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ABSTRACT

Conjugation problem about jointly separate �ow of viscoelastic and viscous �uids in the
plane duct is considered� The results concerning of solvability of this problem are
presented� The implicit di�erence scheme for the conjugation problem is constructed� The
consistency conditions are approximated with the second order of approximation with
respect to spatial variable� The convergence of the suggested di�erence scheme is
investigated by method of energy inequalities�

INTRODUCTION

Conjugation problems arise in the study of many phenomena which take place
in the media with sharply di�ering physical characteristics 
�� ��� ���� Various
consistency conditions for desired functions are given on the interface of such
media� The questions concerning the existence of a unique solution and the
numerical methods for such problems are considered in the papers 
�� �� �� ���
The study of oil viscoelastic characteristics in�uence on the technological

processes of oil extraction is of great interest 
��� We consider a joint motion
of the di�erent non�mixed �uids in the split and porous layers and we into ac�
count their viscoelastic characteristics� The motion of viscoelastic and viscous
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�uids in the plane horizontal split leaving out of the surface is described by
the one�dimensional hyperbolic equation and the heat equation supplemented
with integral�di�erential conditions on the interface of moving �uids�

�� DIFFERENTIAL PROBLEM

Let the rectangle Q � f�x� t� 	 � � x � l� � � t � Tg� � � T � ��� be
separated by the straight line � � f�x� t� 	 x � �� � � � � l� � � t � Tg into
two sub�domains Q��� and Q����
In the domain Q��� we consider the hyperbolic �with respect to function

u����t� x� of independent variables t � ��� T � and x � ��� ��� equation	
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For the function u����t� x� in Q��� we consider the equation of parabolic type
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Here �� �� � are positive constants� Equations ������ ����� are supplemented
by the initial conditions

	u � u��� x� � u��x�� x � ��� l�� �����
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� u

���
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boundary conditions

u�t� �� � u�t� l� � �� t � ��� T �� �����

and the following consistency conditions
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where u�t� x� �
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Let us introduce the following notation J u����t� x��
tR
�

exp
�
t��t
�

�
u����t�� x�dt��

For smooth functions equation ����� and the conditions ����� are equivalent
to the following equation

eL���u��� � �
�u���

�t
�

�

�x
J u��� � J f ����t� x� � � exp

�
�
t

�

�
u
���
� �x�� �����

Thus� the problem ����������� is equivalent to the problem ������ ������ �����
� ������
Consider the problem ������ ������ ����������� as the operator equation

Lu � F� �����

where Lu � �Lu� 	u� 	�u�� Lu �
� eL���u����L���u����� F � �f�t� x�� u��x���

f�t� x� �
�
J f ����t� x� � � exp

�
� t

�

�
u���� f ����t� x�

�
� Here the domain of de��

nition D�L� of the operator L consists of functions u�t� x�� where u�i��t� x� is

a twice continuously di�erentiable functions in a closure Q�i� of the domain
Q�i� �i � �� ��� and this functions satisfy the boundary conditions ����� and
consistency conditions ������ ������

We denote B the Banach space� which is the closure of a subspace eB with
respect to the norm

kuk
B
� sup

��t�T

�
ku�t�kL����l�

�
��� ���gradJ u����t�

��� ���
L������

�
�t��
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��� ���gradJ u���
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L��Q����

�
��� ���gradu������ ���

L��Q����
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������

where eB is determined by the set D�L� and the norm ������� Let H be the
Hilbert space L��Q�� L���� l�� Consider the operator L as an operator from
B to H with the domain of de�nition D�L��
The proof of solvability of the problem ����������� for any F � H is based

on the following energy inequality for operator L�

Theorem ���� For the operator L 	 B � H the following energy inequality

kuk
B
� c kLuk

H
������

holds for any function u � D�L� and a positive constant c do not depend on
u�

The operator L as an operator from B to H admit a closure L 
�� and the
following estimate is correct	

kuk
B
� c

��Lu��
H
� �u � D�L�� ������
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Solution of the operator equation Lu � F is the strong solution of the
problem ������������
Using averaging operators with variable step 
�� �� we can prove the follow�

ing statement�

Theorem ���� Suppose that f ��� � L��Q
����� u� � L���� l�� u

���
� � L���� ��

and J f ��� � L��Q
����� then there exists a unique strong solution u � B of the

problem ����� � ����� and the following estimate

kukB�c
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holds� where c is a positive constant that do not depend on u�

�� DIFFERENCE SCHEME

We assume that the following conditions hold

f �i��t� x��C
�
Q�i�

�
� u�i��t� x��C�

�
Q�i�

�
� i � �� �� u��x��C

���� l�� �����

On the interval 
�� T � let us introduce the uniform grid 
� � ftj � j�� j �
�� �� � � �Nt � �� Nt� � Tg� In the domains Q��� and Q��� we shall consider
the uniform grids 
� � 
�h� � 
� and 
� � 
�h� � 
� � respectively� Here

