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Abstract. In this paper we investigate three-level difference schemes on non-uniform grids
in time. The a priori estimates of stability with respect to the initial data and the right-hand
side are obtained. New schemes of the raised order of approximation for wave equations are
constructed and investigated.
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1. Introduction

The main results on the theory of the stability of operator-difference schemes have
been obtained using grids uniform in time [6, 8, 9]. Necessary and sufficient condi-
tions of stability were already obtained in the sense of the initial data and the right-
hand side in finite-dimensional Hilbert spaces.

For three-level difference schemes on non-uniform grids there are a few partic-
ular results. In [1, 2] difference schemes of the first order of approximation were
considered for the case 7,11 > 7,,. In [5] a priori estimate of uniform stability with
respect to initial data was received under special condition on operators and time
grid. The condition on time steps leaded us to the grid satisfying the geometrical
progression law 7,1 = q7,, ¢ = const > 0. In the paper [7] basic canonical forms
have been first introduced for three-level difference schemes on non-uniform in time
grids and important theorems concerning the stability with respect to initial data have
been formulated.

In the work [4] for three-level difference schemes the a priori estimate of absolute
stability of solution was obtained with respect to the initial data without assuming
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the Lipschitz—continuity of operators on a time variable. In [4] the special case of
grid 7,41 > 7, was discussed and the a priori estimate of stability of three-level
operator-difference schemes with respect to the initial data and the right-hand side
was received. However the technique introduced in [4] doesn’t allow us to carry out
the investigation for the inverse relations of time steps.

Investigation of stability with respect to the right-hand side of three-level dif-
ference schemes on non-uniform in time grids causes certain difficulties. In present
work new a priori estimates of stability with respect to the initial data and the right-
hand side are received with the use of specific technique, which consists in separate
investigation of two cases 7,41 > 7, and 7,41 < 7, and it is represented in proofs
of Theorems 1, 2. The stability of new computational methods on non-uniform grids
with respect to the initial data and the right-hand side is investigated on the basis
of general a priori estimates obtained for three-level operator-difference schemes.
Difference schemes of the second order of local approximation are constructed and
investigated on non-uniform grids in time on standard stencils for hyperbolic equa-
tions. Computational experiments for introduced schemes confirm the theoretical re-
sults received.

2. Statement of the Problem

Let us note some features of the investigation of difference schemes on non-uniform
in time grids. If in the initial differential problem the coefficients are constant, ap-
proximation on a non-uniform grid leads us to operator-difference schemes depen-
dent on grid node ¢,,. If we require that these operators be Lipschitz—continuous, it
would lead us to an unnatural condition of the quasi-uniformity of a time grid. The
second problem is connected with a reduction of the order of local approximation
when we go from a uniform grid to a non-uniform one.

The main problem we solve is to build new stable three-level difference schemes
of the raised order of local approximation on the non-uniform grid using the standard
stencils. We consider a three-level operator-difference scheme

Dyg; + Bys + Ay = ¢,
(2.1)
Yo = Uo, Y1 =ux

on a non-uniform in time grid
Or ={tn=tn1+7m, ne€l,2,--- N, tg=0,ty =T} =w,U{0,T}. (2.2)

Here y = y,, = y(t,) € H is the sought function; ug, u1, ¢(t,) € H are given; H is
the finite-dimensional Hilbert space; D, B, A are linear operators acting in H;

Yt — Yz Yn+1 — Yn Yn — Yn—1 Yn4+1 — Yn—1
Yt = * ) Yt = ) Yy = ) Yo =
T Tn+1 Tn t Tn + Tn+1

?) = Yn+1, g = Yn—1, T = Tn, T+ = Tn+1, T* = 05(Tn + Tn+1)7

y(17) = o1+ (1 — 01 —o2)y + 029, y*P =0.5(5+7).
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For any arbitrary functions u,v € H the Cauchy-Schwartz inequality and the
e-inequality hold true:

1
|, 0)] < Jlulllo]] < ellull® + ol >0 (23)

For the self-adjoint and nonnegative operator A we define a semi-norm of the grid
function u:
lul|3 = (Au,u), A= A*>0.

To obtain a priori estimates of stability with respect to the right-hand side we’ll
use stability conditions with respect to the initial data [4].

3. Auxiliary Results

Let us formulate some auxiliary results separately for cases when 7,,.1 > 7, and
Tn+1 S Tn.

