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ABSTRACT

The qualitative properties of perturbed di�erential equations are investigated� The
analogies of the classical Weyl theorem are proved�

�� INTRODUCTION

In this paper the investigation is conducted of various essential spectra of mini�
mal� maximal and intermediate ordinary di�erential operators in the Lebesque
spaces Lp�a��	� 
 � p � �� These operators are obtained by means of rela�
tively small perturbations of di�erential operators with constant coe�cients of
order n by di�erential operators of the same order� This makes it possible to
prove the new analogies of the classic Weyl theorem of invariance of essential
spectrum and to obtain the exact formulas for calculating essential spectra of
various classes of ordinary di�erential operators in the Lebesque spaces Lp� In
contemporary mathemetical literature a few assertions are known as a Weyl�s
theorem� The classic Weyl theorem states that if A and B are self�adjoint
and A�B is compact then �e�A	 
 �e�B	� where �e is an essential spectrum
of an operator�

�� FORMULATION OF THE PROBLEM

Let T be a closed linear operator densely de�ned on a complex Banach space�
Essential spectra of an operator T could be de�ned as the complement in a
complex plane C of a set de�ned by various Fredholm properties of family of
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operators T � �I �

�ek�T 	 �
 C n�k�T 	� k 
 
� �� �� �� ��

��e��T 	 �
 C n ���T 	 and ��e��T 	 �
 C n���T 	�

where ���T 	 �
 f� � C � R�T � �I	 
 R�T � �I	g� ���T 	 �
 f� �
���T 	 � nul�T � �I	 � �g� ���T 	 �
 f� � ���T 	 � def�T � �I	 �
�g� ���T 	 �
 ���T 	 � ���T 	 
 s� ��T 	� ���T 	 �
 ���T 	 � ���T 	 

��T 	� ���T 	 �
 f� � ���T 	 � ind�T � �I	 
 �g� ���T 	 �
 f� � ���T 	 �
a deleted neighbourhood of � lies in the resolvent set ��T 	g�
Each of the sets �ek�T 	� k 
 
� �� ��e��T 	 and ��e��T 	 has been re�ered

to as the essential spectrum of T accoding to �
	 Goldberg� ��	 Kato� ���	
Wolf� ���	 Gustafson�Weidmann� ��	 Fredholm� ��	 Weyl or Schechter� ��	
Browder� It is clear� that �ek�T 	 � �el�T 	 for k � l and �e��T 	 � ��e��T 	 �
�e��T 	� were the inclusion might be proper� The essential spectra �ek�T 	� k 


� �� ��� �� �� �� can be described by other equivalent means �
����

Let consider a formal di�erential expression

� �


nX
k��

ak�t	D
k� a � t ��� �� � a ��� �
	

where ak�t	 are complex valued functions such that ak�t	 � Ck�a��	� an�t	 �

�� 
�an� ak � L��a��	� � � k � n� and D �
 d�dt� Denote by T ��� p� �a��		
amaximal operator corresponding to ��� p� �a��		 which is de�ned on Lp�a��	
as follows�

D�T ��� p� �a��		� �
 ff � f �n��	 � ACloc�a��	� f� �f � Lp�a��	g�

where ACloc�a��	 is the set of complex valued functions f � absolutely con�
tinuos on each compact subinterval from �a��	 and

T ��� p� �a��		f �
 �f for f � D�T ��� p� �a��		��

We denote by T���� p� �a��		 a minimal operator de�ned on Lp�a��	 for

 � p �� as a closure of restriction of a maximal operator T ��� p� �a��		 on
a set of functions from D�T ��� p� �a��		�� having compact support in �a��	�
and for 
 � p �� de�ned by a Banach conjugate T ����� p�� �a��		� where ��

is the formally conjugated di�erential operation ��g �

Pn

k����
	
kDk�akg	�

and 
�p� 
�p� 
 
 if 
 � p � �� p� 
 � if p 
 
� p� 
 
 if p 
 �� Various
properties of essential spectra of minimal and maximal ordinary di�erential
operators are investigated in ������
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�� MAIN RESULTS

Theorem �� Let S��� p� �a��		��� � a � �� be a closed linear di�erential
operator in Lp�a��	� 
 � p � �� which is an extention of the minimal oper�
ator T���� p� �a��		 and a restriction of the maximal operator T ��� p� �a��		
generated by di�erential operation ��
	 with smooth coe�cients ak�t	� 
�an �
L��a��	� � � k � n�

