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ABSTRACT

In the presented work a main Haseman type boundary value problem is investigated in the
class of metaanalytic functions in the case of circular domains. With the help of Schwartz
equation for circumference the initial problem can be reduced to the totality of two ordinary
Haseman problems for analytic functions. Besides, the picture of solvability of the problem
depending on values of indexes of coefficients of boundary value conditions is is investigated
in this work.

1. THE STATEMENT OF THE PROBLEM

Let 7T be a finite single-connected domain on the plane of the complex vari-
able z = z + iy, bounded by the simple closed smooth curve L, prescribed by
equation t = z(s)+iy(s), where z(s) and y(s) are functions of arc s, satisfying
condition H (Holder’s condition) with their derivatives to the second order
includingly (i.e. L € C7). As T~ we shall denote the complementation of
T+ UL to full complex plane. For the determination we shall count, that the
beginning of coordinates is in 7', and as positive by-pass of the contour L
we shall choose that by-pass, when domain T stays left.

Let us remind [2], [3], [4], that function F(z) = U(z,y) + iV (x,y) is called
metaanalytic in domain T (T7), if in this domain it is a regular solution of
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the differential equation

0*F(2)
072

OF (2)

0z

+ 41(2) + Ao(2)F(2) = 0, (1)

0 1[0 0

where Z = x — iy, — = = ¢ =— +i— p is a differential Cauchy-Riemann
0z 2 | 0x dy

operator, and the coefficients Ag(z), A1(z) are piecewise analytic functions

with the line of jump L, prescribed so:

_ ag, if Z€T+,
Ak(z)_{ ap/2*7 %, if z€T~, k=0,1, (1a)

ag,a; are some complex constants here.
It is known (see, e.g., [4], p. 139-140), that if characteristical equation

)\2+G1A+GOZO (2)

has one (repeated) root Ag, then any metaanalytic function F*(2) in domain
T+ can be represented in the form

F*(2) = [ipg (2) + 20 (2)] exp{Xoz}, (3)

where ¢ (2) (k = 0,1) are analytic in T functions.
By analogy, any metaanalytic function F~(z) in domain T~ is prescribed
so:

F7(2) = [¢g (2) + 291 (2)] exp{roz/z}, (4)

where ¢ (2) (k = 0,1) are analytic in T~ functions.

Later on we will use terms and notations adopted in [4].

We shall call piecewise metaanalytic function with the line of jump L func-
tion F'(z), that in two domains, complementing each other to the full plane,
T% and T, can be determined so:

o FHE) = 05 () + 7t ()] exp{hoz), =€ TH,
F‘*‘{ﬁ’@)zwgwr+wf@nwm)@nh cer, ©

where ¢} (z) are analytic in 77 and ¢} (z) are analytic in 7~ functions,
k =0,1, A is a repeated root of the equation (2) and also there exist finite
limits:
lim Ft(z)=F*(t lim F~(z) = F(¢).
lim Y =FH0), Jim F(z)=F ()
We shall also call the metaanalytic function, prescribed by formula (5)
vanishing in the infinity, if II{¢; 500} > 1+ k; & = 0,1, where II{yp; , 00} is
the order of the function ¢, (2) at the point z = oo.
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Finally, we shall say, that piecewise metaanalytic function F*(z) belongs
to the class My(T*) N HP) (L), if it extends unremittingly to the boundary
L with its partial derivatives 0™ ¢F*(z)/02™0z? (m + q < p) so, that the
boundary values of this function and all the mentioned derivatives satisfy
condition H by z.

Now let us consider the following boundary value problem:

Problem Hp ps (the main Haseman boundary value problem).

It is required to find all piecewise metaanalytic functions F*(z), belonging
to the class My(T*) N H®) (L) vanishing in the infinity and satisfying the
boundary value conditions on L

Fra(t)] = Go(t) - F~(t) + go(1), (6)
B iR et 0} ™

where 0/0ny (0/0n_) is the derivative on interior (exterior) normal to L,
L ey, t"=dt/ds, and Gi(t),gi(t) (k= 0,1) are prescribed on L functions,
and also Gy (t) € HG=F (L), gr(t) € H? M (L) and Gi(t) # 0 on L; a(t) is
a shift function, preserving the orientation of contour L and besides o (t) #
0, a(t) € HA(L).

