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�8��Y ��Ë�_/�OÉ±Îá	Ë ¿#Ë(Á¹ÌTL	� Î�KJ©Ë(àUÉ±Ë:� N�ÎøÉ¹Í|¥8�C�V²326�>�±«U²�´¢��ªÏ�Í��	Ì'L/��Ñ é{� å(Å76mÁ¹ÎÌTa L�J
��Ë>á/Ë>ÑML	¿�Î��_^�/.+�
�ÃÍ�ÎÏÌ�ÎÏÌ�Ë(Ì±¿#Ë:àUÎÏ�OÑÑ é ÎÐ�¿RL/ÁFÉ6�O�-É Î �{������ÎÏ� N�Í�Ë>Á¹Ë�Î É ÎÌ�Ë:ÌöÉ¹Î Ð �OÉ±Ë(�
É±Í��OÉ"�OÑÐXL-ÌöÉ�Í��	Ñ�JOL�J°É±Í�Ë��/��À�Ñ É8¿RL/¿�À�ÑÏ�§É¹ÎSL/�·Í��	Á±ãHL	À�Á¹Ì+¥��ï�µ²32¹�>�±«>²�´ ¢��ªÏ9� å����½�

�½ÉÃÎÏÌ�Ì±Ë>Ë>� É±Í��OÉ"�/. ÎÌ£É¹Í�ËCÐ'L/ÌFÉÃà�L	Ð�Ð'L	� ÌFË(Á±ÎML	À#Ì L/¿�¿RL/ÁFÉ¹À���ÎÏÌöÉ¹Îà�Î�KJ©Ë(àUÉ±ÎML	� L�à�Â
àUÀ�Á¹Á±Î��_��OÐ'L/��_��8��Y":-¿HL/Ì±ÎøÉ¹Î á/Ë ¿#Ë(Á¹ÌTL	��ÌC�	���^ÎÏÌ¦É±Í�Ë)V�Á¹ÌFÉ�Ð �O��ÎSJ©Ë(ÌFÉ¹�OÉ±ÎML	� L�J8�"�öâ��
Î � Ð'L	Á¹Ë�É±Í��	��ê	Å;6 L�J°à(�	Ì±Ë(ÌÃÎ� ��Ë>á	Ë(ÑSL/¿�Î��_nà�L	À��-É¹Á±ÎË(Ì(���ÃÍ�ËC��À�Ðkã�Ë>Á L�Jï�"��Y�¿RL-ÌFÎ Â
É±Îá	Ë(Ì"Î �����#��Î�íÎÌ�Ë:ÌöÉ¹Î Ð �OÉ±Ë(��É#Líã�Ë�ä�� �;�kÐ�ÎÑ ÑÎSL/��à>�/ÌFË:Ì>���"Ð'L	��_-ÌöÉ8É¹Í�Ëk�"�öâ���à(�	Ì±Ë(Ì
Á±Ë(¿RL/ÁFÉ¹Ë(�íÌTL J L/Á(Ç-��Ë(�	Á±Ñé9�	Å;6xÍ��/�í�/.<� å����½�-�/.~Ì±Í�L/ÁFÉ¹Ë>��ÌÊÉ±Í�Ë¦ÌFÀ�Á±á�Îá��	ÑCL�J�¿��§É¹Î Ë(�-É¹Ì
N�ÎøÉ¹Í��8��Y Î�KJ©Ë(àUÉ±ÎML	�3�#�½É+�	à(àUË(Ñ Ë(Á¹�OÉ±Ë(Ì�É¹Í�Ë�¿�Á#L�_/Á±Ë:Ì±Ì±ÎSL/� L�Jï�"��Yk�#�ÃÍ�Ë>Á¹Ë�J L	Á¹Ë	Ç�Î É"ÎÏÌ�Ë(ÌFÂ
ÌFË(�/É¹Î�	ÑïÉTL�ÌFÉ±À���é�É±Í�Ë É±Á6�O��Ì±Ð�ÎÌ¹Ì±ÎSL/� L�J��8��Y"Â½�/.zà�L	ÂµÎ�KJ©Ë(àUÉ±ÎML	��Î �^É¹Í�Ë ¿HL	¿�À�ÑÏ�§É¹ÎSL/�3�
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�-L	Ð�Ë ÌöÉ¹À���ÎË(Ì�Í���á/Ë ã�Ë>Ë>�{Ð �	��Ë ã�é^É¹��a�Î ��_�Î�/É#L��/à>à�L	À��-É �8��Y8Â��/.Zà�L	ÂµÎ�KJ©Ë:à�É±ÎML	�
� ��Çoå�ê�Çïå��-Ç3Ä	Ä�ÇbÄ	ä��µ���à  3Ë:�O���	�����5LQN£��a �å:ê��ïÍ���á/Ëk¿�Á#L	¿HL/Ì±Ë(�fN�Î É±Í�Î��Í�L/ÌFÉ+Ð'L���Â
Ë>ÑÏÌ�J L	ÁÃÉ¹Í�Ë���é����OÐ�ÎÏà>ÌÃã�ËUÉ(N£Ë>Ë(� �"��Y �O��� �/à�É±Îá§�§É¹Ë(�8#£â