Theorem 1. Let operators of scheme (2.1) satisfy the following conditions

D(t)=D*(t)>0, A=A">0, (3.1)
R:D—@%ﬂA>m (3.2)
B> %A, Tn+l = Tn- (3.3)

Let R, A be constant operators. Then the solution of problem (2.1) is stable with
respect to the initial data and the right-hand side and the following estimate is valid:

lyemllr + lyCP)a < V2 (|yt,o| r+ )+ Zmﬂllmm) . (34

k=1

Proof. To prove the theorem we scalar multiply scheme (2.1) by 27‘*y2:
27" (Dyzgyy;) +2r" (By?y;) +27" (Ay, y;) = 27"(¢, yo)-
Using the proof of Theorem 4.1 [4] and the following representation

277 (0, y2) = Tnt1 (9 ye) + Ta (0, 9),

we receive the energy inequality:

. 0.5 T+ =T
lwelle + 121 = (el + 1o 13) + 7" =5 llval i
+27 gl e, = Tarr(o) +Tloiyr) . (35)
4

In conditions of the theorem
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0.5
lyellZ + 15203 = Qyllz + 12 < st (0, 96) + 70, 90)-

Let us introduce a notation
G = llyell %+ Iy 215 (3.6)

Then taking into account that 7,1 > 7,, and using the Cauchy-Schwartz inequality
(2.3), we have

TGy < 7(9,90) + 7(0: 98) < Tellellr1llyell r + Tl @l r-1 lvell R

3 3.7)
< mellella-1(lyellr + vzl r) < mellollp-1 (G2 + GV/2).
Using the following identity [3]:
1/2 _ /1/2 e _
(a) = GFE-GFE_ GG __ G (3.8)
[ T T (GY2 + GY/2)  GY/2 4 GY/?

from (3.7) we get the estimate

o (G72) < unllelnos,
or

1/2 05 1/2
(gl + M@ 02) < (Wil + Iy 205) " + Tastlionllns.

And then we have

1/2 05 1/2 n
(el + 1513) < (lyeolld + 196" 13)  + D2 7estllonllnr-

k=1
(3.9)
Now using the evident relations:

la] + [b] < v/2(a2 + b2), Va2 + b2 < la] + 0], (3.10)
the statement of the theorem follows from inequality (3.9). &
In order to formulate the theorem about stability for the inverse relations of time

steps we rewrite the three—level operator—difference scheme (2.1) in the following
form:

-9 _ — — Yn—
pYntl Yn + Yn—1 T <B Tn+1 T"D) Ynt1 *y" 1 + Ayn = ©n,
TnTn+1 Tn+1Tn 27
Yo = Uo, Y1 =1U1.
(3.11)

Theorem 2. Let operators D(t), B(t), A satisfy the following conditions:

D(t)=D*(t)>0, B(t)>0, A=A">0, (3.12)
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R=D— %/b 0, (3.13)
and operators A, R are constant. Let
Tn+1 S Tn - (314)

Then operator-difference scheme (2.1) is stable with respect to the initial data and
the right-hand side and the a priori estimate is true:

TV 2
[yenllr + ly0D]a < = ;

{nyt(mnR + [y + mem}

Tnt k=1
(3.15)

Proof. Let us scalarly multiply scheme (3.11) by 7,741 (Yn+1 — Yn—1) and use
representations for scalar products given in Theorem 4.1 [4]:

(D((yn+1 - yn) - (yn - ynfl))v (yn+1 - yn) + (yn - ynfl))

TnTn4+1 Tn+1 — T;
+ <( n2 nj B- = ” nD> (Yn+1 = Yn—1)Ynt1 — ynl)
T 2T

+ 70Tt 1(AYn, Ynt1 = Yn—1) = TnTn+1(@, Ynt1 — Yn—1)-
Taking into consideration conditions of the theorem (3.12), (3.13) and the following
identity
TnTnt1(Ps Ynt1 = Yn—1) = TnTat1 (P, Tat1¥t) + TnTn+1(0, Tn¥i),
we get the energy inequality

0.5 0.5
721 19l % + Tamari v 2N — el % + marar v 11%) 616

< TnTntl (907 Tn+lyt) + TnTn+1 (907 Tnyf)'

Since 72, < TuTni1 < 72 (see (3.14)), then expression (3.16) takes the
following form:

0.5
721 (el + 1212 = 22 (lyell % + 1y 3112) < 72((0) Tagaye) + (9, Tnye))-

Using notation (3.6) and the Cauchy—Schwartz inequality, we rewrite the last rela-
tion:

Tn(Tz+1Gn)f < 7’3 (Tnt1(@,yt) + a0, y7))

< 72 o|lp-1 Tn+1G1/2 +TnGl/_2 . (3.17
n n n—1
Let us note that the following identity similar to (3.8) is valid:
G1/2 B Tn+1G}z/2 - TnG:L/El . 7_721+1Gn - Tﬁanl
(Tn+1 n ),* . - 1/2 1/2
t n Tn(TnJrlGn + Tnanl)
(Tﬁ+1Gn)f

= o (318

n—1

Tn+1 G'}L/Z + T G
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Taking into account identity (3.18) we receive from (3.17) the following estimate:
Tn('rﬁJrlGn)f < Tr%”‘P”R*l

or

Tott ([yenl 7 + o> 113) (3.19)

0.5
< Tallgen—1l% + 19221202 + 72llel g1

Recursively we get

Taer (lyenll% + 1y O %) (3.20)
0.5
<7 {<|yt<o>||% + [y V132 +Zm||sok|R1} .
k=1

Now using relations (3.10) from the last inequality one can easy get a priori estimate
(3.15).m

Remark 1. Let us note that stability estimates (3.4), (3.15) are received without using
the Gronuoll lemma, which is usually applied for investigation of stability with re-
spect to the right-hand side, and the estimates don’t include the constant ™', which
becomes large with the growth of 7. If the series

n n
Yo merllerlla-t D mrllerlz
k=1 k=1

converge when n. — oo, then estimates (3.4), (3.15) express the global stability of
three-level difference scheme (2.1).

4. Stability with Respect to the Right-Hand Side on Arbitrary
Grids

Let us combine the results obtained and formulate general theorem about uniform
stability of three-level operator-difference schemes. We assume an arbitrary time
grid, where principle of mesh refinement changes & times [4]:

IT+<T|T+>7’|T+<TI ...|T+>T|T+<T|
| | ! | | ! 1
0 tml tmg tmg tmk—l tmk tN(]

Figure 1. The non-uniform time grid.
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Theorem 3. We assume that operators of difference scheme (2.1) D(t), B(t), A sat-
isfy the following conditions:

D(t)=D*(t) >0, A=A">0, (4.1)
R=p-PTas0, prme T RA 0L @)

and A, R are constant operators. We also assume that time steps are interrelated as

Tm J

Scmj SC()v j:0717"'7‘1€7
Tmja o (4.3)

ng = T17 ka+1 = TNO)

where £ is the finite number of changes of mesh refinement principle.

Then the solution of problem (2.1) is stable with respect to the initial data and
the right-hand side, and for arbitrary 7,, the following a priori estimate holds true
(an absolute stability):

1/2 , _ 1/2
(el + 1O202) " < b (llnoll3 + lus 113
(4.4)

No—1

0
+ > max{7s, Tst1}|leslr1-
s=1

Proof. Lett € [tm,,tn,) and time steps become finer to the end of the interval.
Then according to Theorem 2 (see (3.20)) the following estimate is valid:

No—1
{|ymk||1 + Z TS||905|R1}5 (4.5)

S=myg

-
L
-

k
0

n=mg,mg+1,...,Ng—1,
where

1/2
il = (llyenl® + 1552 13)

Let in the moment ¢,,,, the principle of mesh refinement changes, i. e., the time
steps become related as 7. > 7. Then according to the Theorem 1 (see (3.9))

mp—1
gl < Myme i+ Y Torallpslnr,
sS=mp_1
n=mg_1,Mp—1+ 1, ,mgp—1

Substituting the last inequality to (4.5), we get the estimate

No—1
T
||yn+1H1 S 7_,,;:' Hymk71 ||1 + S:;71 ma.X{Ts7 Ts-‘rl}”SDSHR*l ’ (4.6)
n:mk_l,...,NQ—l.