Here in condition (7) multiplicants (-1) near G1(t) and t' near g;(t) are
accordingly introduced for convenience in further notations.

Problem Hp pr in case of arbitrary smooth contour is investigated in detail
in work [5], where it is proved, that the solution of problem Haz pr is reduced to
sequential solving of generalized and usual Haseman type problems for analytic
functions. In this article a significant particular case is considered, when
L = {t : [t| = 1}. In this case, using Schwartz equation for circumference
L, problem Hs ps can be reduced to the totality of two usual Haseman type
problems for the classes of analytic functions.

2. THE SOLUTION OF PROBLEM H; ns

Let L={t: |t| =1} and T" = {2 : |z| < 1}. We shall search for the solution
of problem Hz s in the form of (5). As L = {¢: |¢| = 1} is a smooth contour,
then we have (see, e.g., [1], p. 304)

o . (,0 0

Besides on L = {t: |t| = 1} the following equations are true:
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Taking into consideration (5), (8) and (9), we can rewrite accordingly
boundary value conditions (6) and (7) so:

WHa(t)] = Go(t) - W () + (1), (10)
V()] = Gi(t) - V(1) + i (1), (11)
where
W) = 203 () +9F (), W) =g (2) + 1o (), (12)
+ zZ + zZ
V() = AL 2T o) + O+ e (), )
V(= 220 | ) o)
Golt) = Golt) - alt) - exp {Ao (tl _ ﬁ) } ,
o0 -ci0-E8% w3 )}

(0 = 900)- () -exp { - 254, 310 = a0 B e {- T

It is easy to notice from the last formulae, that
s, = IndGr(t) = s + k + 1, (14)

where s, = Ind G (t) (k=0,1).

Equation (10) is the boundary value condition of usual Haseman type
problem relatively to the vanishing in the infinity piecewise analytic func-
tion W(z) = {W*(z), W~ (2)}. The solution of problem (10), as it is known
(see, e.g., [4], §21) if 520 = Ind Go(t) > 0 is prescribed by the formulae

W+(z):X0+(z){ L Merr/Rg(z,T)go[ﬁ(T)]dT
L

2mi ) X ()l — 7]

-1
+ > ckdjk(z)}, zeTT, (15a)
k=0

W(z):XO(z){ 1 go(r)  _dr +/R5(z,7)§0(7)d7
L

2mi J Xfla(n)] 7-=2
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J:'tgfl
+ > ckd;k(z)}, zeT™, (15b)
k=0

where X (z) are canonical functions of problem (10), 5(t) is the function,
which is reversal to a(t),

Ry = O [ PORBOLA, e,
L

—Z

[Xg ()]t [ R(m,7)

Ry (z,7) = i p— dri, z€e€T™,
L
1 [B(7)]* 1 . dr
df(z) = 2—7”/ p— dr + o /R(ﬂ(T),Tl)ledTl —, ZE€ T+,
L L LL
1 . d
di.(2) = 2% + 5 { /R(T, Tl)ledTl} T%, zeTl™, (15c¢)
L LL

R(t,T) is a resolvent of the kern of the integral equation

1 o/ (1) 1 Jo(t)
t) + — - dr = —/———~— 15d
v+ 55 / [a(T “alt) - t} Y(rdr XJ )]’ (15d)
L
and ¢, (k=0,1,...,3 — 1) are arbitrary complex constants.
But if 3¢ < 0, then the solution of problem (10) will also be expressed by
formulae (15a)-(15c), where we must insert ¢, =0 (k =0,1,...,39 — 1) with

the observance of the following || conditions of the existence of solution (see
[4], §21):

/hOk(T)gO(T)dT = 0) k= 1)27"'7%07 (16)
L
where
1
hoe(17) = —/——— k=1 +/R(7',7'1)7‘k71d7'1 . (16a)
) J 1

Further on, solving by analogy usual Haseman type problem (11) for vanish-
ing in infinity piecewise analytic functions, we find analytic functions V1 (z)
and V'~ (2).