4
� à>Ë>ÑÑÌ"ÌF¿�Ë(à>Î�V#à�É#L'LOÉ±Í�Ë>Á

¿��§É¹Í�L�_/Ë>��Ì(��
�Ë(ÌFÉ°�	���k�ÃÍCL	Ð�¿�ÌTL	�!� Ä	Ä�����Ë(á	Ë(ÑSL/¿#Ë:�CÐ'L���Ë>ÑÏÌ N�Í�ÎÏà6ÍkÁ¹Ë�#Ë(à�ÉoÉ±Í�Ë�É±Á6�O�#ÌöÂ
ÐnÎÏÌ¹ÌFÎML	����é����OÐ�ÎÏà>Ì L�J°ãRL	É±Í �/.~�O�����8��Y��O�#�·��ÎÏÌ¹àUÀ�Ì¹ÌFË:� É¹Í�Ë¦Ð���_	��Î É±À#��Ë��	������À�Â
Á¹�OÉ±ÎML	�fL�JïÉ±Í�Ë�Ë ,bË(àUÉ"É±Í#�§É8É¹Í�Ëk�8��YzË>¿�ÎÏ��Ë(ÐnÎÏàCÐ ��é Í#��á	Ë�L	���/.��#�ÃÍ�Ë>écJ L	À�����É¹Í�Ë
Ë ,bË(à�É¦É¹Í��§É��8��Y N�ÎÑ Ñ
Í#��á	ËdL/��É¹Í�Ë'_	Ë(��Ë>Á6�OÑ°¿RL/¿�À�ÑÏ�§É¹ÎSL/��ÉTL ã�Ë ��Ë>¿�Ë>����Ë>�-É�L	��É¹Í�Ë
à�L	�-É6�	à�É%ÌFÉ±Á¹À�àUÉ±À�Á¹Ë8ã�ËUÉ(N£Ë>Ë>��É¹Í�Ë5_/Ë>��Ë(Á¹�	Ñ�¿RL/¿�À�ÑÏ�§É¹ÎSL/�í�O���nÉ¹Í�Ë+�"��Y]Á±ÎÏÌTa0_/ÁTL/À�¿�Ì(ÇO�	Ì
N�Ë(Ñ Ñ3�/Ì���¿HL/Ì¹Ì±Î ã�ÑË�Ì±Í�Î�J¼É8Î��É±Í�Ë���é-�#�OÐ�Îà(Ì��	Ì¹Ì L�à>Î�OÉ±Ë(� N�ÎøÉ¹Í��/. É±Á6�O��Ì±Ð�ÎÌ¹Ì±ÎSL/�3�

'+À�Á
ÌöÉ¹À���é�ÎÏÌOJ L�àUÀ�Ì±Ë(�XL	�kÉ±Í�Ë8��Ë(Ì±ÎS_/�n�	�����	���OÑé�ÌFÎÏÌ L�J»�"��Ë�N ¿HL	¿�À�Ñ�OÉ±ÎML	�nÐ'L���Ë>Ñ
J L	Á+É±Í�Ë�É±Á6�O��Ì±Ð�ÎÌ¹Ì±ÎSL/����é����OÐ�ÎÏà>ÌFL�J%�8��Y �O�#��� à>À�Á6�Oã�ÑËk�/.|¿��OÉ±Í�L�_	Ë>��Î�`� ¿RL/¿�Â
À�Ñ�OÉ±ÎML	� N�ÎøÉ¹Í��·á§�OÁ¹Î�	ã�Ñ Ë�Ì±Î&�(ËnÌFÉ±Á¹À�à�É¹À�Á¹Ë	�b����É¹Í�ÎÏÌ+¿#�O¿�Ë>Á:Ç#É¹Í�Ë>Á¹Ë�J L/Á±Ë/Ç»� Ð �§É¹Í�Ë>Ð �OÉFÂ
Îà(�OÑ%Ð'L���Ë(Ñ�ÎÏÌk¿�ÁTL/¿RL-ÌFË:��É#L`ÌFÉ±À���é�É¹Í�ËíÉ¹Á¹�	��ÌFÐ�ÎÏÌ±Ì±ÎML	� L�J8�"��Y%�§�"�öâ�� Î � ¿�Á±Ë:ÌFË(��àUË
L�J£à>À�Á6�Oã�ÑËn�/.|¿#�§É±ÍCL�_	Ë(� N�Î É±Í�Î� � _/Î á/Ë>�`¿RL/¿�À�ÑÏ�§É±ÎML	� N�ÎøÉ¹Í^á��	Á±é�Î��_·Ì±Î)�>Ë�Î �#àUÑÀ���Â
Î ��_n��Ë>Ð'L�_	Á6�O¿�Í�ÎÏà J©Ë(�OÉ±À�Á¹Ë(Ì(���+À#�OÑÎøÉ6�§É±Îá	Ë+�O��� ��À�Ð�Ë(Á±ÎÏà>�	Ñ#�O�#�OÑé�Ì±ÎÏÌ L�JbÉ¹Í�Ë+¿�ÁTL/¿RL-ÌFË:�
ÐXL���Ë(Ñ��OÁ¹Ë¦à>�OÁ¹Á¹Î Ë:�)L	À�É�ÉTL�À�����Ë(Á¹ÌFÉ¹�	���·É±Í�Ë���é-�#�OÐ�Îà(Ì�L�Jï�8��Y8Â��/.Qà�LOÂ½Î ��J©Ë(à�É¹ÎSL/�3�

��<����������O?��������O?�I G��! �� B D��� 


`Ë�à�L	��Ì±Î��Ë>Á£É±Í�ËC¿HL	¿�À�Ñ�OÉ±ÎML	� L�J
ÌFÎ)�>Ë
N(t)

�OÉ�É±ÎÐ�Ë
t
N�Î É±Í�à�L/��ÌöÉ6�O�-É�Î Ð�Ð�ÎM_	Á6�§É±ÎML	�

Á¹�OÉ±Ë
Q0.

�ÃÍ�ËC¿RL/¿�À�ÑÏ�§É¹ÎSL/� Ì±Î)�>Ë
N(t)

ÎÏÌ8��Îá�Î��Ë:��Î �-ÉTL'J L/À�Á8Ì±À�ã�à>Ñ�/Ì±Ì±Ë(Ì�L�JïÌ±À�Ì¹àUË(¿�É±Î Â
ã�Ñ Ë:Ì

S(t),
É¹À�ã#Ë(Á¹à>À�ÑML/Ì±ÎÌ�Î�KJ©Ë(àUÉ±Îá	Ë(Ì

I1(t),
�8��Y Î ��J©Ë(à�É¹Î á/Ë(Ì

I2(t)
W¬�	ÑÌTL·�/Ì±Ì±À�Ð�Ë(��ÉTL

ã#ËCÎ�KJ©Ë(àUÉ±ÎML	À�Ì
Z��	��� �8�öâ¦��¿��§É¹Î Ë(�/É6Ì
A(t).

�ÃÍ�Ë�ÌFÀ�Ì¹àUË(¿�É±Îã�ÑË(ÌÃã�Ë(à�L	Ð�Ë¦É±À�ã�Ë>Á6àUÀ�ÑSL-ÌFÎÏÌ
Î �KJ©Ë:à�É¹Ë(�'J L/Ñ ÑMLQN�Î �C_�à�L	�-É6�	à�É@N�ÎøÉ¹Í�É±Í�Ë"É±À�ã�Ë>Á6àUÀ�ÑML/Ì±ÎÏÌ
Î ��J©Ë(à�É¹Î á/Ë(Ì

I1
�OÉ��CÁ6�§É¹Ë

β1.
�ÃÍ�Ë

¿RL/¿�À�ÑÏ�§É±ÎML	� Î � É±Í�ÎÏÌ�àUÑÏ�	Ì¹ÌkÎÏÌ���ÎÐnÎ��ÎÏÌFÍ�Ë(� ã�é �"��YiÎ�KJ©Ë:à�É±ÎML	�{�§É ��Á6�§É¹Ë
β3.

�-L	Ð�Ë
ÐnË(Ðkã�Ë>Á6Ì�L�J£É±Í�ÎÌ�àUÑÏ�	Ì¹ÌC�OÁ¹Ë��	ÑÌTL�àUÀ�Á¹Ë(�^�	����Á±Ë:à�L§á	Ë(Á±Ë:���OÉk� Á¹�OÉ±Ë

λ
�	����ã#Ë:à�L	Ð�Ë

ÌFÀ�Ì¹àUË(¿�É±Îã�ÑË���_/�	Î �����ÃÍ�Ë�¿RL/¿�À�ÑÏ�§É±ÎML	�nÎ�nà>Ñ�/Ì±Ìï�
2

ÎÏÌ_	Ë(��Ë>Á6�§É¹Ë(��ã�éCÉ¹Í�Ë��8��Y~Î�KJ©Ë(àUÉ±ÎML	�
L�J»ãRL	É±Í É¹Í�Ë+Ì±À�Ì¹àUË(¿�É±Îã�ÑË(Ì%�	���nÉ±À�ã#Ë(Á¹à>À�ÑSL-ÌFÎÏÌÊÎ�KJ©Ë:à�É±Ë:��Î �#��Î á�ÎÏ��À��	ÑÌ£�§É���Á¹�OÉ±Ë

β2
�O���

β3
Á±Ë:ÌF¿�Ë(àUÉ±Îá	Ë(Ñ é/���½ÉCÎÏÌ¦�	Ì¹ÌFÀ�Ð�Ë:��É±Í#�§É¦É±Í�Ë�Ð�Ë>Ð�ã#Ë(Á¹Ì�L�J

I2
�OÁ¹Ën��LOÉCÌFÀ#Ì±à>Ë>¿�É¹Î ã�ÑËnÉTL

Î �KJ©Ë:à�É¹ÎSL/�`ã�é�É±Í�ËnÉ¹À�ã#Ë(Á¹à>À�ÑML/Ì±ÎÌ(�b�½É�ÎÏÌFJ©À�ÁFÉ¹Í�Ë>ÁC�/Ì±Ì±À�Ð�Ë(��É±Í��OÉ¦�	�/É¹ÎøÂ��8��YzÉ±Á¹Ë(�OÉ±Ð�Ë>�-É
ÎÌ£��L	ÉÃ��á§�OÎÑÏ�Oã�ÑË N�Î É±Í�Î� É¹Í�Ë¦à�L	Ð�Ð�À���Î Éöé��	��� É¹Í�Ë>Á¹Ë�J L/Á±Ë/Ç/Î����Îá�Î��À��OÑÏÌ L�J3É¹Í�Ë

I2
�	Á±Ë

ãRL/À����^É#L`��Ë(á	Ë>ÑML	¿#" J©À�ÑÑ£ã�ÑSLQN�� b°�8�öâ¦� N�Î É±Í ��Á¹�OÉ±Ë
δ

�/ÌkÌ±Í�LQN�� Î � É±Í�Ë É±Á6�O��Ì J©Ë>Á
��Î��_	Á6�OÐZ¿�Á¹Ë(Ì±Ë>�-É¹Ë(�·Î �1�°ÎS_#�»å	�

�ÃÍ-À#Ì>ÇoÉ±Í�Ë�ÌF¿�Á±Ë:�	� L�J"��ÎÌ±Ë(�/ÌFË ÎÌn�	Ì¹ÌFÀ�ÐnË:�^ÉTL`ã#Ë _�L§á/Ë>Á¹��Ë(��ã�é�É±Í�ËcJ L	ÑÑMLQN�Î ��_
ÌFé�ÌFÉ±Ë>Ð L�J
��Î-,bË>Á¹Ë>�-É¹Î�	Ñ»Ë�]-À��§É¹ÎSL/��Ì(Ç

dS

dt
= Q0 −

(

β1SI1 + β2SI2

N

)

− dS + λI1; S(0) = S0,

dI1

dt
=

β1SI1

N
−

β3I1I2

N
− (λ + d) I1; I1(0) = I10,

dI2

dt
=

β2SI2

N
+

β3I1I2

N
− (δ + d) I2; I2(0) = I20,

dA

dt
= δI2 − (α + d) A; A(0) = A0,



Ä��§Æ �����k�O�±�UF¨�®
	��8¶���ª ���§�©¨�ª

�������R6�/��
	�B#ú K(G/÷ � D¹ú ÿ/HøK�� ú K þ ü��»õöE DÃþ KUõöE D6þ KUõöHø@6K(ý þ üOÿ D ý �

N�Í�Ë>Á¹Ë
d

ÎÏÌÊÉ¹Í�Ë+�#�§É±À�Á¹�	Ñ#Ð'L	Á±É¹�	Ñ Î Éöé�Á¹�OÉ±Ë"à�L	��ÌFÉ¹�	�-É£�O�#�
α

ÎÌ£��ÎÏÌFË:�	Ì±ËUÂ½Î ����À�àUË:�í��Ë(�OÉ±Í
Á¹�OÉ±Ë�à�L/��ÌFÉ¹�O�-É:���½É"ÎÌ"�	Ì¹ÌFÀ�Ð�Ë:�íÉ¹Í��§É+�	Ñ Ñ3É±Í�Ëk��Ë>¿�Ë>����Ë(�-É8á��	Á±ÎÏ�Oã�Ñ Ë:Ì��O����¿��	Á¹�	ÐnË>É±Ë(Á¹Ì
L�J°É±Í�ËCÐ'L���Ë>Ñ3�	Á±Ë¦��L/��Â½��Ë�_-�§É±Îá	Ë/�

��Î �#àUË
N(t) = S(t) + I1(t) + I2(t) + A(t),

É±Í�Ë��	ãRL§á/Ë�Ë�]-À��§É¹ÎSL/��Ì�à>�	���CLQNQã�Ë
N�Á±Î ÉFÉ¹Ë>���	Ì

dN

dt
= Q0 − dN − αA,

WVÄ�� å Z

dI1

dt
=

β1 (N − I1 − I2 − A) I1

N
−

β3I1I2

N
− (λ + d) I1,

WµÄ�� Ä�Z

dI2

dt
=

β2 (N − I1 − I2 − A) I2

N
+

β3I1I2

N
− (δ + d) I2,

WµÄ�� ä�Z

dA

dt
= δI2 − (α + d)A.

