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Abstract. Numerical stability of the spline collocation method for the 2nd order Volterra
integro-differential equation is investigated and connection between this theory and corre-
sponding theory for the 1st order Volterra integro-differential equation is established. Results
of several numerical tests are presented.
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1. Introduction

We study the numerical stability of the spline collocation method for the 2nd order
Volterra integro-differential equation (VIDE). Stability means here the boundedness
of approximate solutions in the uniform norm in case of the test equation when the
number of knots increases. Basic ideas in the numerical solution of Volterra inte-
gral equation (VIE) and VIDE are given in [2]. First results about stability of the
collocation method by polynomial splines for VVolterra integral equation are given in
[3] and the most adequate ones seems to be given in [5]. A special case of smooth
splines is treated in [4] and special case of piecewise polynomial splines, i.e. splines
with possible discontinuities in knots, is presented in [6]. There is a standard reduc-
tion of the 1st order VIDE to VIE considering the derivative of the solution as a
new unknown solution. But then the test equation with constant kernel transforms
into an equation with nonconstant kernel and the results obtained for VIE are not
directly extendable to the 1st order VIDE. Similar phenomena takes place if we try
to reduce the problem of stability for the 2nd order VIDE to that for the 1st order
VIDE. Another possibility is to present the 2nd order VIDE as a system consisting
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of a first order VIDE and a first order differential equation or as a first order VIDE
in product space. The components of unknown in this product space are the solution
of the initial 2nd order VIDE and its derivative. The notion of stability for this VIDE
in product space means boundedness of approximate solutions for both components
which is, however, different from the notion of stability given in Section 4. These
two circumstances motivate our investigations.

2. The spline collocation method

Consider the 2nd order Volterra integro-differential equation

y"(t):f(t,y'(t),y(t))Jr/O K(t,s,y'(s),y(s))ds, te€[0,T], 21

with initial conditions

y(0) =yo, ¥ (0)=u1.
The functions f: [0,7] xR — Rand £: S xR — R (where S = {(¢,5): 0 < s <
t < T%), and numbers yo and y; are supposed to be given. In order to describe this

method, let 0 =ty < t; < ... < ty = T (with ¢,, depending on V) be a mesh on
the interval [0, 7']. Denote

hn:tn*tnflv Jn:(tnflatn]v n:L...,N, AN:{tla"'athl}'

Let P, denote the space of polynomials of degree not exceeding k. Then, for given
integers m > 1 and d > —1, we define
Sd

m

+a(An) ={u: uls, =un € Ppga, n=1,...,N -1,
uD(tn) = u) (8, +0), tn € Ay, j=0,1,....d}

to be the space of polynomial splines of degree m + d which for d > 1, are d-times
continuously differentiable on [0, 77, for d = 0 are continuous on [0, 7] and for
d = —1 may have jump discontinuities at the knots A .

Anelement u € S (Ax) as a polynomial spline of degree not greater than

m-+d
m-+dforallt € o,,n=1,..., N, can be represented in the form
m-+d
Un(t) =Y bun(t —tn_1)". (22)
k=0

To find coefficients b,,;, we suppose that a fixed selection of collocation parameters
0 <ci <...<cm < 1isgiven. Then we define collocation points ¢,,; = t,—1 +
Cihn, j=1,...,m,n=1,...,N, forming a set X (). In order to determine the
approximate solution u € S;fHd(AN) of the equation (2.1) we impose the following
collocation conditions

u’(t) = f(t,u' (1), u(t)) Jr/o K(t,s,u'(s),u(s))ds, te€ X(N). (2.3)
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Starting the calculations by this method we assume also that we can use the initial
values u{”(0) = y1)(0), j = 0,...,d, that is justified by the requirement u €
C?[0, T). Another possible approach is to use initial conditions u1(0) = y(0) and
4} (0) = 4/ (0) and more collocation points (if d > 1) to determine u;. Thus, on every
interval o,, we have d + 1 conditions of smoothness and m collocation conditions
to determine m + d + 1 parameters b,,;. This allows us to implement the method
step-by-step going from an interval o, to the next one.

In this paper we will analyse the stability of the collocation method where the
splines are at least continuously differentiable. Thus, we suppose in the sequel that
d>1.

