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1 Introduction

In this paper, we are going to study the generalized 3-D incompressible aniso-
tropic Navier—Stokes equations

ou+u-Vu + uhD%Lau + 1/3D§’Bu + VII =0,
divu =0, (1.1)
u|t:0 = Uy,

where u and IT represent the velocity and pressure of the fluids respectively.
The viscosity coefficients vy, v3 > 0. D7* and Dgﬂ are two Fourier multipliers
whose symbol is k(&) = £, and m(€) = |€3]%8 respectively, where &), € R?
and &5 € R. We consider this model in order to understand how much the
dissipation we need to dominate the effects of convective term, so that the
global solution of such an equation with large data exists. In this way we
can understand 3-D Navier—Stokes equations better. In fact, there are some
related works on this topic. We remark that when v, =v3 >0and a= =1,
system (1.1) is nothing but the equations of classical Navier—Stokes equations.
The global existence of strong solution for it is of course a great open problem,
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due to the super-critical nature of the equations. An anisotropic case a = 8 =1
and v, > 0, v3 = 0, has been studied first by J.Y. Chemin, B. Desjardins, I.
Gallagher and E. Grenier in [3] and D. Iftimie in [6]. In [6], the author proved
that such a system is locally wellposed for initial data in the anisotropic Sobolev
space H%* for s > % Moreover, it has also been proved that if the initial data
are small enough in the sense that
ol Zzlluoll s, < cvn
for some sufficiently small constant ¢ and € = s — %, then the system (1.1) is
global wellposed. Furthermore, T. Zhang in [11] proved that when a = 8 =1
and vy, > 0, v3 = 0, system (1.1) is global wellposed provide the initial data wug
satisfies
CuhHuOHBO 1 exp{CVh4||u0HBo 1 +1} <1,

where B%2 is the anisotropic Besov space with the regularity in vertical vari-
able. Considering the periodic anisotropic Navier—Stokes equations, M. Paicu
obtained global wellposedness in [9].

We note that, all above global results were obtained under the assumptions
of small data in some sense. To get result for large data, people tried to
strengthen the dissipative symbol h(&,) and m(&3), authors in [7] obtain the
global regularity in critical and subcritical hyperdissipation regimes h(§) = |£|®
for a > %, N is the dimension of the space. This corresponds to the case
a =8> % and vy, = v3 > 0 in system (1.1). Tao [10] improved this
slightly by establishing global regularity under a slightly weaker condition. He
assumes that h(§) > (&) for all sufﬁciently large ¢ and some non-
decreasing function g : R* R* such that [;* - ( s5(sy7ds = oo. While for the
inhomogeneous flows, D. Fang and R. Zi [5] proved the global existence result
for the hyperdissipative Navier—Stokes with initial data in subcritical Sobolev
spaces.

Just as the classical Navier—Stokes system, (1.1) has a scaling. Indeed,
under the following transformation

ub(t, ) = A2 wul (N2, ATz, A ),
ui(t,z) = A2 B ()\2t,)\él'h,)\%$3),

the scaling of dissipation term is the same as that of convection term. In this
sense, the L? norm of v} and u3 can be given by
h 2-2—L 1 h
H“/\(t’x)Hm(RS) =ATe 2ﬁ”“ (t’x)||L2(R3)’
9_1_ 3
Hui(t’x)HLz(RS) =AT e Hu?’(t,x)||L2(R3).

If one expect that the L? energy of u" be the critical nature of the equation,
we need 2 — E — 5= = 0. Similarly, for u?, we need 2 — E — == = 0. Obviously,
we have the scahng indexa == 3 2 and it is the case Wthh has been studied
in [5,7,10]. Here we want to investigate the effects of dissipation of horizontal
variables and expect that 8 = 1. Thus we obtain that (o, 8) = (3,1) is
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critical for the horizontal components u”, and (a, 3) = (2,1) is critical for the
vertical component u3. In this paper, taking advantage of the incompressible
condition divyu = —93u?, we can get the global existence result when (o, B) =
(2,1). One notes that (a,8) = (3,1) is the supercritical index for u® but the
subcritical index for u”.

More generally, we prove that, for all & > 2 and 8 = 1, system (1.1) admits
a unique global solution for large initial data. It is obviously that for o > %,

B =1, (1.1) satisfies the following basic energy estimate

¢ t
Hu(t)Hi2 —|—21/h/0 HDﬁuHisz+2u3/0 H63u||izd7': ||uoH%2. (1.2)

Our main result in this paper concerns the unique solvability of (1.1) with initial
data in the anisotropic Besov spaces but without a smallness assumption on wg.

Theorem 1. Let s > 0, a > 3, B =1, ug € B"*(R?®) with divug = 0. Then
there exists a positive time T, such that (1.1) admits a local solution which
satisfies

we C([0,T); B*) and Viue L*(0,T;B%%), 8su € L*(0,T; B%%).

More over, if s > %, then the local solution is unique and can be extended to
the global one.

In Theorem 1, we assume that ug € B%*(R?) for all s > 0. Following the
same method, we may find that such result also holds for anisotropic Sobolev
space H%% s > 0. We assert that s > 0 is necessary when uy € H%*, since
Lemma 1 no longer valid for s = 0.

Corollary 1. Let s > 0, a > 2, 8 =1, uy € H**(R3) with divug = 0. Then
there exists a positive time T, such that (1.1) admits a local solution which
satisfies

we O([0,T); H**) and Viu e L2(0,T; H*®), dsu € L*(0,T; H*®).

More over, if s > %, then the local solution is unique and can be extended to
the global one.

The above results can be reached through an energy estimate. The advan-
tage of hyper-disspation regime h(&,) = |£|® for o > 2 in our paper will be
revealed in the estimate of convection term. More explicitly, we should split
|lu- Vul g2 into

Ju-Vaullg2 < ||u” - Vaul| . + ||[usul| ..

Since a > %, the first term in the right hand side of above inequality can be
estimated by

h a, |l 3e 3 -3 e
[l - Vnull 2 < CJIViul| 22 19sull 2> [[0sViul| 5 -

Math. Model. Anal., 20(2):205-231, 2015.
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One can see the details in (4.3). Hence one can use Young’s inequality to close
the energy estimate(see the details in Lemma 2). We observe that when o = 1,
the convection term was bounded by

1 2 3
lu- Vg2 < Cllull £ Vul L2 [ V24l £

in three dimensional space, to close the energy estimate, the smallness condition
on ug is necessary. The second term is more delicate, we will use divergence
free on u to write

8311,3 = —divh uh.