Using the solutions of problems (10) and (11) one can find the analytic
components of the required metaanalytic function.
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Really, by equalities (12) and (13), the following two systems of equalities
are to be true:

25 (2) + o1 (2) = W*(2),

23 d(p;:(z) + 22 dgajl;(z) + Xozeg (2) + (Ao + 2)¢1 (2) = VT (2), (a7
_ 1 _ _
¥o () + ;‘Pl (2) =W (2), (18)

dpg (2)  dpi(2) 1 _\_ -
e R i (z) =V~ (2).

Solving systems (17) and (18) relatively to ¢} (2) and ¢ () (k = 0,1), we
will obtain:

w5 (2) = %dez(Z) + A;;ZWWZ) - V;z(;)’ (19)
zZ—Xo (2 T(z
ot () = 2 0w 2T
_ _ 1 z2dW=(z)
0 () =W (2) =5V (2)+ 55—,
12 . _2i dW’(z% dz (20)

() =2V () - T

As functions W (2), VT (z) are analytic in circle TT = {z : |z| < 1}, then
we can expand them near the point z = 0 in series, i.e. we can rewrite them
in the form (wee [6], p. 130):

o0 o0
W+(Z):Za/k‘zk7 V+(Z):Zbk'2’k, Z€T+7 (21)
k=0 k=0
where
1 1
o = / W) ldr, b= / Vol (2a)
211 21
L L

W*(r),V*T(r) are boundary values of functions W+ (z) and V*(z) accord-
ingly.

And also functions W~(z), V~(z) are analytic out of singular circle T
and vanish in infinity, it means that their expansions in series near infinitely
distant point will have the form (see, e.g., [6], p. 153):

W)= a2 V()= b2k, zeTT, (22)
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where

1 ~ 1
ar = — [ W (r)r*Ydr, b =— | V= (r)r" tdr, (22a)
2w 2mi
L L

W=(7),V~(7r) are boundary values of functions W~ (z) and V~(z) accord-
ingly.

By the condition of the problem functions ¢} (2), k = 0, 1, must be analytic
in circle T, and functions ¢} (2), k = 0,1, analytic in domain T~ and van-
ishing in infinity, moreover function ¢; (z) is to have a zero of the order not
less than 2 in infinity. Then, substituting the expansions of functions W*(z),
V*(z) and their derivatives, found by formulae (21), (22) into the equalities
(19), (20) we will obtain conditions, which in addition must be satisfied by
the solutions of problems (10) and (11):

Aoao — by = 0,
/\0a1 + ag — b1 = 0,
ar + l~)1 =0, (23)
2as + by = 0.

If conditions (23) are satisfied, we can prescribe the solution of problem
Hj; pp by the formula
Fz) = { FH(2) = [pd (2) + 207 (2)] exp{ Xz}, 2z €TT, (24)
F~(2) = [pg (2) + 29y (2)] exp{oz/z}, 2€T7,

where ¢ (2), T (z) can be defined by equalities (19), (20).

Now let us investigate the picture of solvability of problem Hay ps.

From the results of the previous investigation we can conclude that the
picture of solvability of problem Ha ps consists of the pictures of solvability
of problems (10) and (11), which in their turn depend on the values of indexes
5y = Ind Go(t) and 5 = Ind G4 (t). Hence 4 cases are possible here:

a) 39 > 0, 311 > 0. In this case problems (10) and (11) are solvable without
conditions and the common solutions contain 3¢ and ; of the arbitrary com-
plex constants accordingly. Consequently conditions (23) are the system of
algebraic equations relative to 3z + 3z unknowns co, ..., Czy—1,00, -5 05—1-
Let this system be solvable and r is the rank of its main matrix. Then from
constants ¢, d; (k=0,...,50—1,7 =0,...,3 —1) exactly r are expressed by
the other 3 + 3 — r. Then the common solution of problem Hgz ps depends
on 3 + 3 — r arbitrary complex constants, where 0 < r < min{4, 3¢ + 31 }.

b) 35 < 0, 3z > 0. In this case problem (11) is solvable without conditions
and its common solution depends on 3¢ arbitrary complex constants oy (k =
0,1...,35 —1). And also problem (10) has singular solution if |5%| conditions
of solvability of type (16) are satisfied. If conditions (16) are satisfied, then
conditions (23) are the system of algebraic equations relative to unknowns
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d0,...,05 —1. If this system is solvable the common solution of problem Hy ps
depends on 3 —r arbitrary complex constants, where r is the rank of a definite
matrix, and also 0 < r < min{4, 5 } here.

