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ABSTRACT

In this article the methods for obtaining the approximate solution of usual and
generalized Hilbert boundary value problems are proposed. The method of solution of
usual Hilbert boundary value problem is based on the theorem about the representation of
the kernel of the corresponding integral equation by 7 =t and on the earlier proposed
method for the computation of the Cauchy-type integrals. The method for approximate
solution of the generalized boundary value problem is based on the method for
computation of singular integral of the form

! /MdT,

271 T—T1

proposed by the author. All methods are implemented with the Mathcad and Maple.

1. FORMULATION OF THE PROBLEM

Let D be the region, bounded by a simple closed curve L. It is known, that
the Hilbert boundary value problem can be formulated so: obtain analytical
in DT and continuous on the boundary function

f(z) = u(z,y) +iv(z,y),
real and imaginary parts of which satisfy on the boundary the equation

a(s)u(s) + b(s)o(s) = c(s), (L1)
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where a(s), b(s) and ¢(s) are real functions of the arc length of the contour and
on the contour they satisfy the Hollder condition. There are some methods
for the solution of this problem. One of them is given in [1]. The general
solution of the problem (1.1) is given by the formula

p(z) = z{”XlO(z)(i / I;OETZ) + Zﬂlo(z)wjg(z)), (1.2)
L =0

where po(t) is the solution of the Fredholm’s integral equation

Zn(®) = 100) + 5 [ (5 = T Juoryar

% T—1 T—1
L
_ ()
= 7th10(t) , (1.3)
Xi(2) = exp{i / Zli(:dr}’ (1.4)
Y10 is the solution of the integral equation
Znalt) = | 0] (1)
2¢(t) a(t) + ib(t)
QO =Tm—wn YYT am—an

and % is the index of the problem. The functions w(z) are expressed by
the solutions of the Fredholm integral equations. One of the approximate
methods for the solution of this problem is proposed in [2]. But the numerical
experiment shows, that this method is unstable and its error grows near the
boundary. This article proposes the method for the approximate solution of
the Hilbert boundary value problem. It is based on the method of approximate
computation of the Cauchy-type integral, proposed by the author in [3].

2. FORMULATION OF THE ALGORITHM
Firstly we will prove the following theorem.
Theorem 2.1. Let a simple smooth curve L be parametrized v = x(f),y =

y(f), where x(f), y(f) are three times differentiable, 27 — periodical functions.
We define the function

1 )
T—t T-—1

K(fl)fZ) =
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where 7(f1) = z(f1)+iy(f1), t(f2) = z(f2)+iy(fe,) s is the natural parameter.
K is a continuous function, if at 7 =t it is defined as

K(flvfl) =

1y (F) = ()" ()
() (1) + (0 (f))F

Proof. Because s is the natural parameter, then |7/(s)| = 1. Hence

1

!
_ - T2t )
T—t

T—t T—t1 T —

W _ T PR
t

p
?
It can be simply proved, that

7'(s) 1
T V& (7)) + (' (f1))?
y' (fo)(z(fr) —z(f) —2'(f1)ly (fl)—y(f2))
(z(fr) —2(f2))*(y(fr) —y(f2))?

Letfo = fi + Af. Using the Taylor formula with the Peano residual term we
can obtain

+o(Af)?,
+o(Af)?.

z(f2) = z(fi) + 2" (fL)Af +

z"(f1)
21

v (1)

y(f2) =y(h) +y' (AT + ]

Substituting z(f2), y(f2) in (1.4) and passing to the limit at Af — 0 we
obtain

ey IM7'(8) _ Ly ()2 (F1) — 2 (F)y" (f1)
Af=0 T —1 2 ((ml(fl))Q ( (fl) )%
[ |

We propose the following algorithm for the solution of the Hilbert boundary
value problem:
1. Obtain the index of the problem m.

2. Compute the function In | -G(¢(f))

3. Solve the integral equatlon (1.5). We obtain the discretization of the
kernel, using the theorem, formulated above.

4. In order to define the function ~1(2), we construct spline interpolation
of the solution of the integral equation (1.5), obtain k-th partial sum of the
Fourier series of the function and using this sum, construct the function g; (),
where t € L.
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5. Compute the Cauchy-type integral

L/gl(ﬂ
2mi ) T—2

L

We find the function w(z), which maps the region D' on the unity circle
conformally, and the reverse function, mapping the unity circle on DT confor-
mally. Next we expand the function g;(z(e??)) in Fourier series and consider
k-th partial sum of this series. We consider the function ¢ (w(z)) and obtain
L(z) — the main part of the Laurent series of this function. The approximate
value of the Cauchy-type integral of this function is the function ¢(z) — Ly (2).
This function is continuous in the closed region up to the contour L. Let define
the function XT(z). Then we compute the approximate solution of the inte-
gral equation (1.2), construct its spline interpolation, approximate it by the
k-th partial sum of its Fourier series and compute the Cauchy-type integral
as described above. Constants in (1.5) can be defined by

1 1 I/Qk_l(T)

Wo(Z) = I,ng_l(z) = Z_k + % ﬁdﬂ
L
_ 1 1 VQk(T)
War(2) = P 2m’/ T—2 ar,
L

where v;(t) are solutions of Fredholm’s integral equations (zv;)(t) = ¢;(t) and

1 1 i i
G2r—1(t) = & t_kaq2k(t) =% T w
This algorithm was realized in MathCad. In the numerical experiment we
take z(f) = acos(f) + ibsin(f) and consider the boundary value problem.
We obtain the analytic in Dt function, whose boundary values satisfy the
equation

cos(0.2 cos(f))u(f) + sin(0.2cos(f))v(f) = Resin(a cos(f) + ibsin(f))

cos(0.2 cos(f)) + Imsin(a cos(f) + ibsin(f)) sin(0.2 cos(f)).

