way in H and using 
�inequality

with condition ��� we obtain

����	 � �� ��kzt�kk
� � kzk��k

� � kzkk
� � �k efk � fkk

�
A��
k

� ���key���k k�eAk �
From this� using condition 	 � �� � and summing over all k � �� �� � � � n� yields

kzn��k
� � kz�k

� �

nX
k��

�k efk � fkk
�
A
��

k

� ��
nX

k��

�key���k k�eAk � ����

In order to estimate the last term in the above inequality we over consider

the perturbed scheme ����� Multiplying ���� by ��ey���k in scalar way in H we
get�

���	 � �� ��keytk� � keyk��k� � �key���k k�eAk � keykk� � �k efkk�eA��
k

�

Then summing over all k � �� �� � � � � n we �nally get the estimate�

nX
k��

�key���k k�eAk � keu�k� � nX
k��

�k efkk�eA��
k

� ����

Substituting ���� in ���� we prove the validity of ����� �

�� COEFFICIENT STABILITY IN MORE STRONG ENERGY

NORMS

In order to obtain results in more strong energy norms� we will use a di	erent
measure of the perturbation� The non�negative constant � in the inequality

k
� eA�t��A�t�v

�
k � �k eA�t�vk� � � �� ����

will be a measure of the perturbation of the operator A�t�� For further in�

vestigations we will assume that the operators A�t� and eA�t� are Lipschitz
continuous with respect to time

j��A�t�� A�t� ��� v� v�j � �c� �A�t� ��v� v� � c� � const � �� v � H� ����

����� eA�t�� eA�t� ��
�
v� v
���� � �ec� � eA�t� ��v� v

�
� ec� � const � �� ����

Firstly we will formulate the following auxiliary results�



Coe�cient stability of operator�di�erence schemes ���

Lemma �� ��� Suppose that operator eA�t� is variable self�adjoint� positively
de
ned operator and if satis
es condition ��
� of Lipschitz continuity with
respect to the time� Then provided 	 � �� � the following a priori estimate
holds for the solution of the perturbed scheme ����

keyn��keAn � M

�
keu�keA�

� max
��k�n

�
k efkkeA��

k

� k ef�t�kkeA��
k

��
�

M � const � �� f�� � f��
����

Lemma �� Under the conditions of Lemma �� we have a priori estimate in
integral with respect to time norms for the solution of the perturbed scheme
�����

nP
k��

�k eAkey���k k� � keu�k�eA�

�
nP

k��

�k efkk� � fM �
keu�k�eA�

� max
��k�n

�
k efkk�eA��

k

� k ef�t�kk�eA��
k

��
� fM � �tnMec�� ����

Proof� Multiplying the perturbed scheme ���� by �� eAney���n in scalar way in

H and applying equality ey���n � ��	 � �� ��eyt � ey������ we have the energy
identity�

��� �	 � �� ��
� eAneyt� eyt�� � eAneyn��� eyn���� ��k eAney���n k�

�
� eAneyn� eyn�� ��

� eAney���n � efn� � ����

Using that 	 � �� �� the Cauchy�Schwarz inequality and Lipschitz continuity
for the operator eA�t� we get the recurrent formula�

�k eAkey���k k� � keyk��k�eAk � �� � �ec��keykk�eAk�� � �k efkk��
Summing over all k � �� � � � � n we obtain the following inequality�

nX
k��

�k eAkey���k k� � key�k�eA�

� ec� nX
k��

�keykk�eAk�� �
nX

k��

�k efkk�� ����

From the energy identity ���� when n � � we have the inequality�

�k eA�ey���� k� � key�k�eA�

� key�k�eA�

� �k ef�k�� ����

Substituting ���� in ���� we come to the estimate�

nX
k��

�k eAkey���k k� � key�k�eA�

�

nX
k��

�k efkk� � ec� nX
k��

�keykk�eAk�� �
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In order� to estimate the last term in above inequality we apply Lemma � and
since fM � �tnMec� is a positive constant we �nally get the required estimate
����� Lemma is proved� �

Theorem �� Suppose the operators A�t� and eA�t� are variable� self�adjoint�
positively de
ned operators and they satisfy conditions ����� ���� and ��
��
Then�when 	 � ���� the solutions of schemes ���� and ���� satisfy the esti�
mates

keyn�� �yn��k
�
An

�M�
�

�
keu� � u�k

�
A�

�
nP

k��

�k efk � fkk
�

� ��
nP

k��

�k eAkey���k k�
�
� M� � �N� � e���c�T �

����

nX
k��

�k eAkey���k k� � keu�k�eA�

�

nX
k��

�k efkk�
�fM �

keu�k�eA�

� max
��k�n

�
k efkk�eA��

k

� k ef�t�kk�eA��
k

��
�

Proof� Multiplying the equation ���� by ��zt in scalar way in H we get the
recurrent formula�

kzk��k
�
Ak

� ��kzkk
�
Ak��

� �k efk � fkk
� � �k

� eAk �Ak

� ey���k k��

� � e����c� � zk � eyk � yk�

Specially for n � � we have�

kz�k
�
A�

� kz�k
�
A�

� �k ef� � f�k
� � �k

� eA� �A�

� ey���� k��

Summing over all k � �� �� � � � � n we get the estimate�

kzn��k
�
An

� ��n

�
kz�k

�
A�

�

nX
k��

�k efk � fkk
� �

nX
k��

�k
� eAk �Ak

� ey���k k�

	
�

Finally if we use the estimate ���� for the perturbation of the operator A�t�
and Lemma � we complete the proof� �
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