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ABSTRACT

The paper considers a family of quasilinear potential elliptic systems and uses the fact
that all G-limit operators for this family can be characterized by means of gradients of
convex functions F' (locally with respect to the spatial co-ordinates). It is shown that all
these functions F' must satisfy an inequality expressed in terms of functions F' and their
conjugate functions.
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1. INTRODUCTION

In this paper, we give a characteristic of G-limit operators for simple quasi-
linear potential elliptic systems of the kind

div[ 3 o, () FY(Va(z) + g(a)) - £(z)] =0 in )

s=1

= (u1,...,un) € HH(Q;R™),
depending on the functional parameter o

c€S={o€Lo(R;RN)| 0= (01,...,0n),
oj(x)=0o0rl, j=1,...,N;
o1(z)+---+on(z) =1 ae z € R"}.

Here Fs,s = 1,..., N, are given strictly convex smooth functions with quadratic
growth, F!(.) is the gradient of Fy(-),s=1,...,N.
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It is known, see for instance, Raitums [3], that all G-limit operators for the
family (1.1) can be fully characterized by the set A of functions

A={F, e C'*(R") | o € S}

where for a chosen o € S

N
F,(z) = inf /Zas(a:)FS (v(z) + 2)dz, Vz e R™.

veEH#
K s=1

Here K C R™ is the unit cube, K = (0,1)", and
H#* = {v € Ly(K;R"™) |v=Vu, u € H,.(R",R™), uis K — periodic}.

One of the main features of the nonlinear (the functions F(-) are not affine)
case is that the properties of F,(-) at a point z depend on the behaviour of
F; on the whole R™, i.e. these properties are not local. .

We are interested in the question of the existence of a larger set A4 C
C'(R™) of strictly convex functions F' such that if for some z' € R™™

Fl(zl) — ZII’
then there exists a sequence {F,+} C A such that
Fli(2") = 2" ask — oo.

If such a set A (with some additional properties) exists then by standard
methods of the theory of G-convergence and monotone operators one can easy
show that for every solution u° of the system

div( 3 xo, @)F}(Vi() + 9(a)) - f(@)) =0in
N u e Hy(O;R™),

there exists a sequence {o*} C S such that the sequence {u*} of solutions
of the system (1.1) with o = 0%, k = 1,2,..., respectively converges weakly
in H}(Q;R™) to u’ as k — oo. Here {2} is a partition of Q by means of
pairwise disjoint measurable sets €5, xq, is the characteristic function of €
and F, E./i, s=1,...,s0.

In this sense the passage from {F};...; Fx} to A and further to A preserves
the weak closure of the set of all feasible solutions of the family (1.1).

In what follows (Section 3) we shall show that if the functions Fs, s =
1,..., N, satisfy some hypotheses (see Section 2) then there exists such a set
A and its main functional characteristic is

~

F(2) +13’*(z") >QF(,2") V" e R™,
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where QF is some (curl, div)™ — quasiconvex function and by F* is denoted
the conjugate to F' function.

2. PRELIMINARIES

Let n > 2, m > 1, N > 2 be integers and let the functions F; : R —
R, s =1,..., N, satisfy the following hypotheses.

H1. F,,s=1,...,N, belong to C*(R™™) and are strictly convex.
H2. There exist positive constants v, y such that for all z,£ € R™™

|Fe(2) = Fo(&)| < ulz = ¢,
(Fi(z+8 = Fy(2), &>vl¢f, s=1,...,N.

H3. F,(0) =0, F/(0)=0, s=1,...,N.

For a given function F' : R™ — R by F* we shall denote its conjugate
function, i.e.

F* (") = sup [(¢,2") — F(2')].
2/ €Rnm

From H1 - H3 it follows immediately that F; and F; are nonnegative and
that the conjugate functions F* have analogous to H1 — H3 properties (with
different constants v/, ' instead of v, ).

Let K C R™ be a unit cube, K = (0,1)", and let

H#* = {v € Ly(K;R"™) |v = V&, u € H,, (R";R™), wis K — periodic},
N# = {77 € L2(K7an) | n= (771:'- '777m)7 n; = diVUj,

U; € H.,.(R™; R ") is a skew-symmetric

and K — periodic n x n — matrix, j = 1,...,m}.

