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ABSTRACT

The stability analysis of one mathematical model of isolated population is given. The
delays have been incorporated into equations.

1. FORMULATION OF THE PROBLEM

The isolated population is an object of our studies. Let N(t) be the size of
population at the time ¢. In this case the growth of population is described
by the equation:

N'(t) = A(N (8)) = BN (1), (L1)

there A(N(t)) is the speed of growth and SN (t) is the speed of death.
Mono in 1942 had suggested, that the form of A(N(¢)) must be:

A(N) =« . (1.2)

The equation (1.2) was used for the first time to describe reactions of chemical
kinetic by Michaelis and Mentin [2].

In comparison with chemical systems, biological systems are of extreme
complexity. The time needed for feedback connections may be of considerable
length. Thus delays have to be incorporated into models equations.
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The dynamics of isolated population is described by difference-differential
equations:

O [ —
14 (M)

We present the basic properties of equation (1.3.)

1. If the following condition is satisfied:

lim , N (t) < %K (n—1)'""

t—o00

then the solution of (1.3) is stable and converges to the steady state
monotonically.

2. The convergence

(0%
N Kpl=—
(t) — 3 1

t—00

follows in two ways:
1) monotonically, if

(=)o, 1

0< @ helt+Bh’

2) oscillating around the nontrivial steady state, if

1 (a —pB)pBn

helt+Bh @

—py/(5) v,

where the number w, denotes the solution of the equation

——w = tgw

Bh

in the interval (0;7) .

3. The differential-difference equation (1.3) has non-constant periodic so-
lutions.

4. The solutions of (1.3) can behave chaotically.

These properties are investigated in [1].
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2. THE BASIC PROPERTIES OF EQUATION (1.4

In this section we consider equation (1.4).

Theorem 2.1. The solution of (1.4) is stable and converges to the steady
state

a—f
B

monotonically, if the following condition is satisfied:

(a=B)pn _ 1

a — eh’

N=K¢

(2.1)

0<

Proof. The characteristic quasipolynomial, which is associated with the ap-
proximation of (1.4) in a neighbourhood of the nontrivial steady state has a
form:

P\ =X+ we—“ =0. (2.2)

The solution of (1.4) will be asymptotically stable if roots of (2.2) will be
real and negative. Let

_(a-B)pn
a Y
then
A +ae M =0. (2.3)
The solution of (2.3) is obtained as a point of intersection of two functions:
y = —X and y = ae . These functions intersect if,
1 (a=B)pn _ 1
0 <— I<———m< —.
Ses eh < o ~eh
[ |

Theorem 2.2. The solution of (1.4) is stable and converges to the steady
state 2.1 oscillating, if the following conditions are satisfied:

a—p03>0,
1 (@=ppn =
eh « — 2h

Proof. The characteristic quasipolynomial associated with the approxima-
tion of (1.4) in a neighbourhood of the nontrivial steady state has a form
(2.2). For A = iw the real part of the function

H(\) =P\ eM =M+ w
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is given by

F(w) = ReH (iw) = —wsinwh + w’

and its imaginary part is given by
G (w) = Im H (iw) = w cos wh.

According to the theorem of Ponrtjagin and Chebotariov (see Bellman and
Cook [5], Chap. 13) the transcendental function H () has all its zeros on the
left of the imaginary axis if and only if all zeros of the function G are real and
satisfy the inequality:

G' (N F(\) > 0. (2.4)

Zeros of G satisfy the equation
w coswh = 0. (2.5)

The solutions of (2.5) are y = 0 and y;, = 55 + ”Tk, k=0,%1,.... All zeros
of G are real. The derivative of the G has a form:

G’ (w) = coswh — whsin wh.

For wy = 0:

The proof will be completed if (2.4) is proved to be a necessary and sufficient
condition for

G' (wy) F (wg) > 0. (2.6)

For both negative and positive odd indexes wy = wapt1 = 35 + (zm;;l)ﬁ,

COS Wam+1h = cos (g +(2m+1) 7r) =0,

sin womm41h = sin (g +(2m+1) 7r) =—1.

It follows that

G’ (U)2m+1) F (w2m+1) = (g + 2m7r) X

(=2 (5 )
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The member in the first brackets is positive, so we obtain, that condition
(9) is satisfied if

(a=0B)pn w© (2m+ 1«

Ko Sam

In the following let k be an even number: wy = w2y, = 55 + 2mm. Then

2.7)

€OS wamh = cos (g + 2m7r) =0,

sin wo,, b = sin (g + 2m7r) =1,

G’ (wom) F (wam) = — (g +2mr) (W - (% + 27%”)) > 0.

The member in the first brackets is positive, so we obtain, that condition (2.6)
is satisfied if
(a=B)Bn = 2mm

e T 2.8
o h T h (28)
Condition (2.7) is a partial case of condition (2.8). Clearly the sequence
(Z +%%), k = 0,1,2,... is monotone increasing and it is necessary and
sufficient for condition (2.6) to hold that
(a=B)pn _m
a <o

Comparing this result with the result of Theorem 2.1, we get, that the
characteristic quasipolynomial of (1.4) in a neighbourhood of the nontrivial
steady state has complex roots with negative real parts and nonzero imaginary
parts, if

1 (e=fpn 7
eh Q - 2h.
|

We state our last result.

Theorem 2.3. If 0 < a — ag = ¢ K 1 where

3n

Q) = 5———
An— 12

then the bifurcating periodic solution of (1.4) has a form:

a—p

N({#)=K7 +Ccos(ght) +Cay (1) + 0 (&),

where (, x2 (t) are calculated using bifurcation theory [3].
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CHEMINES KINETIKOS LYGCIU SU VELUOJANCIU
ARGUMENTU ANALIZE

D. SVITRA, R. RETKUTE
Nagrinéjama atskiros populiacijos matematinio modelio asimptotika. Ji remiasi charakte-

ringojo kvazipolinomo §akny analize. Surastos salygos, kada sprendinys artéja prie staciona-
raus tasko monotoniskai, osciliuodamas. Suformuluota teorema apie bifurkacijos taskus.