3. Themethod in the case of a test equation

Let us consider the test equation

y'(t) = ay(t) + By’ (t) + /0 y(s)ds+ f(t), te€0,7],  (3.1)

where «, 5 and A\ may be any complex numbers. The equation (3.1) is called the
basis test equation (see [1]) and it has been extensively used for studying stability
properties of several methods. Assume that the mesh sequence {Ay} is uniform,
i.e., h, = h=T/N forall n. Representingt € o, ast = t,—1 + 7h, 7 € (0,1], we
have on o, the equality:

m+d
un(tn—l + Th) = Z ankaa TE (07 1]7 (32)
k=0

where we passed to the new parameters a,,;, = b,.h*.

The smoothness conditions (for any u € 52, ,(An))

U (t —0) =ul) (£, +0), j=0,...,d, n=1,...,N -1,

n

can be expressed in the form

m+d k! .
G/n_;,_l,j:Zmank, jZO,...,d7n:17...7N—1. (33)
k=j

The collocation conditions (2.3), applied to the test equation (3.1), give

tnj
U (tn;) = ftng) + ay(tn;) + Bu (tn;) + )\/ u(s)ds,
0

j=1,....m, n=1,....N. (3.4)

From (3.2) we get
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m-+d m+d

k / k—1
tnj) = Z ankC;, up(t Z ankke;
k=0

and
1 m+d

un (tn;) = 72 Z k(k — 1)ankc§_2.

k=2
Now the equation (3.4) becomes

m+d m+d m+d

th Zk —1ankkzck Q—aZankc —|—ﬁ Zkankck !

/ " (8)ds A / " n(5)ds + ()

tn—l

m-+d m+d n—1 1 m+d

=« Z ankc + ﬂ Z kankck + Z )\h/ ( Z arka)d'r
r=1 0 k=0
cj m+d
—|—)\h/ ( Z anka)dT + f(tn;)
0 k=0
m+d | mtd mtd
_ k—1
aZankc +ﬂh2kankc +Z)\h(z 1ark)
m+d k+1
+Ah Z i + Ftng)- - (35)
Using the notation o, = (anos - - -, Gn,m+d), We write (3.5) as follows:
m-+d m-+d m-+d
Z ankk(k — 1)0?72 — ah? Z ankc? — Gh Z ankkcé?*l
k=0 k=0
m-+d k+1

— \R3 Z i

where ¢ = (1,1/2,...,1/(m+d + 1)) and (-, -) denotes the usual scalar product
in R™*4+1 The difference of the equations (3.6) with n and n + 1 yields

i )+ R f(tn;), (3.6)
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m+d m+d m+d
Z an+1,6k(k — 1)02?_2 — Bh Z an+17kkc§_1 — ah?® Z an+17kc§”’
k=0 k=0 k=0
m+d Cl?Jrl m-+d m+d
=Y an+17kkﬂ+ o= > ankk(k— 1) = Bh Y angkc !
k=0 k=0 k=0
m-+d m-+d Ck+1 n—1
2 k 3 J 3
—ah ,;0 AnkC; — Ah ,;0 ankk ) + Ah <q, ; Oér>

+h%f(tnsr ) — W2 f(tng), j=1,...,m, n=1,...,N—1. (3.7)
Now we may write equations (3.3) and (3.7) in the matrix form
(V = BhVi — ah®*Va — AR V3) apqr = (Vo — BhVI — ah®Vs
—ARP (Vs = Vi) an + B%gn, n=1,...,N—1, (3.8)

with (m 4+ d+ 1) x (m + d + 1) matrices V, Vg, V1, Va, V3, V; as follows:
E A
v=(5), w-(4). E-u o
I being the (d 4+ 1) x (d + 1) unit matrix, 0 is the (d 4+ 1) x m zero matrix,

0 0 2 6c¢ ...(m+d)(m+d_1)c71n+d—2

0 0 2 6epm ... (m+d)(m+d—1)cm+i=2

Abeinga (d+ 1) x (m + d + 1) matrix

111.... 1

00 0 ... 0
12....
A (')' mjd V= 01 2¢;...(m+ d)cta=t ,
0..1...(m;’) 01 2. .. (m+ d)cmrd-1
0 0
Vy = le & ... et Vo= | @ A2 ... T (m 4 d 4 1)
Ley 2, ... cmtd Cm 22 ...t /(m 4+ d + 1)

V4 having the first d+ 1 rows equal to 0 and the last m rows the vector g, and, finally,
the m + d + 1 dimensional vector

gn = (07 ceey 07 f(thrl,l) - f(tn1)7 ey f(thrl,m) - f(tnm)) .
Thus g, = O(h) for f € C*.
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Proposition 1. The matrix V — BhVi — ah?Vy — Ah3 V3 is invertible for sufficiently
small h.

Proof.  Since
(d+1)de{™" ... (m+d)(m+d—1)cpHi?
det V=det | (d+1)deg™" ... (m+d)(m+d—1)c5™ " | = (d + 1)de?

(d+1)dc ™t ... (m+d)(m+d—1)cntd=2

1 cl...0171
X...ox(m4dm+d—1)cd det [......... . | #0,
1cd .. cmt

and d > 1, the matrix V is invertible. Such is also V — hVi — ah?Va — Ah3 V3 for
small k. Although we have supposed, in general, that d > 1, let us remark that in
cases d = 0 and d = —1 we may argue similarly to the proof in [6] and show that
det(V — BhVh — ah?Vy — AR3V3) # 0, for small h. B

Therefore, the equation (3.8) can be written in the form
Ap+1 = (V71%+W)O‘n+rn; n = 17"'7N715 (39)

where W = O(h) and r,, = O(h?) for f € C*.

4. Stability of the method

We have seen that the spline collocation method (2.3) for the test equation (3.1) leads
to the recursion (3.9).

We distinguish the method with initial values u\” (0) = y@(0), j = 0,...,d,
and another method which uses 1 (0) = y(0),«}(0) = ¥'(0) and additional collo-
cation points to; = to+cojh, j =1,...,d—1, with fixed ¢o; € (0,1]\{c1,...,cm}
on the first interval 0. Denote, in addition, dy = max{d — 2, 0} for the method with
initial values and dy = 0 for the method with additional initial collocation.

DEerINITION 1. We say that the spline collocation method is stable if for any
a,B,A € Candany f € C%[0,T] the approximate solution « remains bounded
in C[0, T in the process h — 0.

Let us notice that the boundedness of ||u|| (o, 7 is equivalent to the boundedness of
||an|| in n and h in any fixed norm of R™+4+1,
The principle of uniform boundedness allows us to establish

Proposition 2. The spline collocation method is stable if and only if
lullofor) < cllfllgaop.r Vf e ™0, T], (4.1)

where the constant ¢ may depend only on 7', o, 5, A and on parameters c¢; and co;.
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In order to formulate and prove the results concerning the numerical stability prop-
erties of the polynomial spline collocation method, we need the following results
for VIE (see [5]) and for the 1st order VIDE (see [7]). The step-by-step collocation
method for VIE is supposed to determine the approximate solution in Sffwd(AN)
by the collocation conditions similarly to (2.3) at the points ¢,,;.

1. The stability for VIE depends on the matrix M = U *U, where U and U are
(m+d+1) x (m+ d+ 1) matrices as follows:

1 ¢ . 671"+d
~ E ~ A ~
U= ~ U= | ~ G=|......... ,
0 <G> ) 0 <G) )
1 ¢ c¢mtd

E and A being defined as in V and V4.

2. If all eigenvalues of M are in the closed unit disk and if those which lie on
the unit circle have equal algebraic and geometric multiplicities, then the spline
collocation method is stable.

3. If M has an eigenvalue outside of the closed unit disk, then the method is unsta-
ble (u has exponential growth: || u ||«> ce®, for some constants K > 0 and
¢ > 0). .

4. If all eigenvalues of M are in the closed unit disk and there is an eigenvalue
on the unit circle with different algebraic and geometric multiplicities, then the
method is weakly unstable (v may have polynomial growth: || u || .o~ ¢ N*, ¢ >
0,k € N).

5. For fixed c; the eigenvalues of M = U, 'U for the 1st order VIDE in the case m
and d + 1 and eigenvalues of M for VIE in the case m and d coincide and have
the same algebraic and geometric multiplicities, except ¢ = 1 whose algebraic
multiplicity for VIDE is greater by one than for VIE. Here Uy and U are (m +
d+1) x (m + d+ 1) matrices as follows:

0 1 2 ...(m+d)crta!

0 1 2¢p, ... (m+d)cmtdt

E and A being defined as in V and V4.