Another important estimate in our paper is the B%® energy estimate of
convection term when proving the blow-up criterion. It reads that

1 1 1 3

(B (- V)| Af) | < Cli2 a2 ) V3l o gl B [l
1 1 3 1

+Cd2 a2 o 1900l ol B [V i o

+ Cd 27 || Vpul| poo (2 l|ul po.s

V}LUHBU,S

for all s > 0. The similar estimate in Sobolev space H® was proved in [§]
(Lemma 3.1). The main difficulty in this estimate is how to bound the u3dsu
by the horizonal derivative Vju. To overcome it, we have to use Bony decom-
position in vertical direction. We may find that u393u can be decomposed
by

A;;( > s,g,+2(agu)A;;,u3>+A;;< > s;;,_2u333A,g,u). (1.3)

k'>k—No |k’ — k| < No

The first term of (1.3) can be dealt by Bernstein inequality since the spectrum
support of A}é/u?’ is contained in an annular. Formally, when such term esti-
mated in Lebesgue space, we can transfer the operator d3 from S}, ,(dsu) to
AY,u?. Then the divergence free on u enable us to get the desired estimate.
But it can not be used in the second term. We will use a commutator estimate
and integration by parts to complete the estimate on the second term. One
can see the details in Lemma 1.

The rest of the paper is structured as follows. In Section 2, we present
the definition of anisotropic Littlewood—Paley decomposition and the theory
of anisotropic Besov space. In Section 3, we show the local existence result
and prove a blow-up criterion of (1.1). Finally, we present a high order en-
ergy estimate of (1.1) and complete the proof the existence of the global solu-
tion.

2 Anisotropic Littlewood—Paley Theory

Because the space we will use is anisotropic Besov spaces, so, in this section, we
recall the Holder and Young’s inequalities in the frame of anisotropic Lebesgue
spaces at first.
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Proposition 1. 1) Let f € L7 (Lfll), g€ Lf,”(Lﬁ”) for 1L.<r o' v p,p,p" <
00, then fg € Lj(LY). And the following inequality holds

1 allzgeer) < O iy Il iy (2.1)

1 1 1 1 1 1
Where;:p“rﬁ CdeZF—i-F

2) Let f € Lg/(Li/), g € LZN(LZ,’;/) for 1. < ror' v p,p/,p" < oo, then
[*g e Li(LY). And the following inequality holds

wherelJr%fT,Jr = and1+ff ,Jrﬁ.

ey < CIIS (2.2)

Lr LP )||g||L7‘” LP )7

To recall the definition of the anisotropic spaces, we have to introduce
an anisotropic dyadic decomposition of Fourier variables, which is called the
Anisotropic Littlewood—Paley decomposition. Let us briefly explain how it may
be built.

Let (x(r),¢(r)) be a couple of C* functions satisfying
4 3 8
SuppxC{TISS}, Supp@C{4§7‘l< } r)+Y p(27r) =
qeN

for any r € R. Let @, (r) = ©(279), hy = T Lp,, and h = F~1y. The dyadic
blocks in vertical frequencies are defined by

Aju=0 ifg<—1, A ju = x(D3)u = / h(ys)u(xn, 25 — y3)dys,

R
Aju = @(27D3)u = / hq(ys)u(wn, v3 — y3)dys if ¢ > 0.
R

It is also convenient to introduce the following low frequency cut-off:

Stu= Y Abu.

p<g—1

Of course, Sju = A ;u. The anisotropic Littlewood—Paley decomposition has
a nice property of quasi-orthogonality:

AvAu=0 iflp—q|>2 and AY(S;_judiu))=0 if |p—q|>5.
Let us give the definition of nonhomogeneous anisotropic Besov spaces.

DEFINITION 1. Let u be a tempered distribution, we set

‘UHBU s = (Z 2”19 ‘AUUHI})

q>—1

with s € R. We then define the anisotropic Besov space

By = {ue8'(R?), lull pg.s < o0}

Math. Model. Anal., 20(2):205-231, 2015.
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Hereafter, we denote that Bg; = HY® Bgf := B%%. H* is the anisotropic
Sobolev space. The following two key estimates based on the divergence-free
condition.

Proposition 2. There exists a positive constant C, such that for every diver-

gence-free vector field u = (u*,u?,u?),

|Vu < ClIViullgos, (1A% o ) < de27 %) 2o [Vl 2o, (2.3)

"l 5o..
where dy, stands for a generic positive sequence such that Zszl di <1.
Proof. The divergence-free condition implies that

Vud = (Vpu?, —divy, u”),

from which the first estimate directly follows. To prove the second estimate,
we write

1 1
HAZUHL?)L;‘I = CHAsz%Ri‘)HAZV”UHZZ’(]}@)
< 0@ dfull o) (27 dF |V au] 5o )
< O 5 dy|u) Zo. | Vaul| 3o O (2.4)

The following lemma is the core of the proof of Theorem 1.

Lemma 1. Let o > 2 5, then for any real number s > 0, there exists a positive
constant C such that, for any u, v, with u divergence free, we have

[(AR(u- V)| AR0) o] < Cadi2725[ul| oo 12 (HUH;OE

Vool 3, + [[o]lpo.)

_ 1

x (||vuzoz
(HUHBO

where (+|+)p2 denotes the L? inner product of two functions. In particular, if
v = u, there holds

1
V}?UHEO,S + ||U||Bﬂvs) +C d22_2kSHUHLg°(LfL)

+ [lull o) (o] o

0o + 0llpos),  (25)

1 1 1 3
[ (A% (u- V)| Aju) o] < Cadi 27 (Jull oo 2 IVl 12 el o [V o
1 1 3 1
1l 2o 12 VAUl o 12 1l o o [ Vil o o
+IVhull e 2 lull o« [ V| po..). (2.6)

Proof. Let us define
=AY (uh :Vpv) and F!:= A} (u383v).
The term (F}'|A%v) 2 and (FY|A%v) g2 are estimated in different ways. Let us

start by proving the result for F,?. Applying Bony decomposition in vertical
variable, we have

Fl = AY(TY Vo + TG, u + R (u", Vjv)
= FPN 4+ B4 R,
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where

Pt =AY > (SpoqutAy i),

|k—k/|<No
h,2 h A
FPP =AY > (S Vavdiah), FrP=A7 S (AL VewAah).
|k—k’|<No k'>k—Ng

According to Proposition 1, together with interpolation inequality, we get

(F£’1|AZU)L2

<C Z HS};'—luhHLgO(Lﬁ)HAZ’V}LUHLQ(L%)HAZUHLg(Li)
|k—k’|<No v

<Cllulipas Y [[Ap0
|k’ —k|<No

1_4i v @ 4i v
e 1A Vil s [ Akl L

(H'(R?))