�h� � fxi � ih�� i � �� �� �� � � �N�� N�h� � �g� 
�h� � fxp�i � � � ih�� i �
�� �� �� � � �N�� N�h� � l� �g� Let 
h � 
�h� � 
�h� � 
 � 
h � 
� �
We approximate the problem ����� � ����� on the grid 
 by the following

implicit di�erence scheme
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where
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Here we also use non�indexed notation of the di�erence scheme theory 
��	

y � y�t� x� �

�
y��t� x�� x � 
��

y��t� x�� x � 
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yk�xx �

ykx � yk�x

hk
�
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hk
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Note that consistency condition ����� is approximated taking into account
the requirement of the second order of approximation with respect to the
spatial variable�

�� CONVERGENCE OF THE DIFFERENCE SCHEME

On the grids 
khk �k � �� �� let us introduce the scalar product and the norms

�u� v��khk
�

X
x��khk

u�x�v�x�hk � �u� v���h�
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X
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q
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Now let us study the convergence of the proposed di�erence scheme �����
� ������ We write the equations for the error z � y � u� where y is the
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solution of the di�erence scheme ����� � ������ and u�t� x� is the solution of
the di�erential problem ����� � ������

�z�tt �
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de�nes the truncation error of the equations ������ ����� and the consistency
conditions ������ ��x� � u��x� � ut��� x� � O�� � h�� is the truncation error
of the second initial condition� Note that under the conditions ����� 
�t� x� �
O�� � h�� when x �� � and 
�t� �� � O��h � h��� where h � maxfh�� h�g�
Let us reduce a priori estimate for the error of method� First let us trans�

form the equation ������ Multiplying both sides by
�

�
exp

�
t� � �t� ��

�

�
and

summing the result with respect to nodes of the time grid t� from � to t� we
obtain
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Using the formula of summation by parts and taking into account the equal�
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Let us make the scalar product in 
�h� of the equation ����� with ��bz� and
the scalar product in 
�h� of the equation ����� with ��bz� Summing the results
and taking into account the identity bz � ����bz � z� � ����zt� we have
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Consider the expression �� �bz� Jbz�xx�� Using the formula of summation by
parts and taking into account equalities
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Thus� we have obtained the following energy identity
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Taking into account the consistency condition ������ we get

��bz � �

�
bzx � bJz�x�����

x	�

�

�
���h�bz� � ���h�z

� � ������h� � h��z
�
t

��h� exp

�
�
t

�

�
zt���� �bz
�����

x	�

�

�����

Using the relation exp
�
�
�

�
� � � � and ������ from ����� we obtain the in�

equality

kbzk�� � ��
�
kztk

�
�����
�h�

� kztk
�
�����
�h�

�
� kzk��

��� exp

�
�
t

�

�
�bz� zt���������

�h�

�
�

�
exp

�
�
t� �

�

�
� �bz� z�xx������h�

��� �bz� J
���h� � �� �bz� 
���h� � ��bz
�jx	��

������

where

kzk�� � kzk�
�����
�h�

�
�

�
kzk�

�����
�h�

� kJz�x�j
�
��h�

�

�u� v������
�h�

�
X

x���h�

u�x�v�x�h� � ���u���v���h��

�u� v������
�h�

�
X

x���h�

u�x�v�x�h� � ���u���v���h�� kvk�
�����
�h�

� �v� v������
�h�

�

kvk�
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�� �bz� 
���h� � ����kzk�����
�h�

� ����
�kztk

�
�����
�h�

�
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���
k
k���h�
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��bz
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�
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�
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x	�
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where �k � const � �� k � �� ��
Substituting the estimates ������ � ������ in ������� we obtain the following

recurrence inequality

kz�t� ��k�� � �� � c��

�
kz�t�k�� � �k�k�

�����
�h�

� �k��xxk
�
��h�
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�t��k���h�
� �k
�t�k���h�
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�

h

��t� ��
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Hence we get a priori estimate for the error of method

kz�tn � ��k�� �M

�
k�k�� � k��xxk

�
��h�

�

tnX
t	�

�

�
k
�t�k���h� � k
�t�k���h� �

�

h

��t� ��

�	
�

������

where M � c are positive constants�
Thus� we have proved the following statement�

Theorem ���� Under conditions �	��� the solution of the di
erence scheme
�	�	� � �	��� converges to the solution of di
erential problem ����� � �����
with rate O�� � h���� in the grid norm k 	 k�� i�e� for the error z � y � u the
following estimate holds

kzk� � c��� � h����� c� � const � ��
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SUJUNGIMO U�ZDAVINYS� APRA�SANTIS BENDRAc
KLAMPAUS IR KLAMPIAIELASTINGO SKYS�CIUc
TEK �EJIMAc PLOK

�S�CIUOSE KANALUOSE

V�I� KORZYUK� S�V� LEMESHEVSKY� P�P� MATUS� V�N� SHALINA

Nagrin�ejamos sujungimo saclygos� kai lie�ciasi klampus ir klampiaielastingas skys�ciai� I�stir�

tas diferencialinio u�zdavinio i�ssprend�ziamumas� U�zdavinys aproksimuojamas nei�sreik�stine

baigtiniuc skirtumuc schema� Suderinamumo saclygos aproksimuojamos antrosios tikslumo

eil�es diskre�ciuoju analogu� Energetiniuc nelygybiuc metodu icrodomas baigtiniuc skirtumuc

schemos sprendinio konvergavimas ir icvertinamas konvergavimo greitis�


