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ABSTRACT

In this paper three analytical solution for �D temperature distribution in the wall and �n
are considered solution� The results of calculations are compared with the analytical�

�� INTRODUCTION

Approximate analytical solution are very useful for heat transfer problems in
systems with the 
n� Heggs and Stones ��� in ���� gave an analytical solution
for �D model of longitudal �and annular� 
n assemblies� Buikis ��� in ����
constructed an analytical solution for �D model� He developed with original
technique
 the conservative averaging method� Weakness of this solution was
continuity of the temperature only in regard to the averaged values on two
lines
 those between the 
n and the wall and the upper and lower parts of
the wall� Malik� Wood and Buikis ��� modi
ed the conservative averaging
method and achieved the continuity of the temperature for all points of the
wall� Buike and Buikis ��� and Buikis and Buike ��� gave a modi
cation ���
and generalization ��� of the conservative averaging method� The approximate
analytical solution obtained in ���� ��� is continuous in the whole region�
The aim of this paper is to compare� both analytically and numerically�

three solutions from ���� ��� and ����

�This work was supported by Latvian Council of Science under grant ���	

��
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�� STATEMENT OF THE PROBLEM

We consider a periodical system with a rectangular 
n whose elements� in
dimensional arguments� are a wall f�x � ������ �y � ��� B � R�g and a 
n
f�x � ����� L�� �y � ��� B�g� Here �B is the 
n thickness� �R is the distance
between two adjacent 
ns� L stands for the 
n length� and � denotes the wall
thickness� We use the dimensionless arguments

x �
�x

B �R
� y �

�y

B �R
� �����

the dimensionless parameters

� �
�

B �R
� l �

L

B �R
� b �

B

B �R
� �����

and the dimensionless temperatures

U� �
�U� � Ua

Ub � Ua

� U �
�U � Ua

Ub � Ua

�

where Ub and Ua are the temperatures of surroundings on the left of the wall
�at x � �� and on the right of the wall� respectively�
The parameters of boundary conditions are as follows


��� �
h��B �R�

k�
� �� �

h�B �R�

k�
� � �

h�B �R�

k
� �����

where k��k� is the heat conduction coe�cient for the wall �relative to the 
n��
h��h� is Newton�s coe�cient of heat exchange with the surroundings on the
left �right� sides�
The stationary heat process in such a system is described as follows


��U�

�x�
�
��U�

�y�
� �� � � x � �� � � y � �� �����

��U

�x�
�
��U

�y�
� �� � � x � � � l� � � y � b� �����

�U�

�x
� ������ U�� � �� x � �� � � y � �� �����

�U�

�x
� ��U� � �� x � �� b � y � �� �����

�U

�y
� �U � �� � � x � � � l� y � b� �����

�U

�x
� �U � �� x � � � l� � � y � b� �����
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�� SOLUTION FOR THE FIN

We will seek a solution to the problem for the 
n in the form


U�x� y� � f��x� � �e�y � ��f��x� � ��� e��y�f��x�� � � b��� �����

where fi�x�� i � �� �� � are unknown functions� Now we will de
ne the mean
integral value of the function U�x� y� in the y	direction


u�x� � �

Z b

�

U�x� y� dy� �����

The boundary conditions ������ ������� and equality ����� allow us to elimi	
nate all fi�x� from������This means that the representation of solution U�x� y�
for the 
n can be reduced to the form


U�x� y� � u�x���y�� �����

where

��y� �
sinh��� � �b�cosh���� cosh��y��

sinh��� � �b�cosh���� sinh����
� �����

We can 
nd the di�erential equation for u�x� by integrating the basic equation
����� and using boundary condition ����� and ������


d�u�x�

dx�
� ��u�x� � �� � � x � � � l� �����

where �� � �
b
��b�� We can employ the integrated in the y 	 direction bound	

ary condition ������ which allows us to write a solution to equation ����� in
the form with one arbitrary constant C� 


u�x� � C����e
�x � e��x�� �����
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Here

�� �
�� �

�� �
e������l�� �����

It means that the solution for the 
n can be written in the form


U�x� y� � C����e
�x � e��x���y�� �����

Later� we will 
nd constant C� from the conjunction solutions for the 
n and
the two mentioned parts of the wall�

�� SOLUTION FOR THE UPPER PART OF THE WALL

We express the exponential approximation for the wall in the x direction in
the form


U��x� y� � g��y� � �ed���x� � ��g��y� � ��� ed�x����g��y�� �����

where d � ��� �
Next� we de
ne the integral mean in the x	direction


u��x� � d

Z �

�

U��x� y� dx� �����

The boundary condition����� and equality ����� allow us to obtain the follow	
ing expressions for g��y� and g��y�


gi�y� � ����i��aig��y� � biu��y�� di��

Here

ai �
Ai

K�
� bi �

Bi

K�
� di �

Di

K�
� i � �� ��

Here K� � e���� � �����e� ����� e���

A� � e���� � �����e� ���� B� � e���� � �����e� ���� D� � e�������

A� � e� ����� B� � e� �����e� ��� D� � �����e� ���

Now� can rewrite the representation ����� for U�x� y� in a form


U��x� y� � �� � �ed���x� � ��a� � ��� ed�x����a��g��y� � ���� ed�x����b�

��ed���x� � ��b��u��y� � �ed���x� � ��d� � ��� ed�x����d�������

Further transformations are associated with conditions on the right border
x � � of the wall� These conditions are di�erent for the interval ��� b� and
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for the interval �b� ��� We require now that representation ����� ful
lls the
boundary condition ������ This gives

g��y� � b�u��y�� d�� b� �
B�

K�
� d� �

D�

K�
� �����

Here

K� � A� �A� � ���K� � e� e�� � �����e
�� � ���K��

B� � B� �B� � e���e� � � � �����e� �����

D� � D� �D� � �����e� e�� � ���

The expression ����� allows representation ����� to be rewritten in the form

U��x� y� � �b� � �a�b� � b���e
d���x� � �� � �b� � a�b����� ed�x�����u��y�

�d� � �d� � a�d���e
d���x� � �� � �a�d� � d����� ed�x����� �����

Similarly to the 
n case we can 
nd a di�erential equation for the unknown
function u��y� by integrating the basic equation ����� in the x	direction and

using expression ����� to 
nd �
�

�U�

�x

��x��

x��
� This yields

d�u�
dy�

� ��u� � ���� b � y � �� �����

u
�

���� � �� �����

where

�� � ����K���

�
��� � ����� sinh��� � ����

�
��

��cosh���� ��
�
�

�� � �����d� � a�d���e� �� � �d� � a�d����� e�����

The general solution of equations ������ ����� is

u��y� � C� cosh����� y�� � U�� U� � k����� �����

with an arbitrary constant C��

�� SOLUTION FOR THE LOWER PART OF THE WALL

First� we integrate the basic di�erential equation �����

d�u��y�

dy�
�

�

�

�U�

�x

����
x��

x��

� �� �����
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Next� we require ful
llment of 
rst conjugation condition ������� From �����
and ����� it follows that

g��y� � C��� � ������ ��� cosh��y��� �����

Where

�� � ���b��� sinh��� � cosh���� sinh�������

�� � ���b��� sinh��� � cosh�������

We can substitute now expression ����� for g��y� in representation ����� and
calculate the derivative of U��x� y� at the point x � �� Let us substitute both
expressions into equation ������ This gives

d�u�
dy�

� 	�u� � �D� � C����� � C����� cosh��y�� �����

Here

	� �
����e� ���

e�K�
� D� �

����
e�K�

� ���i � ���i� i � �� ��

�� �
�A�e�A�e

����� � ���

��K�
�
���

��
��� ����

The solution of equation ����� with boundary condition u
�

��� � � reads as
follows


u��y� � C� cosh�	y� � C�U� � C�U� cosh��y� � d�� �����

where

U� �
����

	�
� U� �

����

�� � 	�
� d� �

D�

	�
�

Again� C� in equation ����� is a free constant�

�� THE ESTIMATION OF FREE CONSTANTS C�� C�� C�

First� we require that the temperature at the right upper corner point ��� b�
of the 
n equals that of the upper part of the wall at the same point� Then
we obtain from ������ ������ �����


C��e
��� � ��e

�����b� � C�b� cosh����� b�� � U�b� � d�� �����

The next two conditions will be associated with the contact line between the
upper and the lower parts of the wall� Coincidence of the average temperatures
gives from ����� and �����


C� cosh����� b�� � U� � C� cosh�	b� � C��U� cosh��� � U�� � d�� �����
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Coincidence of the average  uxes on the line y � b yields the condition


�C�� sinh����� b�� � C�	 sinh�	b� � C�U�� cosh���� �����

Hence we have a system of three linear algebraic equations� This means that
all these free constants can be obtained and thus the approximate analytical
solution of the problem ����� � ������ is found uniquely�
We can easily show that the function U��x� y� is continuous on the line

y � b� i�e�

lim
y�b��

U��x� y� � lim
y�b��

U��x� y��

In reality� we have the representation ����� for all points of the wall� It follows
from ����� and ����� that g��y� is continuous at the point y � b� In turn� it
follows from ����� that u��y� is continuous at the point y � b�

�� THE APPROXIMATE SOLUTION FROM ��	

The 
rst approximate analytical solution based on conservative averaging
method was obtained by Buikis ���� The solution for the 
n and the up	
per part of the wall was practically the same as described above� In turn� the
solution for the lower part of the wall was constructed in a di�erent manner�
Representation ����� together with boundary conditions ����� and �����

makes it possible to 
nd a relation between g��y� and g��y� for upper part of
the wall as

g��y� � �
g��y� � T� �����

where


 �
����e� ����� � �����e� ���

�e� ���e� � � �����e� ���
� �����

Buikis assumed in paper ��� a relation similarly to ����� for the lower part
of the wall

g��y� � �
g��y� � T�� �����

with T� being unknown�
Relation ����� together with boundary condition ����� allows us to exclude

g��y� and g��y� from representation ������ After integration in the x	direction
this representation gives us the relation


u��y� � ��g��y� � T�� �����

Here

�� �
� � �����e� ��

� � �����e� ��
�

�� � �����e� ����� e��

� � �����e� ��
�

�����
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T� �
���� � �� � �����e� ����� e��T�

� � �����e� ��
�

The integrable equation ����� was solved in regard to g��y� in the form


g��y� � C� cosh���y� � T�� �����

where

��� �
�e� ��

��

�e� � � ������e� ���� ����

�� � �����e� �� � 
�� � �����e� ����� e���
�

T� �
�e� � � ������e� ���T� � ����


�e� � � ������e� ���� ����
�

Now� we have four unknown constants C�� C�� C� and T�� To de
ne them we
use 
rst equation ������ The equation ����� due to ������ ����� transforms into

C� cosh����� b�� � U� � �C� cosh���b� � T���� � T�� �����

It is easy to see that equation ����� takes the form


�C�� sinh����� b�� � C����� sinh���b�� �����

As the last relation� the author in ��� uses a requirement� following from second
condition ������ on the conjugation of average  uxes


��u
�

��� �
�

b

Z b

�

�U�

�x

����
x����

dy�

which can be rewritten as

C�������e
�� � e���� � �C�

sinh���b�

��b
� T����� � ��� �����

where

�� �

�e� ���e� � � �����e� ���� ����e

� � �����e� ��
�

�� �
�e� ���e� � � �����e� ���T� � ����e

� � �����e� ��
�
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Table ��

Assembly temperature �C�� from 
���

y�x 	�			 	���� 	���� 	���� 	���� ����	 ����� ���	�

��			 
���� 
���� 
��	� 
	���
	�
�� 
���� 
��	� 
	��� 
	���
	���� 
���� 
��
� 
	��� �����
	���� 
��

 
���
 
	��	 �����

	���� 
��

 
���
 
	��	 ����� ����� ����
 ����� ���	�
	�	�� 
���� 
���� 
	��� ����	 ����	 ���
	 ����� ���	�
	�	�� 
���� 
��	� 
	��	 ����� ����� ���
� ����� ����	
	�			 
���� 
��	� 
	�	� ����� ����� ���
� ����� ����	


� THE APPROXIMATE SOLUTION FROM ��	

The paper ��� is based on the ideas of ���� but with one important distinction

for the lower part of the wall for U��x� y� there was given a representation in
the y � direction �with the boundary condition ������ already ful
lled�

U��x� y� � h��x� � ��cosh�
y

b
�� ��h��x�� �����

The basic equation ����� was integrated in the y	direction using integrable
representation ������ This gives


d�h�
dx�

� ��sinh���� ��
d�h�
dx�

�
�

��
sinh���h��x� � �� � � x � ��

The function h��x� was determined from the temperature continuity condition
on the line y � b 


h��x� �
U��x� b� ��� h��x�

��cosh�y
b
�� ��

�

The three free constants C�� C� and C� was found from the requirements

continuity of the temperature and  ux on the l ine x � � and of the  ux on
the line y � b�

�� NUMERICAL COMPARISON OF THREE SOLUTIONS

To illustrate the above solutions� the assembly is taken to be as in ���� ��� of
mild steel with k � k� � ��W
mK� h� � �����W
m�K and h � �����W
m�K�
Dimensions for the reference model� inm are as follows
 � � ����������� L �
���������� B � ����� � ���� and R � ������ � ����� Temperatures of the sur	
roundings are �in C�� 
 Ua � ��� Ub � ����
It is easy to see that ��� gives the poorest solution
 the temperature 
eld is

discontinius on both lines x � � and y � b� The best solution is that from ���
�and����
 the temperature 
eld is continuous in the whole region�



�� M� Buike

Table ��
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