<Clulleaz >, 400l
|k —k|<No
_1 1
x (| Ako]| s = | ARVl 5. + (| Ak )
1—1

_ 1—-5 5
< CdR2™ " |lul pge (r2) 101 po.2® [ Vi | . (10l o 2

ol

1 1
HIVavlGe.. + lolls0.e)-
(2.7)

Similarly computation implies
h,2
(F | Ajv) 13

=C Z HS’Z’—lvhUHL?(H”(R?))||Az’uhHL%(H%(R2))HAZUHLg(Hl(R?))
Ik—k'|<No
_ 5 5
<Cloleway Yo (|Apulla™ || Ap Vil 35 + || Apull,.)
|k’ —k|<No
|| apvsolz + | Ago] )

< Cud22 2 ol e ) (el o 3 | Vil . + [l o)

1—

x ([l Akl

1—1 1
x (Il go [ Vil Go.. + vl po.s). (2.8)
While for F; ,? ’3, by Proposition 1 and interpolation inequality, we have

(F°| AYw) Lo

<C Z ||Az’uhHLg°(Li)Hj}é’vthLz(L%)HAZUHL%(L%)
k' >k—No viTh

~ 1—-5 ~ 5
<COllulpewsy >, Aol 140 Vivl 3
k'>k—Ng

Math. Model. Anal., 20(2):205-231, 2015.
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< (Al | Apvillz + 4k )

< O ull gy Do 2072 A1 | A Vi
k’>k—No
1—L1 « 1
X ([l go2 [|[ Vv 2o.. + ||v||Bo,s)
1—-1 1
< OdR2 | |ul| oo 12 ]| o 2 (ol [Viol 5o, + llollgos ),

(2.9)

where we have used s > 0 in the last inequality. So (2.7), (2.8) and (2.9)
imply that (2.5) is proved for the term (F}'|A¥v)rz. To estimate the term
(FY|AYv) 2, let us again use Bony decomposition in the vertical variable:

A} (uP05v) = FPH + B2
with

FPl=Ay > Sp,0w)Ap®, FP=47 Y SputsApe.

k'>k—No |k —k|<No

Clearly, we have

R P N L (2.10)
Bernstein’s inequality, along with Proposition 1 yields
k' v v, 3
173,23 2 ltrtlagiap 8007 g
<Clollpserzy Y. 2| Apu? HL%(L}%). (2.11)

k' >k—No
Here we are going to use in a crucial way the fact that u is a divergence free:
(9311,3 = —dth uh.

Thus, we infer that

< Cllvllee(r2) Z ||Ak/vhu H

15, s .
i) k'>k—No &)
k>0
v 3
T Ol Ay ”m%)
(IIUHBo + |lullpo.s).  (2.12)
Here we use the fact that when &’ = —1, the number of k is finite. Then making

use of (2.12) in (2.10), one can deduce that

[(F21A30) a| < Ca22725 o]l e 2 (ull 3o 20 | V0] . + [l o)

1
woll 0. + ol zo.). (2.13)

1—L1
x (Iloll o2
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Up to that point, we did not actually use the energy estimate, but only laws
of product or Sobolev embedding. The estimate of the term (F;’Q Apv) 12 (r3)
will use in a crucial way the structure of the nonlinearity. First of all, following
a computation done in [4], we get that

(7

#0) 2 = (Spu’0sAjv|Ajv) 1 + Ri(u, v)

with Ry (u,v) defined by

> ([AY Sk _2ub]0s AL | AY)

[k—k’|<No

+ ) (SE = Sh o) utds AL | Av) e
|[k—k'|<No

Then, using an integration by parts, we infer that
1
(Spuos Ay Apw) 2= "3 (Sp(05u?) ZU|AZ11)L2. (2.14)

Thanks to the fact that u is divergence free, (Syu3d3A%v|AYv)r2 can be esti-
mated as the term (F}'|AY);2> which appeared above. The third term (S —
Sy, ud03A%,v|A%v) 2 can be estimated exactly as the term F,:’l. So we will
mainly give the details of the proof of ([AY, SY,_,u3]03AY,v|AYv) 2. Note that
for any function w,

(A}, Sp_1u’]w(z) = Qk/Rh(2ky3) (Sp _quP(zn, 3)
- S}c)f—ﬂs(ffh,x?, - y3))w($h, T3 — y3)dys.
Writing a Taylor formula, we get that
(AL, Se—1u®|w(z)

= / [ ]71(2ky3) (Sp_103u®) (zh, x5 + t(xs — y3))w(zn, 5 — y3)dysdt
Rx[0,1

with h(z) = zh(z). Thanks to the fact that u is a divergence free, we get
(A}, Sy _uP|w(z)

= _ / [ ?(2’“3/3) (Sp,_y divy u) (zh, 23 + t(z3 — y3))w(Th, T3 — y3)dysdt.
Rx[0,1

Now, applying the rules of product of Sobolev spaces on R2, one can obtain
that

H [ ks Sz/_lu‘g]w(:v)HH_l(RQ)
SC/R|E(2]“ZJ3)|HSE/_1 divhuh||Lgc(H—1(R2))Hw(~,$3*yg)HH%(W)dy?)_

(2.15)

Math. Model. Anal., 20(2):205-231, 2015.
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Applying Hélder inequality in (2.15), we deduce that
I[A% Skr—1u®w(@))|

—k v h
L2(H-1(R2)) < C2 HS,C/,1U HL?}’(L%L)HU)”L%(H%(R'Z))

(2.16)
Setting w = J3 A}, v in (2.16), by interpolation inequality, we finally get that

> ([47, Sp_uP]as Ay v Ayw)
|[k—k’|<No
1—-5 5 1—1
x (Iloll o2 (VR 55.e + lvllmos) ([0l go
Thus we conclude the proof of (2.5).
If v = u, by Holder inequality, we infer that

(1A 2 < 30 1A(Stoaw” - Vadju) |
lk—k/|<No

L2_

< Cd27||ul| Lo 12

Voo 2. + [[0]l 5o ).

L5<L§)||Az“||L%<L;t>' (2.17)
By Proposition 2, we can deduce that

1 i
HAZUHLg(L%) < dk2_ké”“‘”%01s ”thHEO,S

(2.18)
Using Bernstein inequality and Hoélder inequality, we get
| A% (Spr—qu” - VpARu)|| 4 < C|Sp_yu|| |V h A ull
F MU gy = TR L @) R (L)
S 02_k/sdk/ {uhHLgo(Li)thu”Bo’s
’ 1 1
< CQ—k Sdjs ||U||Z$O(Li) ||vhu||[2,30(Lﬁ) ”thHBDys . (219)

Making use of (2.18) and (2.19) in (2.17), one can obtain that

h,1 _ 1 1 1
(E D) o < O ull o) [Vl o g il o

3
Vrull Bo.-
Arguing as in the estimate of term F,?’l, we get

(£

es XAkt vl g Il
|k—k/|<No v

<C Z HAZ'U‘L%(Li)”vhuHLf(L%) AzuHL%(Li)
|[k—k’|<No
< CZ_ZdezHthHLgo(Li)||u||Bo,s Vhul po.s.

