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ABSTRACT

The qualitative properties of perturbed differential equations are investigated. The
analogies of the classical Weyl theorem are proved.

1. INTRODUCTION

In this paper the investigation is conducted of various essential spectra of mini-
mal, maximal and intermediate ordinary differential operators in the Lebesque
spaces LP(a,o0), 1 < p < oo. These operators are obtained by means of rela-
tively small perturbations of differential operators with constant coefficients of
order n by differential operators of the same order. This makes it possible to
prove the new analogies of the classic Weyl theorem of invariance of essential
spectrum and to obtain the exact formulas for calculating essential spectra of
various classes of ordinary differential operators in the Lebesque spaces L?. In
contemporary mathemetical literature a few assertions are known as a Weyl’s
theorem. The classic Weyl theorem states that if A and B are self-adjoint
and A — B is compact then o.(A) = 0.(B), where o, is an essential spectrum
of an operator.

2. FORMULATION OF THE PROBLEM

Let T be a closed linear operator densely defined on a complex Banach space.
Essential spectra of an operator T could be defined as the complement in a
complex plane C of a set defined by various Fredholm properties of family of
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operators T' — \I:

oer(T) :== C\ Ag(T), k=1,2,3,4,5,

oL (T):=C\®"(T) and o_,(T):=C\ & (T),

where A1(T) := {A € C: R(T—X) = R(T — XI)}, ®H(T) = {\
A (T) : nul(T — M) < oo}, & (T) := {\ € A(T) : def(T — A\I)
©}, A(T):=dT(T)US(T) =s—®(T), A3(T):=dH(T)Nnd (T)
O(T), ALT):={N€ A3(T):ind(T — M) =0}, As(T):={re€ Ay(T):
a deleted neighbourhood of A lies in the resolvent set p(T)}.

Each of the sets 0. (T),k = 1,5, 0/5(T) and o,,(T) has been reffered
to as the essential spectrum of T accoding to (1) Goldberg, (2) Kato, (27)
Wolf, (27) Gustafson-Weidmann, (3) Fredholm, (4) Weyl or Schechter, (5)
Browder. Tt is clear, that oot (T) C 0o(T) for k < I and o.(T) C 0%(T) C
oe3(T), were the inclusion might be proper. The essential spectra o, (T), k =
1,2,2%,3,4,5, can be described by other equivalent means [1-3].

A m

Let consider a formal differential expression
n
T::Zak(t)Dk, a<t<oo, —o00<a< oo, (1)
k=0

where ay(t) are complex valued functions such that ag(t) € C*[a, o0), a,(t) #
0, 1/an,ar € L*®(a,00),0 < k < n, and D := d/dt. Denote by T(r,p, [a, o))
a mazimal operator corresponding to (7, p, [a, 00)) which is defined on L (a, c0)
as follows:

D[T(7,p,[a,00))] :== {f : f™ Y € ACipc[a,0); f,7f € LP(a,00)},

where ACjsc[a,00) is the set of complex valued functions f, absolutely con-
tinuos on each compact subinterval from [a, c0) and

T(T,p, [a> OO))f =1f for fe D[T(T,p, [a> OO))]

We denote by To(7,p, [a,00)) a minimal operator defined on LP(a,oc0) for
1 < p < oo as a closure of restriction of a maximal operator T'(r, p, [a, c0)) on
a set of functions from D[T'(7,p,[a,00))], having compact support in (a, 00),
and for 1 < p < oo defined by a Banach conjugate T'(7*,p', [a, 0)), where 7*
is the formally conjugated differential operation 7*g := >";_(—1)*D*(ayg),
and 1/p+1/p'=1ifl<p<oo;p' =0 if p=1;p' =1if p= cco. Various
properties of essential spectra of minimal and maximal ordinary differential
operators are investigated in [4-7].
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3. MAIN RESULTS

THEOREM 1. Let S(7,p,|[a,0)),—00 < a < 00, be a closed linear differential
operator in LP(a,00),1 < p < oo, which is an extention of the minimal oper-
ator To (7, p, [a,00)) and a restriction of the mazimal operator T (t,p,[a, o))
generated by differential operation 7(1) with smooth coefficients a(t),1/a, €
L*(a,00),0 < k <n,

TO(T7p7 [G,,OO)) g S(Tapv [G,OO)) g T(T7p7 [0’700))'

Then for any b € (a,00) and five versions of essential spectra of differential
operators S(t,p,[a,0)) and S(7,p, [b,00)) the equalities hold:

oer[S(T,p, [a,00))] = oek[S(T,p,[b,00))], k=12, 2i, 3.

