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Abstract. In our work we consider the step-by-step and nonlocal subdomain methods with
quadratic splines. We prove that the first method is unstable. In the case of nonlocal method
we replaced the first derivative condition by a not-a-knot boundary condition at the other
end of the interval of integration. As a result, we get stability of this method. Main results
about stability and convergence are based on the uniform boundedness of quadratic spline
histopolation projections. The numerical tests given at the end support the theoretical results.
Key words: quadratic spline histopolation, spline projections, Volterra integral equations,
stability and convergence of spline subdomain methods

1. Introduction

One of the most practical methods for solving Volterra integral equations of the
second kind is the polynomial spline collocation with step-by-step implementation.
This method is known to be unstable for cubic and higher order smooth splines (see
[4, 6, 10, 11]). In the case of quadratic splines of class C'! the stability region consists
only of one point [11]. In [12, 13] one of the initial conditions, which are required
by the standard quadratic and cubic spline collocation, is replaced by a not-a-knot
boundary condition at the other end of the interval. These methods cannot be any
more implemented step-by-step and, in the case of linear integral equation, need the
solution of a linear system which can be successfully done by the Gaussian elimina-
tion. On the other hand, the nonlocal method with quadratic splines gives the stability
in the whole interval of collocation parameter and in the case of cubic splines this
method gives stability in the same interval of collocation parameter as in the case of
the traditional collocation with linear splines [11].

It is natural to use a subdomain method when equation’s free term is given by
average values in subintervals. In addition, the collocation method can be considered
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as a subdomain method’s approximation. Thus, the subdomain method is a basic
method in collocation methods theory.

In this paper we study the use of quadratic splines in two particular cases of
subdomain methods. First we show that the traditional step-by-step implementation
gives an unstable method. The replacement of one of initial conditions by the not-
a-knot condition at the other end of the interval of integration results in converging
method for quite wide class of integral equations, including, for example, those with
weakly singular kernel. We consider both cases as projection methods and use a
general convergence theorem for operator equations to establish the convergence of
nonlocal method with two-sided estimates.

2. Step-by-Step Method

Consider the Volterra integral equation

y(t)z/o Kt s,y(s)ds + f(£),  tel0,T), 2.1)

with given functions f : [0,7] — R, K: S x R — IRandthesetS = {(¢,s) :
0<s<t<T}

There will be usedamesh Ay : 0 =ty < t1 < ... <ty = T which represents
spline knots. As we consider the process N — oo, the knots ¢; depend on N. In order
to determine the approximate solution « of the equation (2.1) as quadratic spline
of class C"' (denote this space by S»(Ax)), we impose the following subdomain
conditions

/tt_ “(t)dt:/:_i /Ot’C(tsw(S))ds dt+/:: ftydt, i=1,....N. (2.2)

To be able to start the calculations of this method, assume that we can use the initial
values

u(0) = y(0), w'(0) =y'(0), (2.3)

which are justified by the requirementw € C*[0, T']. Thus, on every interval [t;_1, ¢;]
we have two conditions of smoothness and one subdomain condition to determine
three parameters of « as a polynomial of degree two on [t;_1,¢;]. This allows us
to implement the method step-by-step, progressing from the interval [¢;_1,¢;] to the
next one.

Let us introduce the vector subspace of C[0, T':

1= {feco.1]: 370 = tm WSO

h—0+ h
Forany f € Cy[0,T], let Px f € Sa(Ay) be such that
(Pn £)(0) = f(0),  (Pnf)'(0) = f'(0),

/i (PNf)(t)dt:/tbi fdt, i=1,...,N.

ti—1

(2.4)
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Let the mesh Apn be complemented with knots ¢t o < t_; < ¢, and

tny2 > tygy1 > ty. Denote hy = t; —t;—1, 1 = —1,..., N + 2. This enables
us to introduce the normalized B-splines, fori = —1,... , N,

t—ti_1)?

( : 1) te [ti_l,ti),

hi(hi + hit1)’

(tig1 =)t —tiz1) | (tir2 — Ot — 1)

Bi(t) = + . € [tisti),

®) hiy1(hi + hiy1) hiv1(hiy1 + hit2) i, tiv)
(tiya —t)?

hivo(hiv1 + hita)’

If we use the representation (Py f)(t) = > _ ;< n41 ciBi(t), t € [0,T7, the con-

ditions (2.4) could be written equivalentlyas

e = 0) - 20),

hic—1 + hoco = (ho + h1) f(0),

t € [tit1,tiva)-

t;

t; t; ti i
Ci—9 / Bi,Q(t)dt +ci—1 / B;_1 (t)dt +¢; / B; (t)dt = f(t)dt,
ti—1 ti—1 ti—1 ti—1
i=1,....N.