Similarly, for the term F; ,? 3 we have

(F”

ZU)LZ <C Z HAZ'U}L’ LgC(L;ﬁ)HANZ'VhU‘
k' >k—No

Lg(LfL)HAZ“HLg(Lg)

~ 1
<C Y Ml g | A% Vaul| o llullo..
k' >k— N

1
Vh“”go,s
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1 1 ’ ’ ~
< CdR27|ull oo oy ull oo I Vaul fo. D 207K 28| AL Viul|

k'>k—No

< Cd222hs||y|? Vhul|2 2 IVl 2.20
= k HUHLgo(Li)” hu”LgO(L,zL)”u”BO»S hU”Bo,sv (2.20)

where we have used s > 0 in the last inequality of (2.20). The vertical term
F} is also more delicate. Using Bony decomposition, along the same line as we
did in the proof of (2.5), one can write

A (uPBau) = FP + B2+ FP

with
1 2
Fr =AY SV, (Bu) AV, FUP = AV SV, ulds AV u
k k k'—1 EU k k k'—1 K Us
|k —k|<No |k’ —k|<No
FPP =AY > ALuosAqu.
k' >k—No

For F} 1 we easily get that

(Fvl ), <C Z Sk 1 (Osu) Afons® || % A% U’HLE(L;*I)
|k’ —k|<No
=C Z ||AZ’“3HL2(L2)HaSSk’ 1U’HL°°(L [rave 2(LY)
|k’ —k|<No
<C Z ||AZ/33“3HL3(L§ h)HAz“HLg(L;)' (2.21)
|k’ —k|<No
Proposition 2 implies that
1 1 1 3
(F2A) o < B2 ull 2 o [Vnul 2 o) Nl o [Vl o .

By the same argument as F}, ’1, we get

(F180) <0 ([ Ap@maell] , g 14%u] gy,
k’>k—No o

<Cc )

k'>k— Ny

<C Y 800 el e )
k'>k—No
k'>0

+C|| A7 u

}L)||83A~E’UHL50(L;§) ||AZUHL§(L‘}L)

2(L3)

(2.22)

|

Here, we also use the fact that when &’ = —1, the number of k is finite. Again,
Proposition 2 implies that

v.3) A 20—2ks||, || 3 3 3
(P27 A) o < CB2ul b g IVl e g [l B [ F

Cd2272k5 % v % % \V4 %
+ Cdg, ”UHLgc(L;ZL)H hu”Lgo(Li)”uHBo,s hu||30,s~

Math. Model. Anal., 20(2):205-231, 2015.
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For the term F}] 2 following the same computation as in [4] (Lemma 2.1), we
get that

(F22|Afu) |, = (SpuP0s AfulAu) |, + Ri(u, u) (2.23)
with Ry (u,u) defined by

> ([A% Sh o) 0s AR ul AYu) o+ Y (SE=Sp 1) uds A u| AYu)

|[k—k'|<No |k—k'|<No
Then, using an integration by parts, we infer that
1
(Szu383Azu|Azu) 2= "3 (SZ (83u3)Azu|A}éu) 12
Thanks to the fact that u is divergence free, using Proposition 2, we get
3 2
(Stu*dsdful Au) 1, < ClIViull e o || A2 1)

< C27 28}Vl poe 12l po.s

thHBo,s. (2.24)
By Holder inequality, we have

> ([47,SpuP0s A u| Aju) |,

|k—k/|<No

<C >, Ak Staw®)Oadionl| , ol ARl 1y )

|k—k'|<No

Using Bernstein inequality and Proposition 2, we infer that

Z ([ zaSZ'—WS]a?)AZ'MAzU)Lz

lk—k’|<No
DD )l Ak
|k—k'|<No
< C”vh“”Lﬁ"(Li)HAz'“ |L£(L;‘L)|‘Azu“L%(L§L)
< 0272%ksq?2 Vil go.s. (2.25)

Since (S} —S¥,_,)u? is localized in frequency in a ring of size 27 in the vertical
variable, we get
(S = Sp—1)u0s bulAju)
<C Y NI - S0 | o) [ ARl g 1
|k—k'|<No
< C”VhUHLgo(Li)HAz'U

|L3(L§L)||AZuHL3(L‘}L)

< C2 @V yul| o (12l po.s |Vl pove. (2.26)

Combing (2.25) with (2.26), we finally obtain that

Ry (u,u) < C272d7 ||V pul oo 12) = Vaul gos. (2.27)
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Thus (2.21), (2.22), (2.24) and (2.27) imply that the estimate (2.6) holds true.
O

We will also use the so-called Chemin-Lerner type spaces L%(BO’S).

DEFINITION 2. For s € R, and T > 0, we set

T 1
fallg o = 3 20°( [ g0 )’

q>—1
and denote by z%(BO’S) the subset of distributions v € 8/([0,7] x R?®) with
finite [|ul|zs o) norm. When p = oo, we take esssupcjo 7 || - || instead of
o :

I lzejory-

3 Local Existence of the Solution

The purpose of this section is to prove the following local wellposedness result:

Theorem 2. Let o > %; B=1,5>0, and ug € B** be a divergence free
vector field. There exist a positive time T and a unique solution u of (1.1)

defined on [0,T] x R® such that
we 0([0,T),B*) and Viue L*(0,T;B%%), 8su e L*(0,T;B%%).

Moreover, if the maximal time T* of existence is finite, then

t

.
Jim (]

_2 202 P
Vil g5 (e + Il 25 e ([ VRl 152y ) dr = 00 (3.1)

da—2
4a—3
Lee(L7)
3.1 Local existence result

In order to prove the local existence of solutions to system (1.1) (Theorem 2),
we shall use the classical Friderichs’ approximate solutions to system (1.1) (for
the details, see [1], Chapter 10). To this end, let us define the sequence of
operators (P, )nen by

Pou:=3""(1p,,, @),
and we define the following approximate system:

Ortn, + P (uy - Vuy,) + z/hD,%aun - Vga?%un = —-P,(VII,),
divu™ = 0,
un‘t:() = uga

where IT,, is given by
—(=A) " div(uy, - V).

Then Cauchy-Lipschitz Theorem gives a solution ul'cy in C([0,T7); L?), Tj:
is the maximal lifespan of u,. We aim to exhibit a positive lower bound T" of
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T and prove the uniform estimates of u,,. For that, we introduce the solution
v to the heat equations, that is

{atv + l/hD,%a’U — 13030 =0,

3.2
V|t=0 = Snuo, (3:2)

where Sy f = F 1 (x(27V¢])f) and N will be determined later. Clearly (3.2)
has a unique global solution satisfying

UN € C’([O, o0); B%* (RS)), Vivy and dsvy € L2 (0, oo; BY# (R3)).

We want to show that if 7" is small enough, then u, := w, — v, n is small
with the related norm, where v, y := P,vnx. To this end, we shall discuss the
following perturbation system:
Oyt + D3%u,, — 03, + VII, = H,
divu, =0, (3.3)
Unlt=o = (Id — Sn)uf,
where

H = _(an + Un,N) -V, — (ﬂn + Un,N) -V,

We shall now be interested in proving that w, ny exists on a uniform time
interval. Applying AY to (3.3) and then taking the L? inner product of the
resulting equation with Aju, n, we infer that

d - _ - _
AT+ 20m | VA + 20805 A0 5. < CAVH, AT (3.4)

Performing a time integration, multiplying both sides of (3.4) with 2 and
summing on k, we obtain that

||7’Zn||BUvS + v Vh”v%anHZ?(Bo,s) + v V3“83ﬂn||Z%(Bo,s)

2

t
< ||@n(0)| go.. +C Z (2%5/0 |(AZH|AZﬂn)Lz|dT>

E>—1
By Lemma 2.4 and the definition of H, one has
|(AVH|A0) ] < (AR - V)| ARn) .| + | (AR (n,n - Vi) | Af) |
+ (AR (@ - Vou, 8| A o | + [(AR (0nn - Vo, 8) AT |- (3.5)

For the first two terms in the right hand side of (3.5), we apply Lemma 1 to
obtain that

| (AZ (ﬂn : van) |AZ’E7L) L2 |

_ 5
1 4o

< 4727l pe 2y (1l o

5
|V%ﬂnH§B,s + ||?7n||30,s)

ES ~
Vﬁﬂn ||§o,s + ||Un||B°=S)

~ 1-1
X ([l o

< Cud22 ™ o . (|1

8a

S8a - _ - _4do . é
poe +lunllze + luall5e + lanllZo..)

_oks ([ V3 ~ Vp ~ (12
+di2 2ks <||83un||230g+256H gunHBOb) (36)

256
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for a > % and

‘(AU(U’I’L N - Van>|A}éan)L2‘ <Cs d22_

e (L)
1_,

1 _
V5] 5. + HﬂnIIBo,s) (IlunIIBo VR 5o + il 5o)

% ([[in 5037

+ Cad22 i | e 22 (lom v 5o R (A P

x (HﬂnHBoEHV%ﬂn||§o,s + ||t o.+)

_da _da
< Codi 2725t | Bo.. (o [ 5o 105vn, w1l 55

da
930nN || o,

Sao

1
83U7L7N“é0,5 + ||Un,N||Bo s

1
+ HUn,N||1230,s

T 050 w12+ o | 562 |V iwm || 5o

+ HUn,N”Bo,s

4a—5 5 _da 4
+ [lon w55 | Vavnn |5 + lvn 5o + lonn ] Fo.x)

+ 2 (e V3T . + ilOaalo. ) @7)

where the sequence dy, satisfies that ||dg||;x < 1. For the third term, we write
(AL (@ - Vo8| ALT) o = (AL(TE - Vivan ) | AL )
+ (A} (U3 0300, )| AF i ) (3.8)

By the same method as in (2.7), (2.8), (2.9) and (3.7), we have the following
estimate

(A% (@ - Vavn )| ALE) .|

_ ~ l—2
< Csdg2™on n || ee (2 (I1nll o2

12

L2’

v hunHBO,S + |[n || o)

Vit 2o + lfin 5o--)

~ 1=+
X (”unHBo,(3

_ ~ 1—-5 5
+ C’sdiQ 2ks||un||Lg°(Li) (”Un,N”Bo,ia |v%vn,NH§3,s + ||Un,N||BOYS)

1 _
Niin || 3o + ||un||Bo.s)

~ 1=+
X (||un||BOf~z

S

do 1 1
|Un, NIIBO - 10300 N || goe + 100N Bo.s [|030n N || Bo.s

o
5425 Fas Ta—T Ja—1
O3vn, N || 5o.»

+ lvn, NIIBo 1050 w1150+ l[om w11 5o

4o
3a—2

5
a2 gvn,NHg’% s T ”vn,NHBms

+ ||vn,N||B‘6,s

3a—2 do-5
(}):’Un,NHB?JTs + ||'Un,N||Bf)?Ks

4 s 2
+ ||Un7N||§O,s) +O d22 2k (256||v ”HBUS 256”6311%”30 5)' (39)

The second term of (3.8) can be estimated by the same method as Lemma 1.
More precisely, by the Bony decomposition, we have

A (UnOsvnn) = > AR(Sh_ 10500 N AR )
|k—k/|<No
+ Y ASE AL n) + Y AL(ALTEAY D30, ).

|k—k/|<No k' >k— Ny
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By the Proposition 1 in anisotropic space, one gets
> (AR (ST AL O3vn N) | AYn)
|k—k'|<No
<O > ISta@llpe g Ak sonnll , 5 14Kl -
|k—k'|<No

Since vy, n is localized in the {3 direction, we can apply Bernstein inequality to
obtain

g0l 5, < 02V A

Thus, interpolation and Young’s inequalities imply that
S (AL(Sh T AL Osvn N )| ARiin) |0
|k—k'|<No

<C

s .
L3(Ly)

D D VYR e PYA T
|k’ —k|<No

x || AV 2 7 (| ALV 25

Vv 5.

_ ~ 3 - .1 1— L
< C’d22 2’“52N||un||123035||c')3un||}"30ys||vn7N||B0f§"‘

(”“n”BOi "HBM)

< Cd227 k528255 ||, | 30,0 |0, Nllg%?

s 2
+ O (SO [ + 0. )

6a—3

Vh'Un NHBO s

Similarly, we also have
D> (AV(Sh 10500 N AL N )| AYiln) ;.
|k—k'|<No
g e L P D D Lt ol PV s

|k’ ~k[<No

v 1_4% v oy 4%
P | | PA YA T |

_ 1 1 91 1
SCsz 2kS2N||'Un NHEOS 831)71 NHéo,s unHBOS V un”go,s
OL
< Cd22 22232 [, B, 0 x| ot | Vi vmne || ot

Vh

Csd2 272’68 h
+ sl 256

9530 ..
and

x> (AR(ARES AL Osvn )| ARl
k'>k—No

a—2
6a—3

Un NHBO,s

+ Cut2 (93Tl + g5 )