c) 3 >0, 311 < 0. In this case problem (10) is solvable without conditions
and its common solution depends on 7 arbitrary constants co, ..., Cx,—1. At
the same time problem (11) is solvable if the following |37 | conditions are
satisfied:

/hlk(T)gl(T)dT = 07 k= 1727"'7_%17 (25)
L
where
1
hig(t) = ——— | 787! +/R(T,T1)Tk71d7'1 ,
X [a(r)] / 1

X;"(2) is the canonical function of the problem, and R(t,T) is the same as
in (15a)-(15d). Besides it will have singular solution. Hence, if conditions
(25) are satisfied, then conditions (23) are the system of algebraic equations
relative to constants cg,...,cx,—1- If the system is solvable, the common
solution of problem Hs as depends on g — r arbitrary complex constants,
where 7 is the rank of a definite matrix, and also 0 < r < min{4, 3% }.

d) 39 < 0, 34 < 0. In this case problems (10) and (11) have singular
solutions if |34 | conditions of solvability (16) and || condition of solvability
(25) are satisfied accordingly. Then, if all these conditions and conditions (23)
are satisfied at the same time, then problem Hj ps will also have singular
solution, prescribed by formula (24).

So, in case of circular domain, we have obtained the following result.

Theorem 2.1. Let characteristical equation (2) have one (repeated) root Ao
and contour L = {t: |t| = 1}. Then:

1) if 559 > 0 and 3z > 0, then for the solvability of problem Ha nr satisfying
of conditions (23) is necessary and sufficient, and, if these conditions are
fulfilled the common solution of problem Ha ny is prescribed by formula (24),
and it linearly depends on iy + 3¢y — r arbitrary complex constants, where r
is the rank of a definite matriz (0 < r < min{4, 3% + 31 });

2) if 329 < 0 and 3a > 0, then for the solvability of problem Ha nr simulta-
neous satisfying of conditions (16) and (23) is necessary and sufficient, and,
if these conditions are fulfilled the common solution of problem Hy pg is pre-
scribed by formula (24), and it linearly depends on 3¢y — r arbitrary complex
constants, where r is the rank of a definite matriz (0 < r < min{4, a4 });

3) if 319 > 0 and 3n < 0, then for the solvability of problem Ha pr simulta-
neous satisfying of conditions (23) and (25) is necessary and sufficient, and,
if these conditions are fulfilled the common solution of problem Ha ns is pre-
scribed by formula (24), and it linearly depends on 3¢ — r arbitrary complex
constants, where r is the rank of a definite matriz (0 < r < min{4, 3%});
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4) at last, if 39 < 0 and 35 < 0, then for the solvability of problem Ha pp
simultaneous satisfying of conditions (16), (23) and (25) is necessary and
sufficient and if these conditions are satisfied, then it will have the singular
solution, prescribed by formula (24).
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METAANALIZINIU FUNKCIJU PAGRINDINIS HASEMANO

TIPO KRASTINIS UZDAVINYS SKRITULINIU SRICIU
ATVEJU

V.F. Fatulaev

Darbe nagrinéjimas pagrindinis Hasemano tipo matanaliziniy funkcijy krastinis uzdavinys
Ho pg skritulinéje srityje. Bet kurios srities (su glodziu konturu) atveju Hgz, ps uzdavinys
iSnagrinétas kitame autoriaus darbe, kuriame parodyta, kad §j uzdavinj galima suvesti | du
atskirus analiziniy funkcijy uzdavinius, butent, j taip vadinamus apibendrintajj ir paprastajj
Hasemano uzdavinius. Siame darbe jrodyta, kad skritulinés srities atveju pagrindinj Ha s
uzdavinj galima suvesti j du atskirus jprastuosius Hasemano uzdavinius analiziniy funkcijy
klaséje. Be to, yra parodyta, kad nagrinéjamojo uzdavinio i§sprendziamumas priklauso nuo
kragtiniy salygy indekso.