Theorem 1. For fixed c; the eigenvalues of M for the 2nd order VIDE in the case
m and d + 2 and eigenvalues of M for the 1st order VIDE in the case m and d + 1
coincide and have the same algebraic and geometric multiplicities, except © = 1
whose algebraic multiplicity for the 2nd order VIDE is greater by one than for the
1st order VIDE.

Proof. The eigenvalue problem for M is equivalent to the generalized eigenvalue
problem for V; and V, i.e. (M — pl)v = 0forv # 0 ifand only if (Vo — uV)v =0
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and (M — pl)w = v takes place if and only if (Vo —uV)w = Vv. Denote v = 1—pu.
Then for the 2nd order VIDE with the parameters m and d + 2 we have

Vo —puV = 4.2)

v 1 1 1 1
0 v 2 3 . m+d+1

3 m+d+2
o () ()
0 m+d+ 2

...... v
d+2

0 0v-2v-6c1 ...... vim+d+2)(m+d+ 1)
0 0v-2v-6Cpm...... vim+d+2)(m+d+1)cmtd

Let I; ,, be the diagonal matrix obtained from unit matrix, replacing the i-th diagonal
element by the number p. Thus, the products I; , A and AI; , mean the multiplica-
tion of i-th row and i-th column of A, respectively, by p. The direct calculation and

. -1
observation that (p) 1 <p 1), allows us to get from (4.2)
q;,p q—

v g
livsdre---I32(Vo — V)30 -+ Laymis1/(midr2) = <0 Uy — HU> ;
or

Lz
SVo—pV)S~' =R ! , (4.3)
0 Up — ulU

where S = [d+3,d+2 .. .1372, R = Id+m+3,d+m+2 - Id+4,d+3;

(1 1
q= 7277m+d+2 .

det(Vo — uV) = (d+3)...(d+m+2)vdet(Up — pU),

Now (4.3) gives

which permits to get the assertion about algebraic multiplicities of eigenvalues of M
and M. Similarly to [5] we can prove that the eigenvalue 1 = 1 of M and M has
geometric multiplicity m and similarly to [6] that geometric multiplicities of 1 # 1
as an eigenvalue of A/ and M coincide. B
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Proposition 3. If M has an eigenvalue outside of the closed unit disk, then the spline
collocation method is not stable with possible exponential growth of approximate
solution.

Proof. The structure of the proof is similar to that of Prop. 5 in [5] and we will deal
only with main moments. Consider an eigenvalue p of M + W such that || > 14§
with some fixed 6 > 0 for any sufficiently small k. For a;; # 0, being an eigenvector
of M + W, we have here

(V — BhVi — ah®Va — Ah3Vs)an = h2gq, (4.4)
Ky )
where go = (alov"'7a1d7f(t11)a"'5f(t1m))l ai; = yT();] = 07"'3d'
Because of
y"(0) = ay(0) + By'(0) + £(0), (4.5)

¥ (0) = ay¥=2(0) + By (0) + AU (0) + FU2(0), j =3,....4d,
the vector «;; determines via (4.4) and (4.5) the values

f(j)(O), J=0,...,d—=1, f(t11),--., f(t1m)-

We take f on [0, k] as the polynomial interpolating the values
f(])(o)’ j:O7...7d—2, f(tlj)) j:l’_._"rn7

and fU)(h) =0, =0,...,do (ifc,, = 1,then fO)(h) =0, =1,...,dp). Inthe
case of the method of additional knots let f be on [0, k] the interpolating polynomial
by the data £(0), f(to;),j = 0,...,d — 1, f(t1;),j = 1,...,m,and fO)(h) = 0,
(here dg = 0 and if ¢, = 1, then f(t1,,,) = f(h) is already given and we drop
the requirement f(h) = 0). In both cases we ask f to be on [nh, (n 4+ 1)h], n > 1,
the interpolating polynomial by the values f)(nh) = 0 and fU)((n + 1)h) = 0,
7=0,..., dp (If Cm = 1, then fij =1,..., do), and also f(tn+17j) = f(tlj),j =
1,...,m. This guarantees that f € C%[0, 7] and r,, = 0, n > 1. The interpolant f
can be represented on [t,,, t,,+1] by the formula:

K k; 1—1
FO) = f(ta+7h) =" (Z h“pﬂf“”(el)) [[-b) 48

=0 =0 r=0

with b, being ¢; or cpj, & being t,; or t;, 0 < s < dg, k; < 4, constants py
depending on ¢; and cg;. In the case of initial conditions K = m +d + do — 1
(k =m+d+dy— 2if ¢, = 1) and in the case of additional knots x = m +d + 1
(k =m+d, if e, = 1) ontheinterval [0, k] and Kk = m + 2dy + 1 (k = m + 2dy if
cm = 1) onthe interval [nh, (n + 1)h],n > 1.

