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ABSTRACT

The approximations of the nonlinear heat transport problem are based on the �nite
volume �FM� and averaging �AM� methods ���	
� This procedures allows reduce the
nonlinear 	�D problem for partial dierential equation �PDE� to a initial�value problem
for a system of 	 nonlinear ordinary dierential equations�ODE� of �rst order in the time
t or to a initial�value problem for one nonlinear ODE of �rst order with two nonlinear
algebraic equations�

�� MATHEMATICAL MODEL

We shall consider the nonlinear initial	boundary value problem in the follow	
ing form


�u��t� v��u��x � ����u��x���x� F �x� t� u��

x � ��� l�� t � �� �����

��u��� t���x � f��t� u��� t��� t � �� �����

��u�l� t���x � f��t� u�l� t��� t � �� �����

u�x� t� � u��x�� x � ��� l�� �����

where u�x� t�� u��x� are the temperature� v� is the transfer velocity �v� �
const�� l is the thin of the plate �l �� ��� � is the conductivity �� � const��
The function F is the nonlinear heating source arising in chemical reactions�
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for example in the form

F � AHc�u�exp��E��Ru���

where c� E�H are the concentration� activation energy of the burning sub	
stance and heat of combustion reaction� R is the universal gas constant
�������J��K�mol�� respectively� A is the �pre	exponential� Arhennius factor�
The nonlinear functions f�� f� in boundary conditions ������ ����� describe the
radiation from the heaters and the convection� for example

f� � ���u� T�� � ��	�u
� � 
�

�
��

f� � ����u� T��� ��	�u
� � 
�

�
��

where ��� �� are the convective heat transfer coe�cients� T�� T� are the tem	
perature of the environment� 
�� 
� denote the temperature of the heaters���� ��
are the coe�cients of emissivity� 	 is the Stefan	Boltzmann constant
����������W��m��K���
In order to derive the approximate equations we write the PDE ����� in the

following self	adjoint form

�W ��x� t���x � G��x� t� u�� �����

where W � � �e�x��u��x is the general �ux	function�

G� � e�x�G�x� t� u�� e�x� � exp��v��x� b����� b � const�

G � �u��t� F �x� t� u��

�� THE FM METHOD

To derive �nite	di�erence equations associated with the grid points x � �� and
x � l we integrate the di�erential equation ����� from x � � to x � l�� �b �
�� and from x � l�� to x � l �b � l�� Therefore we have the integral forms
of the conservation law to the intervals ��� l��� and �l��� l��
The nonlinear �	point di�erence equations are in the following form


�l��g����u��t�� u��t��� f��t� u��t�� � R�� �����

f��t� u��t��� �l��g�����u��t�� u��t�� � R�� �����

where

u��t� � u��� t�� u��t� � u�l� t�� � � v�l���
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g��� � ���exp���� �� � �� ��� � ������ �������O�����

Rj �

Z l

�

Kj�x�G�x� t� u�x� t��dx� j � �� ��

K��x� � exp����� x�l��� ����exp���� �� � ��� ���

K��x� � ��� exp���x�l������ exp����� � ��� ���

For the given function G the equations ������ ����� are the exact approxima	
tions for unknown functions u��t�� u��t�� For the approximation of the right
side integrals R�� R� we consider the following quadrature formulas


R� � l�A�G� �A�G�� � r����� �����

R� � l�A�
�
G� �A�

�
G�� � r����� �����

where the error terms are given by

r���� � �����G��x�jx��l
�E��

r���� � �����G��x�jx��l
�E�

�
� � � ��� ���

G� � G��� t� u��t��� G� � G�l� t� u��t��� � � ��� l��

A� � g����� A� � g����� A
�

�
� g������ A

�

�
� g������

E� � g����� E
�

�
� g������

g���� � ������ �� � ����g����

� ���� ���� � ������� ��������O�����

g���� � ��� � ������ ��� ����g����

� ���� ����� ������� ��������O�����

g���� � ������ � � ��� �����g����

� ������ ����� ��������O�����

In the limit case for v� � � we have � � �� Therefore for the approximate
solutions y��t�� y��t�� deleting the error terms r we have from ������ ����� the
following system of nonlinear �rst order ODE


�y� � F ��� t� y�� � �l������l���y� � y��g����
�g�����f��t� y��� g����f��t� y����

�����

�y� � F �l� t� y��� �l������l���y� � y��g�����
�g����f��t� y��� g�����f��t� y����

�����

where

g���� � g����g��� � g����g����

� ������ g���� � ���� ���� � �������O�����

� � g����g������ g����g�����

� �������� g����� � ����� ������� ���������O�����
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The functions g� g�� g�� g� are positive monotone decreasing and they have the
following properties


g���� � ��� g����� � �� g����� � g����� � ����

gj��� � �� j � �� �� �� �� g� � g�

The function g� is negative monotone increasing and it satis�es the conditions

g����� � ����� g���� � ��

and the error terms can be estimated as

jrj���j �M�l
����� j � �� ��

where j��G��x�j �M� � const� The system ������ ����� must be solved with
the initial conditions

y���� � u����� y���� � u��l��

�� THE AM METHOD

Using the parabolic distribution for the approximation of the function y in
the x direction

y�x� t� � �y�t� � �t��xl�� � ���� � ��t��x�l�� � ���� �����

we integrate equation ����� from x � � to x � l� �b � l��� and divide this
expression by l


l���exp������f��t� u�l� t��� exp�����f��t� u��� t��� � R�� �����

where

�y�t� � l��
Z l

�

y�x� t�dx

is the average value�

R� � l��
Z l

�

exp����x � l����l�G�x� t� u�x� t��dx�

At every time moment t the unknown functions �t�� ��t� can be obtained
from boundary conditions ������ ����� and from expression ����� in the form
of two nonlinear algebraic equations