8N

< Cd3272%5250=3 || | %0,

2
[0} 6a—3
|Vivnn |50

256
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What remains to estimate, therefore, is the term (A} (vn,n - VUn,n)|ARUR) 2.
Since the vector field vy, y is divergence free, we can write

(A% (n,n - Vo N)[ARTR) 2 = — (A7 (va,n @ v, N)[AL Vi) 1
+ (0347 (v, N @ Un, N )| A} TUn) ;-

Again, by Bony decomposition we have

A (Vn N @uan) =2 > AN(Sp_nn @ A N)
|k—k’|<No

+ Y A(AYvnn @ Avnn).
k’>k—No

Thus we have the estimate

> (AV(Sh 1 vnn @ Avn N ) | AF Vi)

[k—k’|<No
<C kkzl;NOHSz/lvn,NHLgo(L,aHA;;/UH,NHL%(LSQI larwanll ,
<Cllonwlizan 3 Aol AL Vielly: | AL9iT)

|k k| <No
2_2

a

1
030, N || o, [|[vn, N1 o2

2_1 ~
@ a «
Vion |2, I VaER | go..

1
< CdZ27 % |on,n || Bo..

Vil + o V3. )

20— 2ks 5=%
S Cdk2 (”v’n,NlBO,s ||83/U"'L,N||BO’S 256
(3.10)

and
> (AU vnn @ Afvn )| ARV TR
k'>k—No
_a . N
< Cdi2_2k5<||’vn,NH5Boé ||8311n¢N||Bo,s Vz‘vn’NHg(’j + %H %UHHZO,S)-
(3.11)

According the same method as in (3.10), (3.11) and the fact that v, y is local-
ized in the &3 direction, one has

Z (A/Za?) (S;g)’—lvn,N oY AIZ’Un,N) IAZan)L2

|k—k’'|<No
N v v vy
< (2 Z Hsk’*lvn’N||LU°O(L,21)HAk’v”vNHLz(L}%)||Aku"HL%(L§L)
|[k—k'|<No v
N 1—-L 1
< CMonnllizag Do 1Ak =4 ViY]
|k’ —k|<No
. 1—-3 . 3
x| AR, x| o ™ ARV RN | 23
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< Cdi2” 2’“SQNII’UM\/IIBOsllf%mm\rlllgog

Un N”Bo

X II%IIB}‘?‘” Vi unHBOS

120 —2 _da a—6
< CNdQQ*Q’“(anNHBOj 10500, v | 55" hUnNHBo Hunllg‘é,‘s3
256Hv ”HBU,5> (3.12)
and
> (A0s(AYyvn N ® ARvnn)|ARTEn)
k'>k—No
9 ok a—2 —6
S (T el o el A
2
256” HBO>5>' (3.13)
To summarize, we combine above estimates (3.6)—(3.13) to obtain
||an||zoo BO.s +\/Vh’|v(}’:anHZ2 BO.s) + \/VB“aiiﬂnHEZ BO:s)
<[00 . + o / . 1[5 + |
~ ~ 4 _da
+ Hun\lé‘fff + ||un||;%oe+ Nl e
— —
+ ||lvn, N||fg% = |03y, N||]§OE) = A lvn Nl Boe 103vn N Bos
gg:Z 3a—2

+ an,NHEO,s a?)UmNHgo,s + ||vn,N||BO,s

thn NHBO s

5 4
Vivnn || + IIvn,NIIE%f + [on | 30

4a—5
+ an,NHB?)as

—
6a—3 2a—1

|6a 3” hvn NHBDD +an,N”BO,s

+ an N| %Un,NHé%,_sl)

O] %

+ [0, 50 1852, ]| 0.

=

" B8a— 120 —2 4o
a5 o |5 00 5 (Vv | dT)

Then we assume that for all ¢ € [0, 7]
Hﬂn(t)HBO,s S 20.

Here T will be determined later. We want to prove that the above inequality
holds strictly on [0, T]. Taking N sufficiently large such that

1= 30 . <
then, for the fixed IV, using the above estimate, one gets that
HanHEtoc(Boe) + v VthganHEﬂBo,s) + v 1/3”83:11“”2%(30,5)

< e+ On(4PT + 4TS5 g bo.e + T2

—4 1
2 ||uol|Bo.) *
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for « > 3. While for a = 2, we just take the value of o in (3.6)—(3.13) except
the estimate (3.6). Indeed, (3.6) can be rewritten as

(\GJ[eV)

‘(AZ(ﬂn . Vﬂn)\AZﬂn)m[
1 SO -
< di 27| oo 2 (1Tl oo [| VR @0 || o . + [Tl 5o.<)

Vit 30, + lfin 5o--)

1
X (lltn |l Zo..

12 4
< Cadi 275 [ Gpo.e (I l0.0 + [ 0.0 + [Tl 5o, + [hn [ o..)

+d%22ks<25683un||305 256||V unHBOQ).

Thus we have

Han”Ztoo(Bo,s) + vV Vth%anHz?(Bo,s) + vV VSHaSﬂn”Zg(Bo,s)
1
<o+ COn (AT + 4T | fo.e + T [luol|o.. ) 2

for a = % Here, without loss generality, we assume that T' < 1,¢ < i and
|luol| go.s > 1. For the fixed ¢, and N which depends on ¢, we select a positive

real number 71" such that

o — 3a— 1 1
On (4T +4PTS0 ugll o + T3 [luol[ o) * < Se.
While for a = %, we assume that
L 1
On (43T + 42T 5 |Jug| 5o, + T5|[uo| 5o )® < 3

Then we have

w

—¢, Vtel0,T].

[ ®)] o < &

This implies that @, exists on a uniform time interval [0, 7], T is independent
of n. A standard compactness argument which based on the Ascoli’s theorem
implies that u™ tends to u which satisfies (1.1). Moreover

we L®(0,7;B%) and Vjue L*(0,T;B%),  dsue L*(0,T;B%%).

The continuity of the solution u can be proved by the same method as [11]
(Theorem 3.1). For the completeness, we give the details as follows. From
(1.1), we have

Abuy = —vp AYDu + v305u — AY(u - Vu) — AVVII,

We can easily obtain that for all £ > —1,

= —unl|ViAgul . — vsl0safull . — (Af(u- Vu)lAfu) 1.

d v
Az},
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Obviously, we have
vn |V AYul[2,, vs]| 05 ALul |2, € L ([0, T]).

From Lemma 1, applying the method which we have used in (3.8), one can
obtain that

(A,‘;(u -Vu)| }C’u)L2 € Ll([O,T]).
Then, we have 4[| AYu(t)||2. € L'([0,T]) for all k > —1. Combining with the

fact that u € L (0,T; B%*), we easily get that u € C([0, T]; B%*).

3.2 Uniqueness

In this subsection, we will prove the uniqueness of the solution which obtained
in the above subsection. For this end, we assume that u; and uy are the two
solutions of (1.1) with the same initial data ug, and

u; € C([0,T]; B®®), Viyu; € L?(0,T; B®®), 0su; € L*(0,T;B%*), i=1,2.
Let w := uj — ug, we have
ow + v Di®w — 1303w + Vp = —w - Vug — uy - V. (3.14)
Applying A?Y to (3.14), taking the L? inner product of the resulting equation
with A%w, then we infer that
D a2, + 20|V A2, + 2005 a5

<2/(AY(ug - Vw)[ARw) |, | + 2| (AR (w - Vug)|Afw) |- (3.15)

The first term of right side of (3.15) can be written as
(A% (w1 - V)| Ajw) o = (A7 (uf - Viw)[Afw) o + (A (uidsw) [Ajw) ..

Applying the method as [3] (Lemma 1), we can easily get the bound of the
right hand sides of (3.15). Indeed, for the first term of right side of (3.15), it
can be written as

(A% (ur - Vw)|Afw) , = (47 (uf - V5yw) |Ajw) > + (47 (u}dsw) |Ajw) .

We give the paraproduct algorithm of J. -M. Bony(see [2]), in the vertical which
reads

AZ(U?~Vhw) = Z A};(S’};_lu? bw) + Z AR (Sp_qwAfu)
|[k—E'|<No |[k—k'|<No

+ ) A(ApwmAw).

k’>k—No
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In this section, we just consider the case s € [%, %] For the case s > %, the

uniqueness was proved in [3]. Thus by the praproduct law in 2-D Sobolev space
and interpolation inequality, we have

> AY(SEuh ALV pw) | Afw)

|k—k/|<<No

= Z HSZ’—1U1||L30(L§L)HAZ’VthLg(H%(Rz))HAszLg(H%(Rz))
o=k 1<No

e | V5w 5.

1 1
< Odi27 7Y Jun | o 105uall o.o

— — ForT Za—1 2
< a2 (Clun 5T 0w 5 s+ [V ).

Similarly, according the same method, we also have

> AUSH ViwAful) | Afw) g

k—k/|<No

< Z HS;C}’*lvthLoo(Hzl R2) ’|Ak’u1HL2HAkaL2(H4 (R2))
Ik~ k1< No

S Z HAkHVhU/HL2 H4(]R2))2k//(s_1)HAz’u1HL22%k/
|k—k'|<No
k' <k —2
HAvaLg(Hi(w))Q(k” k)(775)2 k'(s—1)

2_2 2
Wil [ Vil oo

1 1
< Odz27 KD |y |1 2,0, |105ua | 30,

O e O P

< Cd%2—2k(s—1) (CHUl H}zs%?

and
Z AZ( k/ul /vhw)‘Akw)LQ < Z ||Ak/vhw||L2(H4 R2))2kl(571)
k'>k—No Kk No

< ([ Ap | o2 AR g gy 2 P2

2-2 o, o
wl| 0.2 1thwHBovsfl

< OB 26D [luy]| 3., D51 | 3.
_ _ satT TarT 1% 2
< Ot e (| 1wl 7 ol + 22 Vil )

In the last inequality, we have used the assumption that s > % The same
method used in the second term of the right hand sides of (3.15) implies that
(AZ(w : Vu2)|A’,;w)L2

< CdZ27 M|V w|| oo [ Va | o v,%w||Bo,s_l

2a
< dgamGD) (cnagwnzoa,; e T )

2a—2
+ OdR27 0D |lug | 50 || Vi | ot ||w||2B°=S—1'
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To estimate the term (AY(ujdsw)|A¥w)rz2, let us again using Bony decompo-
sition in the vertical variable:

A} (uidw) = F' + FP?

with

FfJ=AZ< E: Sﬁ+ﬂ8y@4%ﬂﬁ>, FfQ:AZ< }: tﬁ_duﬁgAgw).

k' >k—No |k —k|<No

Bernstein’s inequality, along with Proposition 1 yields

][0

(F:,1|Azw)L2 < di2_2k(s_l) (Cnasul”]ﬁ
Vp o 112
+ T Vae] oo ) lwlo.s, (3.16)

where Y, o, di < 1. To get the estimate of the term (F}> Ajw) 2 (msy, we
have to use in a crucial way the structure of the nonlinearity. Following a
computation done in [4], we get that

(F,;)»ngw)w = (Spulds Ajw| Ajw) ,, + R (uf,w)

with Ry (u}, w) defined by

> ([4%, Sk —2uf] 05 A w| Ajw)

|k—k|<No

+ Y (SE = Sp_o)uids A w| AYw) g2
|k—K/|<No

Then, using an integration by parts, we infer that
v v v 1 v v v
So according the same method which discussed in Lemmal, we finally have

[e3
Agua | 5o [[wl[Bo.o-

(A% (- Bsw)|ALw) ,, < CdZa~2keD (cnulngﬁ,;

-*;SHV%UNEQsl)- (3.18)

Integrating (3.15) over [0, T], combining the above estimates (3.15)—(3.18),
one can obtain that

2 2
||w(t)||BO,sfl + VthZéw(t)HZf(Bo,s—l) + 1/3”(93111”%%(307571)6&'
t - 2a
<C [ (0wl 5T + 19susl )l
0

t
+c/ V522 | 25 B0 1 (3.19)
0

for all t € [0, T]. Then using Gronwall’s lemma to (3.16), we deduce that w =0
on [0,T] and the uniqueness has been proved.
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3.3 Blow-up criterion

In this subsection, we will prove the blow-up criterion (3.1). First, let us
denote by T* the maximal time of existence of system (1.1). Applying A} to
(1.1) and taking the L? inner product of the resulting equation with Au, then
performing a time integration, we can infer that

llul| oo (o.sy + \/EHVZZ“HH(Bo.s) + V3| Ozul| L2 (po.s)
1
SC’ZQ’“(/’A”u Vu)| ) ‘dT)
k>—1

for all ¢ € [0,7*). Using Lemma 1 and interpolation inequality, we obtain
1 1 1 3
(A (- V)| Afu) 2] < Oz (JullE o IVl o gl B[] o

thHBO s)

+ thuHLgC(Li)Hu”BUvS

SCdiT%S(HUHiw(L? IV “HLoo(H)”uHBO

il

_1
ol IV 7 Lz>llullmé‘ ‘é‘“HEo,s

_ 1
Nl IVl 22 o el 32"

<d22—2ks Hva HBOS

a—2 2 _
OB, T ||zz:&2 Rt

a—2
+C0di27 5y, . 1||u||2‘;;(22 ||V%u|lil<22>”“||eos

+ Cd22—2k5 4a 1 ” |

z%"i(lLi) thu”ﬁﬂ(lL?)HU”BU,»

The Gronwall’s Lemma gives

t _2
T e A G0 A 2
+u, T Hu z%c:(az | Tt 1
R
v, T ||2C§o 1L2)H “Hiio(lL?))dT}' (8.20)

Then if the right hand sides of (3.20) are bounded, then T* = co. Otherwise,
if T* is finite, we can define the value of u(T™*) by lim;_,7« u(t) in B%*. Using
u(T*) as a new initial data, applying the local existence result which have
obtained before, we extend u beyond T*. This ends the proof of Theorem 2.