WVÄ�� æ-Z

��Á#L	Ð É±Í�Ë£Ð'L���Ë>ÑµÇ(Î ÉoÎÏÌ��CLOÉ±Ë:��É±Í��OÉoÎ�CÉ±Í�Ë£�	ã�ÌFË(��àUË L�J��O��é¦Î ��J©Ë(à�É¹ÎSL/�3Ç(É±Í�Ë�¿RL/¿�À�ÑÏ�§É±ÎML	�
ÌFÎ)�>ËC�O¿�¿�ÁTL-�	à6Í�Ë:Ì�É±Í�ËCÌFÉ±Ë(�/��é ÌFÉ¹�OÉ±ËCá§�OÑÀ�Ë

Q0/d.

��<�@?����FI  I�?���� > �! ����-I��

�ÃÍ�ËCÐ'L���Ë>Ñ WVÄ�� å Z :\WVÄ�� æ�Z�Í��/Ì J L	À�Á��CL	��Â½��Ë�_-�§É¹Î á/Ë+Ë�]/À�Î ÑÑ Îã�Á¹Î�n���	Ð�Ë>Ñé	Ç
W©Î Z

E0(Q0/d, 0, 0, 0)
É±Í�Ë���ÎÏÌ±Ë(�	Ì±ËFJ©Á±Ë(Ë	�

W©ÎÎ Z
E1

(

Q0

d
,
Q0[β1 − (λ + d)]

dβ1
, 0, 0

) É±Í�ËÃ�8��Y&J©Á¹Ë>Ë	Ç�N�Í�ÎÏà6Í�Ë�U�ÎÏÌöÉ6Ì�ÎSJ
β1 > (λ+d).

W©ÎÎ Î Z
E2(N̂ , 0, Î2, Â)

É¹Í�Ë��/.~¿��OÉ±Í�L�_	Ë(� J©Á¹Ë>Ë/ÇKN�Í�Îà6Í Ë�U�ÎÏÌFÉ¹ÌÃÎSJ
β2 > (δ + d)

�	���

Q0 >
αδ

α + d
Î2,

N�Í�Ë(Á±Ë
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N̂ =
1

d

[

Q0 −
αδ

α + d
Î2

]

, Â =
δ

α + d
Î2,

Î2 =
Q0/d[β2 − (δ + d)]

[

β2(α+d+δ)
α+d

+ αδ
d(α+d){β2 − (δ + d)}

]
.

W©ÎáKZ
E∗(N∗, I∗1 , I∗2 , A∗)

É±Í�Ë�à�LOÂ½Î�KJ©Ë(àUÉ±ÎML	��Ë�]-À�ÎÑ Îã�Á¹Î À�Ð ÇKN�Í�Ë(Á±Ë

N∗ =
1

d

[

Q0 −
αδ

α + d
I∗2

]

, A∗ =
δ

a + d
I∗2 ,

I∗1 =
Q0/d[β1 − (λ + d)] −

[

β1(α+d+δ)
(α+d) + β3 + αδ[β1−(λ+d)]

d(α+d)

]

I∗2

β1
,

I∗2 =
Q0/d[{β2 − (δ + d)} +

(

β3−β2

β1

){

β1 − (λ + d)}]

[β3(α+d+δ)
α+d

+ αδ
d(α+d)

[{

β1 − (λ + d)
}

+
{

β2 − (δ + d)
}]

+ β3

(

β3−β2

β1

)] .