T���� p� �a��		 � S��� p� �a��		 � T ��� p� �a��		�

Then for any b � �a��	 and �ve versions of essential spectra of di�erential
operators S��� p� �a��		 and S��� p� �b��		 the equalities hold�

�ek �S��� p� �a��		� 
 �ek �S��� p� �b��		�� k 
 
� �� ��� ��

For the Weyl essential spectrum �e� of minimal and maximal di�erential
operators the following equalities hold�

�e��T���� p� �a��		� 
 �e��T���� p� �b��		��

�e��T ��� p� �a��		� 
 �e��T ��� p� �b��		��

We denote byB��� p� �a��		 �respectivelyB���� p� �a��			 for�� � a ��
a maximal �minimal	 di�erential operator generated in Lp�a��	� 
 � p ���
by the formal di�erential operation

� �


n��X
k��

bk�t	D
k � a � t ��� ��	

where complex valued functions bk � Ck�a��	� � � k � n� 
� and by T �� �
�� p� �a��		 �respectively T��� � �� p� �a��			 a maximal �minimal	 operator
generated in Lp�a��	� �� � a � �� 
 � p � �� by the formal di�erential
operation � � �� where � and � are de�ned by the formulae �
	 and ��	�
The operators B��� p� �a��		� B���� p� �a��		 and T �� � �� p� �a��		� T��� �
�� p� �a��		 are de�ned likewise the maximal and minimal di�erential operator
denerated by the operation � �

Theorem �� The maximal di�erential operator B��� p� �a��		 �the minimal
di�erential operator B���� p� �a��		� generated by ���	 in Lp�a��	 is
T ��� p� �a��		�bounded �respectively T���� p� �a��		�bounded� for the di�eren�
tial operation ��
	� �� � a �� and 
 � p �� if

sup
m�s��

s��Z

s

j bk�t	 j
p dt� � as m��� � � k � n� 
� ��	
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In case of fairly large a � ����	 for maximal and minimal di�erential opera�
tors considered the equalities hold

T �� � �� p� �a��		 
 T ��� p� �a��		 �B��� p� �a��		�

T��� � �� p� �a��		 
 T���� p� �a��		 �B���� p� �a��		�

and a relative bound of di�erential operators B��� p� �a��		 and B���� p� �a��		
is strictly less than unity�

Using theorem � and the theorem of essential spectra of maximal and min�
imal ordinary di�erential operators with constant coe�cients ��� one can �nd
exact formulas for essential spectra of di�erential operators with almost con�
stant coe�cients� i�e� di�erential operators with variable coe�cients tending
to constant ones at in�nity�
Let us consider a formal di�erential operation

	 �
 � � � 


nX
k��

akD
k �

n��X
k��

bk�t	D
k� a � t ��� ��	

where ak are complex numbers� � is a di�erential operation of type �
	 with
constant coe�cients and bk�t	 are complex valued functions such that bk �
Ck�a��	� k 
 �� n�

Theorem �� Let the coe�cients bk�t	� � � k � n � 
 in the di�erential
operation 	 ��	 satisfy the integral conditions ��	�
Then for the essential spectra of minimal T��	� p� �a��		� maximal

T �	� p� �a��		 operators generated by 	 ��	 in Lp�a��	� �� � a � �� 
 �
p � �� and for the closed di�erential operator S�	� p� �a��		� which is an
extension of minimal and a restriction of maximal operators� as well as for
similar operators de�ned by the di�erential operations � �
	 with constant
coe�cients and � ��	� the following equalities hold

�ek �S�	� p� �a��		� 
 �ek �S��� p� �a��		 � S��� p� �a��		�


 �ek �S��� p� �a��		�� k 
 
� �� ��� ��

�ek �T��	� p� �a��		� 
 �ek �T���� p� �a��		 � T���� p� �a��		�


 �ek �T���� p� �a��		�� k 
 �� ��

�ek �T �	� p� �a��		� 
 �ek �T ��� p� �a��		 � T ��� p� �a��		�


 �ek �T ��� p� �a��		�� k 
 �� ��

These equalities are the generalizations of the classic Weyl theorem�
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In theorem � of ��� the exact formulae for �nding all essential spectra of
maximal and minimal di�erential operators with constant coe�cients were
abtained�

Theorem �� Essential spectra of di�erential operators generated by the oper�
ation 	 ��	 and de�ned in theorem 	 can be calculated by

�ek �S�	� p� �a��		� 
 ��e��S�	� p� �a��		� 
 fP ��	 � Re� 
 �g� ��	

k 
 
� ��

�ek �T��	� p� �a��		� 
 ��T��	� p� �a��		� 
 fP ��	 � Re� 	 �g� ��	

k 
 �� ��

�ek �T �	� p� �a��		� 
 ��T �	� p� �a��		� 
 fP ��	 � Re� � �g� k 
 �� �� ��	

where P is a polynomial corresponding the operation with constant coe�cients
� �
	

P �t	 �


nX
k��

akt
k�

Let us consider a di�erential operation 	 of more general type� namely� as
a perturbation of � by a di�erential operation of the same order n� i�e�

�	 �


nX
k��

�ak � bk�t		D
k� a � t ��� ��	

where ak are complex numbers and complex valued functions of real argument
bk � Ck �a��	� for k 
 �� n�

Theorem �� Let the conditions bn� 
��an � bn	 � L��a��	 hold for coe��
cients of the di�erential operation �	 ��	 and coe�cients bk�t	� � � k � n�
satisfy conditions of tending to � at in�nity ��	�
Then the following generalizations of the classic Weyl theorem hold

�ek�S��	� p� �a��		� 
 �ek�S��� p� �a��		�� k 
 
� �� ��� ��

�ek �T���	� p� �a��		� 
 �ek �T���� p� �a��		�� k 
 �� ��

�ek �T ��	� p� �a��		� 
 �ek �T ��� p� �a��		�� k 
 �� ��

for the minimal T���	� p� �a��		� maximal T ��	� p� �a��		 and intermediate
S��	� p� �a��		 di�erential operators generated in Lp�a��	� �� � a ��� 
 �
p � �� by the operation �	 ��	 Besides� for di�erential operators de�ned by
the operations �	��	 the formulas for essential spectra ��	� ��	 hold�
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Since theorem � holds for the di�erential operation � �
	 with variable
coe�cients� considering the conditions on the coe�cients bk�t	� � � k � n�
��	 it su�cent to investigate the particular case of the di�erential operation
�	 ��	 with the coe�cients bk�t	 
 �� � � k � n� 


�	 �
 � � bn�t	D
n 
 �an � bn�t		D

n �

n��X
k��

akD
k� ��	

Hence �rstly we prove the assertion of the theorem for di�erential operators
with �	 ��	 and then consider the general di�erential operation �	 ��	 as a
relatively small perturbation of the di�erential operation �	 ��	� In order to
do so it su�cet to present the di�erential operation �	 ��	 as

�	� � 

�

 �

bn�t	

an

�
�� � �	�

n��X
k��

bn�t	

an
akD

k �
bn�t	

an
��

Theorem �� For the essential spectra of minimal T���	��� �a��		� maximal
T ��	��� �a��		 and intermediate S��	��� �a��		 di�erential operators gener�
ated by the formal di�erential operation �	 �
� in space L��a��	� �� �
a ��� with coe�cients satisfying the conditions of theorem � and with their
derivatives satisfying

sup
m�s��

s��Z

s

j b
�i	
k �t	 jp dt� � as m��� � � i � k� � � k � n�

the formulas ��	� ��	 hold for di�erential operators in case p 
��

Proof� It is su�cent to apply theorem � to di�erential operators generated
in space L��a��	 by the formal cojugated di�erential operation

��		�f �


nX
k��

��
	kDk
�
�ak � bk�t		f

�
�

and then using the formulas of duality �see� for instance� ���	 proceed to dif�
ferential operators de�ned by the operation �	 ��	 in space L��a��	�

Theorems ��� generalize the results of �
� for Fredholm and Goldberg es�
sential spectra of maximal operators in space Lp����	 as well as the results
of ��� for various essntial spectra of ordinary di�erential operators in Hilbert
space� We would like to note books ���
�� on localization of essential spectrum
of ordinary self�adjoint di�erential operators with variable coe�cients�
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