This linear system to determine the coefficients ¢; has a lower tridiagonal matrix
with nonzero entries on main diagonal. Thus, the projector Py is correctly defined.

Consider the integral operator defined by

t
(Ku)(t) = / K(t,s,u(s))ds, te[0,T]. (2.5)
0
Lemma 1. The spline subdomain problem (2.2), (2.3) is equivalent to the equation
u= PyKu+ Py f, UESQ(AN), (26)

provided the kernel C in (2.5) is continuous and differentiable with respect to ¢ in
some neighbourhood of zero.

Proof. Note that in the assumptions about /C it holds K : C[0,T] — Cy[0,T].

The proof of Lemma 1 is a standard calculation based on the property of Py that
Py f =0ifandonly if

f(0)=0, f(0)=0, /tt f(tydt=0, i=1,...,N.

Indeed, then (2.6) is equivalent to the equalities

(u—Ku—£)(0)=0, (u—Ku-f)(0)=0,

/ti (u—Ku—f)({t)dt=0, i=1,...,N.

i—1
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The first one of them is equivalent to «(0) = f(0) or u(0) = y(0) because y(0) =
f(0). The integral equalities are just (2.2). Taking into account (2.1), we get that
(u— Ku — f)'(0) = 0is equivalent to v/ (0) — (Ku)'(0) = y'(0) — (Ky)'(0) or
u’(0) = K(0,0,u(0)) = y'(0) — K(0,0, y(0)) (in fact, we use the differentiability of
K with respect to ¢ in some neighbourhood of 0 to ensure the existence of (Kwu)’(0)
and (Ky)’(0)). But the last equality, as «(0) = y(0), is equivalent to «'(0) = y'(0)
which completes the proof. B

Suppose in the sequel throughout this section that the mesh is uniform, i.e.

T
ti—tiflzhzﬁ, 221,...7N.

DEeFINITION 1. We say that the spline subdomain method with quadratic splines is
stable if forany A € C and any f € C*[0, T, the approximate solution u € Sao(Ax)
of the test equation

y(t) = A / y(s)ds + f(t),  te[0,T),

remains bounded in L.(0,7) as h — 0.

Proposition 1. The quadratic spline subdomain method is not stable.

Proof. Suppose that the method is stable. For A = 0, the approximate solution  of
the test equation is just Py f. Then the principle of uniform boundedness yields that
the sequence || Px||c: .z is bounded, i.e., for all f € C[0, 77,

[wlloc = 1PN flloo < coONSt]| fll o1y, 2.7)

where the constant may depend on 7" and ), but not on N.
Assume that the mesh A y is complemented with knots ¢; = ih, i = —2,—1, and
i =N + 1, N 4 2. Then the B-splines considered above are

1 (t—ti—1)?, teti—1,ti),
Bi(t) = g5 21 = (liga =) = (t = 1)%, L€ [tistip),
(tiya — )2, t € [tit1,tite).

Givenany function f € Co[0, T}, the coefficients g of u = Px f =3 ;cy ¢;B;
via (2.4) are determined by the system o

10 0 0---0 C_1 g—1
110 0---0 Co go
14 10---0 1 g1
=11 (2.8)
O 0 1 41 CN gN

where
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9= 10) - 20). w=20). 0= [ far i=1..N

ti—1
Consider the equations of (2.8) (except first two of them) as the difference equation
Ci—o+4ci1+ci=g;, t=1,...,N.

Its characteristic equation A + 4\ + 1 = 0 has the roots A = —2 — /3 and pu =
-2+ /3.

Take the vector g = (£/2,¢,0,...,0)” and look for
i = KN Ko™ i=—-1,...,N,

as the corresponding solution of the system (2.8). First two equations of (2.8) allow to
determine the coefficients Ky =¢(2—pu)/(2(A—p)) and Ko =e(2 — A)/(2(1n — N)).
Also, fori > 1, we have

|ci| =

Ai(K1A+K2u(§)i)’ > const ] A", (2.9)

Consider the function f(¢t) = hcos(wt/h), t € [0, T]. Then

ti
f(0)=nh, f'(0)=0, ft)ydt=0, i=1,...,N.
ti—1
It is also easy to verify that || f||c: < const. Letting e = h, the use of (2.9) and the
stability of B-splines (see [14]) gives
N ALY
lulloo > constlen| > conste|A|Y = constT — 00,

as N — oo, which contradicts (2.7). Proposition is proved. B

Remark. The proof of Proposition 1 shows that the influence of round-off errors
(whose role may be played, e.g., by ¢) increases unboundedly when N goes to infin-

ity.