�l���t� � f��t� y��t��� �����

�l����t� � ���t�� � f��t� y��t��� �����
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where

y��t� � �y�t�� �t���� ��t���� y��t� � �y�t� � �t��� � ���t����

or

� � ��y� � y� � ��y��  � ��y � �y� � �y��

We can represent integral R� in the form

R� � A�l
��

Z l

�

Gdx � lB��G��xjx��� � � ��� l��

where

A� � ����sh������ B� � A��� � ���ch������

Therefore we have the initial	value problem for nonlinear �rst order ODE 


��y�t� � F �t� �y�t�� � l���g���f��t� y��t��� g����f��t� y��t���

�y��� � l��
R l

�
u��x�dx�

�����

This problem must be solved together with algebraic equations ������ The
simplest form of the AM	method yields nonlinear ODE ����� with y� � y� � �y
� � � � ���

�� NUMERICAL RESULTS

We consider the process of glass fabric manufacturing �with thickness l �
���mm� at the glass �ber plant in the Valmiera city �Latvia�� An oil must
be removed by heating and burning process������ The initial	boundary value
problem for nondimensional system of PDE �x � �xl� c � �cc�� u � �u
�� v� �
�� T� � T�� �� � ��� �� � ��� the �wave� symbol is deleted� is in the following
form


�u��t � a��
�u��x� � a	c ex�u��

�c��t � �a�c ex�u��

f��t� u��� t�� � a��u
���� t�� �� � ���a��u��� t�� a���

f��t� u��� t�� � a��a� � u���� t�� � ���a��a� � u��� t���

u�x� �� � a�� c�x� �� � �� �����

where

ex�u� � exp�a
��� u����� a� � �l�� � �������� a� � 	��

�

��l � �����

a� � ����l � ����� a� � T��
� � ������� a� � �
��
��
� � �������

a� � u��
� � ������ a	 � c�HAexp��E��R
����
� � ������

a� � Aexp��E��R
��� � ������� a
 � E��R
�� � ������
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c� is the initial concentration of oil� The ODE for the concentration of oil has
the form

�c�t� � �a� c�t� ex�u�� �����

where c � c��� t� � c��t� and c � c��� t� � c��t� for the FM method� c � �c�t�
for the AM method�
The numerical solutions of the sti� problems of ODE ������ ������ ������

����� are obtained with the routines �gear�� �mgear�� �lsode� of �MAPLE��
Figure � shows typical results of calculations
 the fabric temperature rises to
the maximum value and the oil concentration is falling to zero over a �burning
zone� in the time interval ������ ������
In the table � we can see the numerical values of temperature y��t�� y��t�

in this zone� obtained by the FM and AM�
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Figure �� The graphics of the temperature �y and the concentration c�

The values of the concentration c are the following

Table ��
The values of temperatures for the FM and AM�

t y��AM� y��AM� y��FM� y��FM�

��	� ������ ������ ������ ������
��	� ������ ������ ����	� ������
��	� ����	� ������ �����	 ������
��	� ������ ������ ������ ����	�
���� ���	�� ���		� ���	�� ���	��
���� ������ ������ ������ ������
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�� c������� � ������� c������� � ������� �c������ � �������
�� c������� � ������� c������� � ������� �c������ � �������
�� c � ����� t � �����
For testing the methods we consider only heating process �A � a� � a	 �

��� Then the temperature distribution u�x� t� can be obtained from ����� by
using the Laplace transform for value t in the form of a sequence of functions
um��� t��m � �� �� �� � � � � which are the solutions to nonlinear the system of
Volterra integral equations of the second kind�
The results of the comparison are given in the table � �u�� u� are the exact

values by m � ���
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NETIESINIO �SILUMOS PERNE�SIMO PLONOSE

PLOK�STEL �ESE MATEMATINIS MODELIAVIMAS

A� BUIKIS� H� KALIS

Darbe sprend�ziamas netiesinis �silumos perne�simo u�zdavinys� U�zdavinio speci�ka yra ta�

kad �silumos perne�simas vyksta labai plonose plok�stel�ese� tod�el nagrin�ejamas vienmatis api�

bendrintas modelis� �Si redukcija atliekama baigtiniu
c
t�uriu

c
ir vidurkinimo metodais� Gautoji

dvieju
c
netiesiniu

c
paprastu

c
ju
c
diferencialiniu

c
lyg�ciu

c
sistema yra sprend�ziama skaiti�skai� I�s�

nagrin�etas ir alternatyvus varijantas� kai po redukcijos gaunama viena netiesin�e paprastoji

diferencialin�e lygtis bei dvi papildomos algebrin�es lygtys�

Table ��
Comparison of the numerical results�

t y��AM� y��AM� y��FM� y��FM� u� u�

��� ����� ��	�� ����� ��	�� ���	�	 ������
��	 ����	 ����� ����� ����� ������ ������
��� ���	� ����� ���		 ����� ���	�	 ������
��� ����� ���	� ����� ����� ������ ������
��� ���	� ����� ���		 ��	�� ���	�� ��	���


