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ABSTRACT

The problem of the coefficient stability for operator— difference schemes with variable
operator is investigated. A priori coordinated estimates in the Ly—norm are obtained for
differential-operator equations and operator—difference schemes. Estimates in the energy
space H 4 for coefficient stability and stability with respect to the right—hand side and the
initial data are proved under more strong assumptions for operator’s perturbation.

1. INTRODUCTION

For many differential problem the coefficients of the equation may not be
strictly defined. For example, this often happens if we get them by using
some computational algorithm or as a result of physical experiment. This
fact emphasizes the importance of investigation of schemes with perturbed
coefficients. The difference scheme is called ”coefficiently stable” if small
perturbation of scheme’s coefficients implies small changes of the solution.

The necessity of the coefficient stability was remarked in the beginning of
the 60 years, in the papers of Tikhonov and Samarskii [4]. A priori estimates
for the solution of the stationary problem, demonstrating continuous depen-
dence on the perturbations of the right-hand side and on the perturbations
of the operator (strong stability) can be found in the books [1,9]. The prob-
lem of coefficient stability for stationary differential equation is considered in
Senatorov’s articles [5,6]. A priori estimates for evolutionary equations with
constant operators, when the operator, the right—hand side and the initial
data were perturbed, are investigated in [2]. At the differential level, we note
the article [10].

In [7,8] a new measure for a perturbation of the unlimited operator A* =
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A > 0 is introduced. With this measure the coefficient stability is proved
under substantially weaker conditions then in the fundamental work [2].

In the paper, by means of the technics, introduced in [2], the problem of the
coefficient stability when the operators depend on the time, are established.
Under natural assumptions on operator’s perturbation [7,8], a priori estimates
in the Lo-norm for differential problem are obtained. Correspondingly coor-
dinated estimates are proved for operator—difference schemes, after discretiza-
tion in time. Estimates of strong stability for the scheme with weights in the
energy space Hy4 are obtained, if more strong assumptions [2] for operator’s
perturbation are assumed.

It is interesting to note that the estimates of strong stability in the Lo—norm
are proved without a standard requirement of Lipschitz continuity of the time
dependent operator A(t).

2. COEFFICIENT STABILITY OF DIFFERENTIAL
-OPERATOR EQUATIONS WITH VARIABLE OPERATOR

Let H be a real finite dimensional Euclidean space with an inner product (-, -)
and a norm || - ||. For further investigations we will specify that A=A(t) is
dependent on the time, self-adjoint and positively defined operator in H:

A*(t) = A(t) > 6E, 6> 0. (1)

We denote by Hg, R* = R > 0 a Hilbert space with an inner product (y,v)r =

(Ry,v) and a norm |[ly||r = \/(y,¥)r-

Consider the Cauchy problem:

d
d—;‘ +ABu=ft), 0<t<T; u(0)=uo, 2)
where f(t),ug are given vectors. By u(t) we denote the solution of the problem
with perturbed right-hand side, initial data and operator:
du ~, .. = ~ -

E#—A(t)u:f(t), 0<t<T; u(0)=up. (3)

Our goal is to estimate the perturbation of the solution z(t) = @(t) —u(t) by
means of perturbations of f(t), up and operator A(t). We will suppose about
the perturbed operator A(t) the same properties as for the non-perturbed
operator A(t):

A*(t) = A(t) > 6E, 6> 0. (4)

The non-negative constant « [7,8] in the inequality

() - 4®)) v,0) | < allvliz Iollag, >0, (5)
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will serve as a measure for operator’s perturbation.

THEOREM 1. If conditions (1), (4) and (5) are fulfilled, then the following
estimate for the perturbation of the solution z(t) = u(t) — u(t) holds:

lii(t) - w1 < lio — uoll” + / 1F®) ~ FO)IPs- )6

t
: (||?70||2 +f ||f<0>||3_1(9)d9) .
0

Proof. Subtracting (2) from (3) we get the problem for z(#):

AW = (FO 1) ~(AD-AWT, 0<1<T; 2(0) = io—uo. (7)

By means of technics given in [2] we multiply equation (7) by 2z in scalar way
in H:

Ll + 20z = 2 (F0) — £00.2) —2 (A - A@)iz) . ®)

Using the Cauchy-Schwarz inequality and condition (5) we obtain following
estimates:

2(F0) = £(1),2) <IF® = SO + 1210

2 (A0 - 4®) @, 2) < 2afillz, lzllaw < al@l,, + 1B
Substituting inequalities obtained above in (8) we get:
L1z < 1F0) - 7012 )+’ |[al%
e’ = A7 Ay’

Integrating the last inequality with respect to time from 0 to ¢ we come to
the following estimate:

=OIF < 120)] + / 176) ~ FOI, , 80 +0” / 61, 6. (9)

In order to estimate the last term in (9) we consider the perturbed equation
(3). Multiplying (3) by 2u in scalar way we get the following results:

SR+ 20, = 270, < Nl + 170,



Coefficient stability of operator-difference schemes 155

Integrating this inequality with respect to time we come to the estimate:

t

[ 1O, do < [GO)E + [ 17O, db. (10)

0

Substituting (10) in (9) we finally come to the required a priori estimate (6).
Theorem is proved. O

3. COEFFICIENT STABILITY OF TWO-LAYERED
OPERATOR-DIFFERENCE SCHEMES WITH WEIGHTS
AND VARIABLE OPERATOR

In this part we will investigate the difference schemes obtained by discretiza-
tion of the time in differential equation (2). Correspondingly coordinated
estimates will be proved.

Let 7 > 0 be a time step and y, = y(t,), Ap = A(tn), fn = f(tn), tn =nT.
We will use the following notations:

Y =Yn, g:yn-‘rla Y =Yn-1,

y=G-y/1 yi=y—9/m, ¥y =0j+ (1 —0)y.