The approximate value of the function, mapping the ellipse onto the unity
circle is given in [4]:

R SCIL 2PV Ly Lys 3 s,
z(w) = (1 8/\ +128/\ )w(1+(2/\ 4)\ +32/\)w
1 9 5 9 7 21
_)\2__)\4 4 _)\3__)\5 6 _)\4 8 _)\5 10
+(2 16 Yw +(9 A Yw +8 w +16 w),



About the approximate solution 123

where A = 0.2. For the approximation of the inverse function we use the
method, proposed by L.V. Kantorowich in [ 5] and developed by G.A. Niko-
laeva in [6]. This method can be implemented with Maple. The index of
this problem is 0, and one of its solutions is sin(z). For example, at z = 0.7
the value of sin(z) = 0.644217687 and the value of the obtained approximate
solution is 0.64141183 — 0.000636753.

3. THE GENERALIZED HILBERT PROBLEM

The generalized Hilbert boundary value problem can be formulated as follows.
Let D be a finite simply connected region, bounded by Liapunov’s contour L.
It is required to obtain the analytic single valued function p(z,7) = u(z,y) +
iv(x,y), continuous in DF U L, which satisfies on L the equation

Re{[a(t) — ib(®)]o* (t) + / At 7)ot (7)dr + / Bu(t, 7)ot (Pdr} = c(t),
L L

where a(t),b(t),c(t) are given on L real functions from H(L) and kernels
Aq(t,7), B1(t,7) are given functions from H(L x L). We shall suppose, that
the contour can be parametrized as t = t(p), where ¢(p) is sufficiently times
differentiable function. It is known, that the solution of this problem has the
following form:

©(z) . / pe) dr + i k2t

= — p—————_ k y
211 ] At) T— 2 —

where p(t) is a solution of Fredholm integral equation

2m+1

u(o)+ [ Nt u(r)ds = 2e(6) = Y awn (o)
T k=1

m is the index of the problem, functions wy(t) have a form

wop_1 = 2Im{X(t)t" ! + /Al(t,T)TkildT'F /Bl(t,T)t_aukfldT},
L L

wor = 2Re{A(t)tF 1 +/A1 (t, )" tdr — /B1 (t, T)tau*"tdr}.
L L

In this case the kernel of the equation has a form

1 [X(7r) 7' (0) , By (t,7)7'(0)
Re{% [WT — t:| + A1(t,7‘)>\(7')7' (O') + T
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' (0)A(r )/Al(t Tl)d . —WW By (t, )

+ - -
T

T—T T T—T
L L

The following singular integrals enter this equation:

1 A 1 B
_/ 1(t,7'1)d7_’ x 1(ta71)d7__
i T—7 i T—7

L L

For the approximation of this integrals we propose the method of generalized
trigonometric series. Let the contour L be parametrized as t = ¢(p), where 0 <
¢ < 27. First we expand functions Ay (t(p), 7(¢1)), B1(t(¢), 7(¢1)) in Fourier
series and replace obtained series by their partial sums. For the function
A1 (t(¢), 7(p1)) the partial sum of its Fourier series has a form

Sun(ero1) = “UE 5™ (o) costiegy) + b sin(ip).
k=1

where coefficients of the series are given by

27
1 1 /- ,
= 2—/ (o, 1) cos(kpr), by = 2—/A(so,<p1)sm(k<p1)-
vy
0 0

For the function B (t(p),7(p1)) the partial sum of its Fourier series has a
form

Slm (e, ¢1) + Z alg () cos(kepr) + bl sin(ker),

where coefficients of the series are given by

2 2
1 1
aly, = 2—/ (p, 1) cos(kpr), bl = 2—/ (¢, 1) sin(kepn).
0 0

We approximate the singular integral

L[,

211 T—T1
L

by the equation

i/wd Ni/wd
Y1~ — Y1

T T—T T T—T
L L
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_ aggp)i/ dr +Zak(<p)l,/cos(k(’pl)d7

i

/ T—T Pt mL T—T
- 1 [ sin(ker)
b — | ———=dr.
+Z k((’p)ﬂ'i/ T—T dr
k=1 T

We can describe each of the singular integrals

i/ cos(kxpl)dT i/sin(kxpl)dT

) T—1T1 ) T—T
L L

using Sochotzki-Plemelj formula:

1 / qu— = 287" (cos(kyp1)) — cos(kepr),

iy T—T1
L
1 in(k
1 / SR 47 = 29+ (sin(ker) — sin(ker),
y’ T—T1
L

where @1 (cos(ky1)) and &+ (sin(kyy)) are boundary values of corresponding
Cauchy-type integrals. Analogously we can approximate the integral

211 T—T7
L

We can compute the first component of the kernel, using the theorem, formu-
lated above. Then we approximately solve the integral equation, reducing it
to the linear system and obtain the solution of the problem, computing the
Cauchy-type integral, as described above.
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APIE_KLASIKINIO IR APIBENDRINTO HILBERTO
KRASTINIU UZDAVINIU SKAITIN] SPRENDIMA

V.R. KRISTALINSKII

Pateikti du skaitiniai metodai klasikinio ir apibendrinto Hilberto krastiniy uzdaviniy spren-
dimui. Pirmasis metodas skirtas klasikinio uzdavinio sprendimui, jis remiasi teorema apie
atitinkamos integralinés lygties branduolio skleidima tasko 7 = t aplinkoje ir KoSy tipo
integraly skai¢iavimo metodais. Apibendrintojo uzdavinio sprendimo metodas remiasi me-
todu, kuris buvo skirtas skaiciuoti singuliarius integralus

L,

27t T—T1
L

Metodai realizuoti Maple ir Mathcad paketais.