For the Weyl essential spectrum .4 of minimal and mazimal differential
operators the following equalities hold:

064[TO(T7P7 [aa OO))] = 064[T0(T7p7 [b) OO))],
gea[T(7,p, [a,00))] = oes[T (7, p, [b,00))].

We denote by B(v, p, [a, 0)) (respectively By (v, p, [a, 00))) for —oo < a < 00
a maximal (minimal) differential operator generated in LP(a,o0), 1 < p < oo,
by the formal differential operation

n—1
v = Y b(t)D*, a<t< oo, (2)
k=0

where complex valued functions by € C*[a,0), 0 < k <n — 1, and by T(7 +
v,p,[a,00)) (respectively To(7 + v, p, [a,0))) a maximal (minimal) operator
generated in LP(a,00), —00 < a < 00,1 < p < 00, by the formal differential
operation 7 + v, where 7 and v are defined by the formulae (1) and (6).
The operators B(v, p,[a, o)), Bo(v,p,[a,0)) and T(1 + v,p, [a, o)), To(T +
v,p,[a,00)) are defined likewise the maximal and minimal differential operator
denerated by the operation 7.

THEOREM 2. The mazimal differential operator B(v,p, [a,0)) (the minimal
differential operator By (v,p,[a,00))) generated by v(2) in LP(a,oc0) is
T(1,p,[a,0))-bounded (respectively To(T,p,[a,0))-bounded) for the differen-
tial operation 7(1), —co < a < oo and 1 < p < oo if

s+1
sup /|bk(t)|pdt—>0 as m—o00, 0<k<n-1L (3)

m<s<oo
s
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In case of fairly large a € (0,00) for mazimal and minimal differential opera-
tors considered the equalities hold

T (7 +v,p,la,00)) = T(7,p,|a,0)) + B(v,p, [a,0)),

To(T + v,p,[a,00)) = To(T, p, [a, 0)) + Bo(v, p, [a,)),

and a relative bound of differential operators B(v,p, [a,0)) and By (v, p,[a, 00))
is strictly less than unity.

Using theorem 2 and the theorem of essential spectra of maximal and min-
imal ordinary differential operators with constant coefficients [5] one can find
exact formulas for essential spectra of differential operators with almost con-
stant coefficients, i.e. differential operators with variable coefficients tending
to constant ones at infinity.

Let us consider a formal differential operation

n n—
/,L::T—FV:ZGka + Zbk(t)Dk, a<t< oo, 4)

where aj, are complex numbers, 7 is a differential operation of type (1) with
constant coefficients and by (t) are complex valued functions such that by €
C*(a,0), k=0,n.

THEOREM 3. Let the coefficients bi(t), 0 < k < n — 1 in the differential
operation p (4) satisfy the integral conditions (3).
Then for the essential spectra of minimal To(u, p, [a,o0)), mazimal

T (i, p, [a,00)) operators generated by p (4) in LP(a,0), —o00 < a < 00,1 <
p < o0, and for the closed differential operator S(u,p,[a,o0)), which is an
extension of minimal and a restriction of maximal operators, as well as for
similar operators defined by the differential operations T (1) with constant
coefficients and v (2), the following equalities hold

oek[S(psp;[a,00))] = oek[S(7,p,[a,00)) + S(v,p, [a,00))]
= ou[S(1,p,[a,0))], k=1,22%3,

oek[To(p, p,la,00))] = oek[To(r,p, [a, 00)) + To(v,p, [a,0))]
= oe[To(r,p,[a,0))], k=45,

oee[T(p,p,[a,00))] = oe[T(7,p,[a,00)) + T(v,p,[a,0))]
= oI (1,p,[a,0))], k=4,5.