For Cauchy problem (2) we set the difference scheme with weights:
yt,n-i—Any,(L") =fn, n=0,1,...; yo=up. (11)

The difference scheme for the perturbed problem (3) is given as
Jon + A = fo, n=0,1,...; Jo=1p. (12)

THEOREM 2. If conditions (1), (4) and (5) are fulfilled and o > 0.5, then the
solutions of schemes (11) and (12) satisfy the following estimate

n ~
[Grr = yall® < N0 —wol* + 32 7l — fill}, s
k=0 ¢

5 (13)
+a? (Il + 3 7RI ).

Proof. Subtracting (11) from (12) we get the problem for the perturbation
of the solution z, = ¥, — Yn:

Zt,n"‘Anzr(Lo—) = (fn_fn) - (A/n_An)ggo—); n= 0> ]-7 v 20 = 170 — Ug. (14)
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Multiplying equation (14) by 2Tz7(f) in scalar way in H and using e-inequality

with condition (5) we obtain

o

27%(0 = 0, 5)ll2kll” + e [I* < Mzl + 7l fie = Sl o + a?7l[3 )Iliqk-

From this, using condition ¢ > 0,5 and summing over all £ = 0,1,...n, yields

n n
el < llzoll® + D27l Fe = full o+ S AGOIE . (15)
k=0 k=0

In order to estimate the last term in the above inequality we over consider
the perturbed scheme (12). Multiplying (12) by 27%0) in scalar way in H we
get:

2r(0 = 0, 5)[[Gull* + [Fea I + 7IF7 1, < 15l + 7 el

Then summing over all k = 0,1,...,n we finally get the estimate:
n n -
SN < ol + 3 7llfely-. (16)
k=0 k=0 *

Substituting (16) in (15) we prove the validity of (13). O

4. COEFFICIENT STABILITY IN MORE STRONG ENERGY
NORMS

In order to obtain results in more strong energy norms, we will use a different
measure of the perturbation. The non-negative constant « in the inequality

1(A) = A)o) || < allAt)oll, a >0, (17)

will be a measure of the perturbation of the operator A(t). For further in-
vestigations we will assume that the operators A(t) and A(t) are Lipschitz
continuous with respect to time

[((A(t) — A(t — 7)) v,v)| < Tco (A(t — T)v,v), co =const >0, ve H, (18)

‘((J(t) At - T)) u,u)‘ <78 (Z(t - T)u,u) , @ =const >0.  (19)

Firstly we will formulate the following auxiliary results.
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LEmMMA 3. [3] Suppose that operator fT(t) is variable self-adjoint, positively
defined operator and if satisfies condition (19) of Lipschitz continuity with
respect to the time. Then provided o > 0,5 the following a priori estimate
holds for the solution of the perturbed scheme (12)

0<k<n

M = const >0, f_1 = fo.

wsillz, < M (Wollg, + oo (el +17sls) ) o)

LEMMA 4. Under the conditions of Lemma 3, we have a priori estimate in
integral with respect to time norms for the solution of the perturbed scheme

(12):

~ n ~ —
S Tl AP < Wl + 32 7l fell> + 3 (Jol,
k=0

+gnx (IR + 17l ) ) o 6T =tz
k k

(21)

0<k<n

Proof. Multiplying the perturbed scheme (12) by 2Tﬁn§£{7) in scalar way in

H and applying equality 757 = 7(c — 0,5)7 + 7(®), we have the energy

identity:
202 (= 0,5) (A5, ) + (Aufins s G ) + 2711 2a G0 )
 (Audn) + 2 (L. F).

Using that o > 0, 5, the Cauchy—Schwarz inequality and Lipschitz continuity
for the operator A(t) we get the recurrent formula:

AT + 1Tl < (0 r@)Fly -+l

Summing over all k = 1,...,n we obtain the following inequality:
3 (o) ~ n
o) - N . -
I;rllAkyk I <llgll%, + CO;T“kaXkA + ;Tﬂfkll _ (23)

From the energy identity (22) when n = 0 we have the inequality:

TllAoie” 17 + 7 11%, < ol +7llfoll*. (24)

Substituting (24) in (23) we come to the estimate:

n n n
STl ARG < ol + > 7lFll? + 2 > wllall -
k=0 k=0 k=1
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In order, to estimate the last term in above inequality we apply Lemma 3 and
since M = 4t,, M ¢y is a positive constant we finally get the required estimate
(21). Lemma is proved. O

THEOREM 5. Suppose the operators A(t) and A(t) are variable, self-adjoint,
positively defined operators and they satisfy conditions (17), (18) and (19).
Then,when o > 0.5, the solutions of schemes (11) and (12) satisfy the esti-
mates

n ~
nss =osally, < 242 (170~ ol + 3 7l — Al
Y £ (25)
+a?y T||Akz7,§“>||2) My = Mo = O,
k=0

n n
SoTIAGTIP < lwoly, + Do il
k=0

k=0

A

07 (ol + g (1l + Wl ) ).

Proof. Multiplying the equation (14) by 27z; in scalar way in H we get the
recurrent formula:

IN

PPllzell,, + 7l = fell® + 7l (A = Ax) 5711,

60,57'60

2411,
p = » 2k = Uk — Yk-

Specially for n = 0 we have:

15, < Dol + 7llFo = foll* + 711 (Ao — 40) 771

Summing over all k = 0,1,...,n we get the estimate:
lnially, <7 (nzOuio £ 37l — Al + D0l (A - ) 17,£”||2> .
k=0 k=0

Finally if we use the estimate (17) for the perturbation of the operator A(t)
and Lemma 4 we complete the proof. O
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