3. Nonlocal Method

As we have seen in the previous section, the subdomain method with step-by-step
implementation is unstable. A hopeful reparation which works in collocation could
be the replacement of the first derivative condition by a not-a-knot boundary condi-
tion at the other end of the interval of integration, so in this case additional conditions

are
u(0) = y(0),
u”(tN,1 — 0) = ’U,H(tN,1 + 0)

Let note that we are considering arbitrary mesh Ay with h; = t; — ¢;_1. Let
the operator Py : C[0,T] — C[0,T] be such that, for any f € C[0,T], we have
Py f e Sy(An)and

(3.1)
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(Pn f)(0) = f(0),
/tt (P ) (D)dt = /tt F()dt, i =1,...,N, (3.2)
(I;z_vlf)”(tzv_l —-0) =z(_1i‘>N )" (tx—1 +0).

Firstly we have to verify that such a spline Py f exists and is uniquely determined.
Denote z; = h;l ft_l f@t)ydt, i = 1,...,N. Look for a cubic (interpolating)
spline S € S3(An) satisfying

5(0) =0, 5'(0) = f(0),

S(ti):zl:hij, izl,...7N7 (33)
j=1

s"'(tN,i —0) = S"(tx_1 +0).

It is straightforward to check that here the Schoenberg-Whitney conditions [14,
p.171] are satisfied, thus, this problem has the unique solution. Now, S € S;(An)
being the solution of (3.3), we get Py f = S’ as a solution of (3.2) and, vice versa,
foru = Py f € S3(An) being a solution of (3.2), we have S(t) = fot u(s)ds as a
solution of (3.3). This means that projections Py are correctly defined by (3.2).

Lemma 2. Suppose the kernel K in (2.5) is such that the operator K maps the space
C'0, T into itself. Then the subdomain problem (2.2), (3.1) is equivalent to the equa-
tion

u=PyKu+ Pnf, uc€ SQ(AN)

The proof is analogous to that of Lemma 1.

We would like to apply general convergence theorem for operator equations. One
of the assumptions in this theorem is the convergence of the sequence of approxi-
mating operators Py to the identity or injection operator. This means that the uni-
form boundedness of the sequence Py is the key problem in the study of collocation
method (2.2), (3.1).

For given any function f € C10,T], let us consider w = Py f determined by the

conditions
u(0) = £(0),

t; ti
/ w(t)dt = / F()dt, i =1,...,N,
ti_1 ti—1

u”(tN,1 — 0) = u”(tN,1 + 0)

Using the notation u; = u(t;) and t = t;,_1 + Th,, 7 € [0, 1], we have the represen-
tation of u for t € [t;—1, ;]

u(t) = 62,7(1 — 7) + w1 (1 — 47 4+ 37%) + w7 (31 — 2). (3.4)
The continuity of the derivative v’ in the knots, i.e. v/(t; — 0) = «/(¢; + 0), gives

Mitti—1 4+ 2w + A = wg, i=1,..., N —1, (3.5)
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where

hiy1
hi + hit1 ’
The initial condition «(0) = f(0) adds the equation uo = f(0), and the not-a-knot
requirement at ¢ ;y_; could be written in the form

Wy =1— N = w; = 3(/,%2’1 + )\izi+1)-

haun_o + (ha — ha_)un—1 — h%_juy = 2(hAzn_1 — h%_12n).  (3.6)

Then, eliminating u in (3.5) with the help of (3.6), we write the equalities to deter-
mine u;, 7 =0,...,N — 1, as follows:

ug = f(0),
it -1 + 2u; + Auipr = w;, 1=1,...,N =2, (3.7)
h 2h
N oun_o+ (1+ N Jun—1=(3+ N VUN-1ZN—1+AN—12N.
hn_1 hn_1 hy_1

It is clear now that, in the system (3.7), the difference of domination in rows is 1.
Hence, if hy /hn—1 < const,

| < | <
o nax lu;| < constorgni%v |z;| < const||f|lc

and, in addition,
lun| < const max |z;| < const|| f||c.
0<i<N

The representation (3.4), assumption hy /hx—1 < const and obtained estimates al-
low to get

P, = ma a t)| < const ,
| P fllcpo,ry (HAX, max lu(t)| < Il.fllcpo,7y

forany f € C[0, T] with a constant independent of N. We have proved the following

Proposition 2. Assuming that Ay /hy—1 < const, the projections Py determined by
(3.2) are uniformly bounded in the space C0, T)].

4. Convergence Theorem

In this section we present a general convergence theorem for operator equations
which will be applied to the equation (2.1) mainly in linear case and analyse what
this theorem gives for the nonlocal method.

Let E be Banach space, L(E, F) and K(F, E) spaces of linear continuous and
compact operators. Suppose we have an equation

u=Ku+ f 4.2)

where K € K(E,E) and f € E. Let it be given a sequence of approximating
operators Py € L(E,E), N =1,2,... . Consider also equations
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uy = PvKuy + Py f. (4.2)

The following theorem for second kind equations may be called classical because it
is one of the most important tools in the theory of approximate methods for integral
equations (see [1, 2, 5]).

Theorem 1. Suppose v = Kwu only if u = 0 and Pyu — u for all w € E as
N — oo. Then

1) (4.1) has the unique solution u*;

2) there is Ny such that, for N > N, (4.2) has the unique solution w};;
3) uy — u*as N — oo;

4) there are positive constants C; and C5 such that

Cil[Pyvu” — || < fluy — u*[| < Cof|[ Pvu® — . (4.3)
Note that this theorem can be deduced from more general ones [8, 15].

Remark. Without presenting the details let us mention that, for the general equation
(4.1) with a nonlinear operator K, it holds a counterpart of Theorem 1 ensuring the
two-sided error estimate (4.3) provided the projections Py converge pointwise to the
identity operator (see [9], Section 50.2). This theorem needs the complete continuity,
i.e. continuity and compactness, of the nonlinear operator & which is guaranteed for
the operator (2.5) in the space C[0, T'] by the continuity of the kernel KC(¢, s, u) (see
[16, Chapter 10, Section 1]).

Throughout this section, consider the general (not necessarily uniform) mesh A
with h = maxi<;<y hi — 0and hx/hn_1 < constas N — oco. We will apply
Theorem 1 to the equation (2.1) which is possible due to the following lemma.

Lemma 3. The projections Py defined by (3.2) converge pointwise to the identity,
i.e. Pnf — finC[0,T]forall f € C[0,T]as N — oc.

Proof. For given f € C''[0, T}, let v be the quadratic spline satisfying

v(0) = £(0),
v(ti—1 + %) = f(ti-1 + %), 1=1,...,N,

’UH(tN,1 - 0) = 1}//(th1 + 0)
Taking into account || Py || < constand ||v — f||c — 0 (see [7]), we get

IPnf = fllo < IPvf —vlle +llv = fllo
= Pn(f =v)lle + v = flle
< const|| f —vllc + [[v = flle = 0.

This means that | Px f — f|| — 0 forall f € C*[0, T. Basing on Banach-Steinhaus
theorem, we get the convergence of the sequence Py to the identity operator every-
where in the space C[0, T, since C1[0,T] is dense in C[0,T]. The proof is com-
pleted. ®
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Taking E = C[0, T,
t
= / K(t, s)u(s)ds, ue C[0,T],
0

and using Lemma 3, Theorem 1 directly yields

Theorem 2. Suppose the kernel K is such that K is compact. Then the method (2.2),
(3.1) is convergent in C[0, T'] and the estimate (4.3) holds.

Remark. The rate of convergence of the method (2.2), (3.1) for linear equations, as
stated in Theorem 2, is determined by the two-sided estimate (4.3). It is known that
quadratic spline histopolation projections Py have the property || Pyu—u|| = O(h?)
for smooth functions u (actually, it suffices «/’ € Lip 1). The rate O(h?) is confirmed
by the numerical tests presented in the next section.

5. Numerical Tests

In numerical tests we chose the test equation

—)\/ s)ds + f(t) te[0,1],

with the exact solution y(t) = (sint + cost + e')/2. We implemented also the
nonlocal method for the equation (2.1) in linear case with

K(t,s)=t—s, f(t)=sint

and the exact solution y(t) = (2sint + e* — e~*)/4 on the interval [0, 1]. These
equations are used, e.g., in [3, 12, 13]. Actually, we calculated the error of the method
as

— e = — ) (tn—1 + kh/10)|.
I = ylloo = max  max [(u—y)(tn-r + kh/10)]

Results of numerical experiments are presented in Tables 1-3.

Table 1. Numerical results for y(¢) = A fo s)ds + f(t), step-by-step method.

N 4 16 64 256

A= —2 3281073 98.02 1.10 - 10%7 2.79 . 10134
A=—-1 2.59-1073 76.56 8.54 - 10%° 2.18 - 10134
A=1 1.46-1073 45.99 5.17 - 102 1.32- 1034
A=2 1.02-1073 35.36 4.01 - 102 1.03 - 1034
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Table 2. Numerical results for y(t) = A fot y(s)ds + f(t), nonlocal method.

N

4 16 64 256

A=—2 3.27-1073 6.27-107° 1.02-1076 1.61-1078
A=—1 3.11-1073 6.18 -107° 1.02-1076 1.61-1078
A=1 2.77-1073 5.99-107° 1.01-107° 1.61-1078
A=2 2.60-1073 591-107° 1.01-107¢ 1.60 - 1078

Table 3. Numerical results for y(t) = fot(t — s)y(s)ds + f(¢), nonlocal method.

N 4 16 64 256
5.70 -1073 9.02-107° 1.41-107° 2.20 - 1078
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