These equalities are the generalizations of the classic Weyl theorem.
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In theorem 2 of [5] the exact formulae for finding all essential spectra of
maximal and minimal differential operators with constant coefficients were
abtained.

THEOREM 4. Essential spectra of differential operators generated by the oper-
ation p (4) and defined in theorem 3 can be calculated by

Uek[s(uvpa [a'a OO))] = UEEQ [S(uﬂpa [a'a OO))] = {P(A) : Re\ = 0}7 (5)
k=13,

oer[To(p, ps[a,00))] = o[To(p,p,[a,00))] = {P(A) : ReA >0}, (6)
k=45,

ek [T (1, p; [a,00))] = o[T'(p, p, [a,00))] = {P(}) : ReA <0}, k=4,5, (7)

where P is a polynomial corresponding the operation with constant coefficients

™ (1)
P(t) = > apth.
k=0

Let us consider a differential operation p of more general type, namely, as
a perturbation of 7 by a differential operation of the same order n, i.e.

io= > (ax +bp(H)D*, a<t<oo, (8)
k=0

where ay, are complex numbers and complex valued functions of real argument
by € C*[a,o0), for k =0, n.

THEOREM 5. Let the conditions by, 1/(ay + b,) € L>®(a,00) hold for coeffi-
cients of the differential operation i (8) and coefficients bi(t), 0 < k < n,
satisfy conditions of tending to 0 at infinity (3).

Then the following generalizations of the classic Weyl theorem hold

oek[S(fi,p, [a,0))] = o[S(T,p,[a,))], k= 1,2,2%,3,

Uek[TU(ﬁ)pa [av OO))] = Uek[TO(T;pa [av OO))], k=4,5,
Uek[T(ﬂ)pa [av OO))] = Uek[T(Tap; [a> OO))], k=4,5.

for the minimal To(fi,p,[a,0)), mazimal T(fi,p,[a,00)) and intermediate
S(1,p, [a, 00)) differential operators generated in LP(a,c0), —00 < a < 00,1 <
p < 00, by the operation i (8) Besides, for differential operators defined by
the operations [i(8) the formulas for essential spectra (5) — (7) hold.
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Since theorem 2 holds for the differential operation 7 (1) with variable
coefficients, considering the conditions on the coefficients bg(t), 0 < k < n,
(3) it sufficent to investigate the particular case of the differential operation
it (8) with the coefficients bg(t) =0, 0 <k <n-—1

n—1
i = T+ba(t)D" = (an +ba(t)D" + > arD". (9)
k=0

Hence firstly we prove the assertion of the theorem for differential operators
with 1 (9) and then consider the general differential operation i (8) as a
relatively small perturbation of the differential operation i (9). In order to
do so it sufficet to present the differential operation i (9) as

bn(t)

n

A

aka +
G a

Box = (H”n(t))(T_A)_gbn(t)
k=0 "

THEOREM 6. For the essential spectra of minimal Ty(fi, 00, [a, 00)), mazimal
T (fi, 00, [a,0)) and intermediate S(fi, 00, [a, 00)) differential operators gener-
ated by the formal differential operation i (8) in space L™ (a,0), —oo <
a < oo, with coefficients satisfying the conditions of theorem 5 and with their
derivatives satisfying

s+1
sup /|b§ci)(t)|pdt—>0 as m—oo, 0<i<k 0<k<n,

m<s<oo
s

the formulas (5) — (7) hold for differential operators in case p = oo.

Proof. Tt is sufficent to apply theorem 5 to differential operators generated
in space L!(a, o) by the formal cojugated differential operation

n

(W) f = Y _(=DFD*((ar + br (1)),

k=0

and then using the formulas of duality (see, for instance, [4]) proceed to dif-
ferential operators defined by the operation i (8) in space L*°(a, 00).

Theorems 3-6 generalize the results of [1] for Fredholm and Goldberg es-
sential spectra of maximal operators in space L?(0,00) as well as the results
of [8] for various essntial spectra of ordinary differential operators in Hilbert
space. We would like to note books [9,10] on localization of essential spectrum
of ordinary self-adjoint differential operators with variable coefficients.
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