Recursively continuing (4.6) and taking into account steps interrelations (4.3), we
receive the required estimate of stability. H
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5. Examples

5.1. Waveequation

In the domain Q@ = 2U[0,7], 2 = {0 < x <[} itis necessary to find the
solution of the first boundary value problem for the one dimensional wave equation:

Pu  0%u
W—WﬁLf(I,t), O<zx<l, t>0, (5.1)
w(0,t) =u(l,t) =0, wu(zx,0)=wuo(x), %(1‘,0) = g (z). (5.2)

On the uniform space grid @, = {x; = ih, i = 0, N, hN = [} and the non-
uniform time grid (2.2) we replace the problem (5.1), (5.2) by the class of difference
schemes with weights

Yzt + Ay(01702) =, Yo = Uo, Y1 = uy, (53)

where

Y707 = 1+ (1 — 01 — 02)y + 027,

(A’U)l = 71)539371' = (’Ui+1 — 2’Ui 4+ ’Uifl)/hz, 7= 17N — 1, Vg = UN = 0,
p(t) = (p1(t),p2(t), -, on 1 ()T, @ilt) = flasb);
the operator A : H — H, where the linear space H = (2}, consists of a set of vectors

v = (vi(t),v2(t),...,vn_1(t))T; ascalar product and a norm in H are assigned as
usual

)= Y by Il = Viw)

A reduction of scheme (5.3) to the canonical form was done and the validity of
all requirements of Theorem 3 were proved in [4]. Therefore the following theorem
is true.

Theorem 4. Assume that
Tn — Tnt1 1
01> 09 +maxy ———, 03, 01 +02=—. 5.4
b= {Q(Tn-i-l + Tn) } ' ° 2 G4

Then, the difference scheme with weights (5.3) is stable in the sense of the initial data
and the right-hand side and the following a priori estimate holds true

1/2 05 12 No1
(lyean 2+ 152102 ) " < eb (lyeoll® + Iyl 13) 4+ D max{rs, 7os1Hiesll
s=1

The parameters ¢; are defined by taking into account the second order accuracy
approximation condition:

T+ — T
o — =
1’7'4r 09T 3
and the stability requirement (5.4). Thus we get, that (see, [4]):
21y + 1 T+ + 27
_ S L 55
o1 6(r +7)° 72 6(1+ +7) (55)
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5.2. Numerical experiment

The accuracy of the proposed scheme (5.3), (5.5) was examined in numerous
tests. The obtained results were compared with results obtained by using classi-
cal schemes for numerical solution of differential problem (5.1), (5.2) on uniform
and non-uniform grids in time. Numerical experiment was undertaken in the domain

2=10,1], ¢t € [0,1] . The exact solution is given as

u(x,t) = sin (?) sin (FTt) + 13 (2 —1lx), 1=1.

In order to check the second order of approximation and convergence of difference
scheme (5.3), (5.5), the initial boundary-value problem was solved on the sequence
of grids: wy, X wr, Wy/2 X Wrj2, Wh/a X Wr/a, ... . The non-uniformtime grid w-
was built using the random-number generator. The remaining grids were obtained by
dividing each time interval into two equal parts. Thus the number of points where
T; # T;j+1 remains constant for all experiments. In this sense the applied time grids
become close to the uniform grid.

The absolute error of solution y is given by

N = max |y(z,t) —u(x,t)|, whr=whn X w,.
(z,t)Ewnr
Since in real problems the exact solution is usually unknown, let us introduce the
aposteriori error estimate of the solution yy,, which can be obtained using the Runge
estimator: )
N

= - max hr(x,t) — (T, T)]-
3 (0.0)Ewngnn |y (z,1) Ya(k )( )|

The second aposteriori estimate
pN = IOgQ(DN/Q/DN)

gives the convergence order of the approximation y;,. The results of the experiments
for the time level t=1 are presented in Tab. 1.

Table 1. Convergence analysis for a test problem.

Nz x Nt 20x20 40x40 80x80 160 x 160 320 x 320 640 x 640

ZN 0.015670 0.004022 0.001017 0.000255 0.000064 0.000016

DN 0.014482 0.003883 0.001001 0.000254 0.000064 0.000016
pV 1.89914 1.95513 1.97902  1.98868 2.0
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Trisluoksniy baigtiniy skirtumy schemy stabilumas deSiniosios pusés atzvilgiu

E. Zyuzina

Straipsnyje nagrinéjamos trisluoksnés baigtiniy skirtumy schemos su netolygiu laikinu Zin-
gsniu. Gauti aprioriniai stabilumo jverciai pradiniy duomeny ir deSiniosios pusés atzvilgiu.
Pasiulytos naujos aukstesnés aproksimacijos eiles baigtiniy skirtumy schemos vienmatei ban-
gos lygciai. Pateikti skaitinio eksperimento rezultatai.