Replacing h by h/k, k = 1,2,. .., and keeping ||a1|| = h?/k?, we have ||go]|oo
bounded which means that f(t1;), j = 1,...,m, and Ky (0)/k’, j = 0,...,d,
or h7 f4)(0)/k7,j = 0,...,do, are bounded too in the process & — co. Thus (4.6)
gives
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[[fllcaogo ) < c ko, 4.7)
On the other hand, ||, 41| > (1 + §)™ || ]| yields

h
lowae]| 2 (1 + 51 @8)

and (4.1) cannot be satisfied. The inequalities (4.7) and (4.8) mean also the expo-
nential growth of approximate solution if we keep the norm of f bounded in C'%.
|

5. Examples and numerical tests

Let us consider some special cases of d and m.
Case d = 1, m > 1 being arbitrary. We have

10...0 11...1
V = , Vo=
c C

and det(Vo — uV) = (1 — p)™*2 det Cp where Cy is obtained from C omitting first
two columns. This means that the method is always stable.

Case d = 2, m = 1 (cubic splines). The equation det(Vy — uV') = 0 besides
w = 1 has the solution i = 1 —1/¢;. The method is stable ifand only if 1/2 < ¢; <
1.

Case d = 2, m = 2. Now the equation det(Vo — uV') = 0 has the root u = 1
with geometric multiplicity 2. From the solution

61+CQ+1

—1_
p(er, c2) v

it follows that the method is stable if and only if ¢; + c2 > 1. In numerical tests we
explored the 2nd order integro-differential equation

y'(t) =yt) + ' (t) + fot y(s)ds — sin(t) — cos(t) — et ,

y(0)=1, y'(0)=1, te]0,1].

This equation has the exact solution y(t) = (sint + cost + e?)/2. As an approximate
value of ||ul| we actually calculated max; <, <y maxo<k<io |un(tn—1 + kh/10)].
The results are presented in Tables 1-4. From these numerical examples we can
observe a good conformity of theoretical results presented in the proceeding sections
and numerical results given in this section.
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Table 1. Case d = 1, m = 1 (quadratic splines).

N 4 16 64 256 4096

C1
C1

=0.5 2053593 2050242 2.050041 2.050028 2.050028
=1.0 2112955 2.060136 2.052332 2.050591 2.050062

Table 2. Case d = 1, m = 2 (Hermite cubic splines).

N 4 16 64 256 4096
“- 83 2047625 2049880 2.050018 2.050027 2.050028
2 = 0.
- (1); 2042264 2049630 2050004 2.050026 2.050028
o = 1.

Table 3. Case d = 2, m = 1 (cubic splines).

N 4 16 64 256 512

C1
C1
C1

=0.4 2047252 2.049817 61.720406 1.60-10%* 1.20-1077
=0.5 2.047590 2.049861 2.050017  2.050027  2.050027
=1.0 2.055555 2.050364 2.050048  2.050028 2.050028

Table 4. Case d = 2, m = 2.

N 4 64 256 512
=02 5049254 7.65-10%° 2.89.10" 1.21.10%%
0220.5
C1=0.3
@ =07 2049935 2050027 2050028 2050028
o = 0.

@ =07 2050015 2050028 2050028 2050028
o = 1.
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Antros eilées Volterra integro-diferencialiniy lyg€iy splainy kolokacijos metodo stabilu-
mas

M. Tarang

Straipsnyje nagrinéjamas antros eilés \Volteros integro-diferencialiniy lygciy splainy kolokaci-
jos metodo skaitinis stabilumas ir nustatytas rySys tarp Sios teorijos ir atitinkamos pirmos eilés
Volterra integro-diferencialiniy lyg€iy teorijos. Pateikti keleto skaitiniy eksperimenty rezul-
tatai.