4 Global Solution of System (1.1)

In order to show that the solution constructed in the previous section can be
continued to the global one, we need the following a prior: estimate. Note that
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in the present work, we assume that ug € B%*, for s > 0. However, it seems
not enough to get the higher regularities of u. Fortunately, the local existence
result which has been obtained in previous section supplies a unique solution
u satisfies

we C([0,7); B%) and V{ue L?(0,7;B%),  dsu e L*(0,T; B%%)

for some positive T, which implies V§u,d3u € L*(0,T; H*#). Thus, there
exists a 0 < Tp < T such that V¢u(Typ), dsu(Tp) € L*(R3). Without loss
of generality, we assume V{ug, d3ug € L*(R?). Using this fact, we have the
following lemmas.

Lemma 2. Under the assumptions of Theorem 1, there exists a universal con-
stant C such that for allt € [0, T*), the following a priori estimate holds true:

V53 + 1|05l

t
+/o |Ovull2: + (| DFul;, + [|0Ful ;. + |05Vl 2dr

t
< C(HVﬁuoHiz + |05u0 |72 + t) exp{/ HVZ‘uHiz + ||83U||2L2d7'}7 (4.1)
0
where T* is maximal lifespan of (1.1).

Proof. First, taking the L? scalar product with dyu in (1.1), we obtain that

1 1
BT ||33UI|2L2 < Sl0ullz: + Cllu- VullZe,

1
||3tu||L2 + l/h HD% HL2 + 9

that is
||6tuh||L2 +vn |}Dhu|}L2 v ||agu|\2m < Cllu - Vu|22. (4.2)
In order to estimate the convection term, we split ||u - Vu| 72 into
Ju-Vaullg2 < |Ju” - Vaul| o + ||[u® - Osul| . =1+ 11

For I, by Hoélder inequality, Sobolev embedding theorem and estimate (1.2),
one gets

I'< ||uh||L;>f(Lg)”vhu”Li(Lg)

h||4 h||% H 1
<Cllu HLOO(LZ)Hagu HEOO(L?)”Vh“”zz(p)||83th||ii(L3)
3_3 11 a
< Ol |l = |Vl 2 I0sull > = |05 Vi 3. (4.3)
For II, by Hélder inequality and Sobolev embedding theorem, one gets
= Hu383u”L2(R3)
S CHU?)H % ||83U||L8(L%)
= C||u3}|L3(L2)||83u ||L3(L )”af’)uHLi(L%)

< i Lot Lo iul .. (4.4)
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Using the divergence free condition divu = 0 again, one gets
in.,3 I qiv b 1= oo, || 35
Vi 0su?|| 2 = [V diva | 2 < Cllull ™[ Viul| 23
This fact together with (4.4) and basic energy estimate (1.2) yields
3 1-3 3
I < C||Viul| 5 19sull 2 * |05 Vw73
Next, we consider the following Stokes system

VhD,%O‘u —1302u+ VII = —0u — u - Vu,
divu = 0.

Taking L? estimate of elliptic equation yields
on[ D3l + val|3ulls + (n + va) |05 5] + IV I
< Cr10ull7e + lu- VulZ2). (4.5)
Making use of (4.3)—(4.4) in (4.5), we have
l/h”DiaUHiz + 1/3H8§UH22 + (vn +1v3) H@gVO‘uHi2 + |VIT||32

< Ci(0vullze + || Vi qua 1||<93u||2“ 1 +[|5ul2: ||V U||4“ 7). (4.6)
Hence, combining (4.6) with (4.2), applying Young’s inequality implies

d
o UDRulz: + 0sul2) + 0wz + [ Diul . + [|05u] 2 + 0595 ull;s

< O Viul| B 0wl + CllosulZa | Viu] 5.

Performing a time integration on [0, ¢] yields
t
HV%uHiz + [|Ozul|2 2 +/0 ([10wul72 + HDiauHiQ + H@guHiz + ||63V‘fqu2Lz)dT
t
< |Vl + Clowuolie + € [ [Vl fuar

t
0 [l B 10wl + w3 Tl )

Since a > %, according to Young’s inequality, one can deduce that
t 6 202 t 4 sa—4
IR E W < € (T3l + ot 415y
0
t a_3
/ 0l || V5wl & 7 dr < © / (IV5ully. + 195l {2 + 155 ) dr.
0
Finally, we obtain that
t
IViullss + 105l + [ (10eullze + ([ D ulls + [|03ulls + (|02 Viul[.) dr
0
t
< C(|[V5uol, + 10suoll2: + ) + c/ ([V5ul|’. + 1950l dr
0
Then Gronwall’s inequality completes the proof of this lemma. 0O
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Remark 1. Combining Lemma 2 with (1.2), we find that
! 2
[ 195l + josuliaar < €
0

for all ¢ € [0,7*). This means the right hand side of (4.1) is finite.

Completion of the proof of the Theorem 1.1. First, we treat on the case
that Vug € L*(R?) and d3up € L?(R?). For @ > 2, Lemma 2 implies that
V3%, 93u, 93V §u belong to L2(0,T*; L?). If T* < +oc, by Holder inequality,
we have

A s e e

<C/ ||u||£‘; 3||83uH4“ SHagvgun 3”VﬁuH4a Sdr

2a—1 _1
= CHullEio SLz)||33U||2(§-?(3L2)HV»?“HE?J&Q)H@?)Vh“Hiffz =C

for all ¢ € [0,7*). Similarly,

JAE!
[t

for all ¢t € [0,7*). Hence the blow up criterion satisfied, which implies T* =
+-00.
Next, when uy € B%*(R3), Theorem 2 supplies a unique solution u with

e VR g b < ©

and

2a-2
| z(;“?(ILEL)HVW HLoo(L2 dr < C

we C([0,7%),B%) and Vyue L*(0,7%B%), dsue L*(0,T*;B").

Hence there exists a Ty < T* such that V§&u(Tp), dsu(Tp) belong to L*(R3).
In the previous case we get a unique solution @ on [Ty, o0), with data u(Tp).
Uniqueness ensures that @ = u on [To,T*). Therefore u can be continued
globally.
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