We denote by E(v', u') the set of all functions F' : R™ — R which satisfy
the hypotheses H1 — H3 with v/, i’ instead of v, u. Let

let the function QF € C(R™™ x R™™) be defined as

N
oy s : . 1 * "
QF(:',") = int inf it [ > orlo) (Ful@) +2) + F5 (n(a) + ") ) da
(2.1)
and let
2

A A A

A={FeE@, “7) | F(2) + F*(2") > QF (2, 2") V2!, 2" € R"™}.
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We point out that the function QF is the A-quasiconvex envelope, see
I. Fonseca and S. Miiller [1], of the function

F(',2") = min (Fs(z') +F (z")) (2.2)

for the operator A = (curl, div)™.
Our main result is the following.

Theorem 2.1. Let the hypotheses H1 — H3 hold. Then
i) AC A;

ii) if F € A then for every z € R™ there exists a sequence {o*¥} c S
(depending on the choice of F' and z) such that

3. PROOF OF THEOREM 2.1

In this Section we shall give a brief sketch of the proof of Theorem 2.1.
First of all, the smoothness and growth properties of the functions F; and
F? ensure that for every given 2/, 2" € R"™, v € H# ne N#

oceS

N
inf /Z os(z)[Fs(v(z) + 2') + F*(n(z) + 2"))d=
K s=1

= / min[F, (v(z) + 2') + F (1(z) + 2")]dz.
K

This ensure that the function QF defined by (2.1) is the (curl, div)™-quasiconvex
envelope of the function F defined by (2.2).

Since the functions F; satisfy H1 — H3 and the functions F} satisfy anal-
ogous hypotheses then almost exactly in the same way as in Miettinen and
Raitums [2] it can be shown that the function QF belongs to C'. Further,
from H1 — H3 and results by Raitums [3] it easy follows that the set .4 belongs
to E(v, u?/v).

If the function F, is given as
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then

Fr(2")= sup [(z,7") — F,(2")]

zleR’nm

N
= sup sup [—/Zas(az)FS(v(x)+z')da:+(z',z")]
2 ERMM ye H# por
N
— i f A F* "
ng]lv#/Za (2)Fy (n(z) + 2")dx

by virtue of the representation
Ly(K;R™) = H* @ N# @ R"™, (3.1)
see, for instance, Zhikov et al. [4]. This way, for every fixed o € S
N
Fo(2)+ Fi(2") = inf inf / > ou(@)(Fo(w(a) +2) + F (na) + =) ) da,

# #
vEH# nEN 1

i.e. the function F satisfies the inequality
F,(2")+ F:(2") > QF (¢, 2") V', 2" € R"™. (3.2)

That gives the inclusion A C A.
We point out here, that for every pair (z',2"”") € R™ x R™" there exists a
sequence {o*} C S such that

Fou(2') + Fh(2") = QF(2',2") as k — oo.

That means that the estimate (3.2) is sharp.
By properties of conjugate functions we have that the equality

F(Z)=2"

for some F' € A and some pair (z',2"") € R™ x R™ is equal to the rela-
tionship

F(Z") + F*(2") = (', 2"y = 0. (3.3)

The same properties of conjugate functions and the definition (2.1) of QF
imply
QF(¢',€") > (¢,¢") v, &' e R™™. (3.4)

We have used here the representation (3.1).
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Since ' C A then the relationships (3.3), (3.4) imply
QF(Z,2") = (', 2").
Because, after taking the inner infimum in (2.1)
QF(E,€") = m[F,(€) + Fy(€")
then there exists a sequence {o*} C S such that
Fou(2') + F(2") = (2", 2") + ex, e, = +0as k — oo, (3.5)
and, by duality,
For(2') + Fpu (For (2) = (2, Fou (21)).- (3.6)

The set A belongs to E(v, u? /v), hence, all F* belong to some class E (v, u')
and from (3.5) and (3.6) it follows

" ' ' 2ey, 12
|2" = Flu(2")| < | — , k> 1.

But that means F,(2') = 2" as k — oo. This way, the second statement of
Theorem 2.1 is also proved.
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G-ribiniy operatoriy globalioji charakteristika kvazitiesinéms po-
tencinéms elipsinéms sistemoms

U. Raitums

Straipsnyje nagrinéjama kvazitiesiniy potenciniy elipsiniy sistemy Seima ir pasinaudojama,
kad visi G-ribiniai operatoriai $iai Seimai gali buti charakterizuojami igkiliosios funkcijos
F gradiento (lokaliai erdviniy koordinadiy atZvilgiu) reik§mémis. Parodyta, kad visos Sios
funkcijos F' tenkina nelygybe, iSreiksta per funkcijas F' ir joms jungtines funkcijas.