�½É8ÎÌÃ��L	É±Ë:� É¹Í��§É
E∗

ÎÌÃ¿HL/Ì±Î É±Îá	Ë[L	��Ñé)N�Í�Ë(�3Ç

Q0 >
αδ

α + d
I∗2 , β1 > (λ + d), β2 > (δ + d)

�O���

Q0[β1 − (δ + d)]

d
>

[β1(α + d + δ)

a + d
+ β3 +

αδ[β1 − (λ + d)]

d(α + d)

]

I∗2 .

��Á#L	ÐZÉ¹Í�Ëk�OãHL§á	Ë/Ç�ÎøÉ"ÎÏÌ�J L/À����·É±Í��OÉ8É±Í�ËCË�]-À�ÎÑ Îã�Á¹Î À�ÐuÑ Ë(á	Ë(Ñ L�JïÎ ��J©Ë(à�É¹Î á/Ë(Ì
I∗i (i =

1, 2)
Î �#àUÁ¹Ë(�	Ì±Ë(Ì��/Ì

Q0
L	Á

βi(i = 1, 2)
Î �#àUÁ¹Ë(�	Ì±Ë(Ì L	Á

λ
�O���

δ
��Ë(àUÁ¹Ë(�/ÌFË:ÌÃÑ Ë:�	��Î��_ É#L

Î ��à>Á±Ë:�	Ì±Ë�Î�
A∗

� ��À�Á±É±Í�Ë>Á¦É±Í�Ë Ë�]-À�ÎÑ Îã�Á¹Î À�Ð*Ñ Ë(á	Ë>ÑL�J£�"�öâ���¿��OÉ±ÎË>�-É¹Ì
A∗

��Ë(à>Á±Ë:�	Ì±Ë(Ì
�	ÌÃ��ÎÏÌFË:�	Ì±Ë+Î����À�à>Ë(����Ë(�OÉ±Í�Á¹�OÉ±Ë

α
Î �#àUÁ¹Ë(�	Ì±Ë(Ì(� 
~Í�Ë>�·É±Í�Ë���ÎÌ±Ë(�/ÌFË+Á±Ë(Ð��	Î �·Ë>����Ë>Ð�Îà	Ç

É±Í�ËC��ÎÏÌFË:�	Ì±Ë+Î����À#àUË(����Ë:�§É±Í#ÌÃÁ±Ë:��À�àUË+É±Í�Ë�Ë�]-À�Î ÑÎã�Á±ÎÀ�Ð}¿HL	¿�À�Ñ�OÉ±ÎML	��ÌFÎ)�>Ë�J©Á#L	Ð
Q0/dÉTL

N∗
�

� LQN N�Ë8ÌFÉ¹�OÉ±Ë"��É¹Í�Ë�L/Á±Ë(Ð J L	Á%ÑSL�à>�	Ñ�ÌFÉ¹�Oã�Î ÑÎøÉöéXL�JbÉ¹Í�Ë"�OãHL§á	ËÃË�]/À�Î ÑÎ ã�Á±ÎÀ�Ð�¿RL/Î �-É¹Ì(�
�ÃÍ�Ë ¿�ÁTL-L�JFL�J+É±Í�Ë�É¹Í�Ë�L/Á±Ë(Ð ÎÌ'L/Ð�ÎøÉ±É±Ë(�{�	Ì�Î É ÎÌ�Ë:�	Ì±é �O���{à>�	� ã�ËfL	ã�É6�OÎ��Ë(� ã�é
à�L	Ð�¿�À�É±Î��_�á��	Á±ÎÏ�§É¹ÎSL/���OÑbÐ �§É¹Á±ÎÏàUË:Ì�à�L/Á±Á¹Ë(Ì±¿RL/����Î��_�ÉTLnÉ±Í�ËCË�]-À�Î ÑÎã�Á±ÎÀ�Ðu¿RL/Î �-É¹Ì(�

������� ñ ���
	 ô W©� Z ¶b¨������U²�ª¼´øª52U��ª¼²��f��¢§ª¼¡#��
0

ªÏ ´ ¢:«¹�O´¼´ 0 ���0§�"����¢§�µª¬«¹�O´¼´ 0���½��2U´ ��ª ¤
β1

λ+d
< 1 � ª5�¼� � R1 < 1 � �O¡�� β2

δ+d
< 1 � ª5�¼� � R2 < 1 � �O¡�� �¼¨���>�6«6¢§¡������>²�ª¼´Jª52>��ª¼²��

E1
ªÏ ²�¡���½��2U´� �£¯k�>�±�

R1
�§¡��

R2
�§�±� 2¹�§�ª¬«��±�����±¢��§²�«>�µª¬¢§¡]¡#²��926�>�6���6>¢(«>ª¬�§��� �

� ª¼�¼¨��V²326�>�±«U²�´¢��ªÏk�§¡���¯"º��`¯"º�� ª¼¡(¤U�6«>�Vª¬¢O¡`�±�Uµ���6«>�Vª��§�>´ 0��
W©�F� Z�¶�¨��8�©¨�ª¼� �����U²�ª¼´Jª52>��ª¼²��

E2
ªÏÃ²�¡���½��2U´���§²��8�½¢�¢O¡��ï��¢§6ª¼�µª��§�+�>ªø¸/�>¡��§�§´ø²��+�O¡��

� ª¼´¼´ 26��´¢(«6�§´¼´-0·���0§�"����¢§�µª¬«¹�O´¼´ 0í�����2>´ ��ª ¤
β1 < (λ + d), β2 < (δ + d)

�O¡��C���±¢��(ª �/� �
a1a2 − a3 > 0, � ¨��>�±�

a1, a2
�O¡��

a3
�O´¼´8�§�±�k��¢��ª¼�µª���� �©¨����§�§´ø²����¢F¤ � ¨�ª¬«¹¨ �O�±�

¸Oª��§�U¡ 2 0

a1 = α + 2d + β2

[2Î2

N̂
+

Â

N̂

]

− [β2 − (δ + d)],
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a2 = d(α + d) +
β2δÎ2

N̂
+ β2(α + d)

[2Î2

N̂
+

Â

N̂

]

− (α + 2d)[β2 − (δ + d)],

a3 =
[

δ
(

d + α
[ Î2

N̂
+

Â

N̂

])

]β2Î2

N̂
+ d(α + d)β2

[2Î2

N̂
+

Â

N̂

]

− d(α + d)[β2 − (δ + d)].

W©�F�±� Z ¶�¨��
¤U¢§²����©¨ ���U²�ª¼´øª52U��ª¼²��
E∗

®ïª ¤8ª¼�%���	ªÏ��V6®oªÏ"´ ¢:«6�§´¼´ 0í�§ 0§�"����¢§�µª¬«6�§´¼´ 0n�����2>´ �
���±¢��(ª �/� �

bi > 0 � ¤U¢O�
i = 1, 2, 3, 4 � ® b1b2 − b3 > 0

�§¡��
b1b2b3 − b2

3 − b2
1b4 > 0,� ¨��>�±�

b1
®
b2

®
b3

�§¡��
b4

�§�±��¸	ª����>¡ 2 0

b1 = α + 2d +
β1I

∗

1

N∗
+

β2I
∗

2

N∗
,

b2 =
[

α + d + δ + d
(

α + d +
β2I

∗

2

N∗

)]β2I
∗

2

N∗
+

(

α + 2d +
β2I

∗

2

N∗

)β1I
∗

1

N∗

+ (β1 + β3)(β3 − β2)
I∗1 I∗2
N∗2

,

b3 =
[

β2

(

α + d + δ
)

d +
{

β2 − (δ + d)
}

δ
] I∗2
N∗

+
[(

α + d + δ + d
{

α + d +
β2I

∗

2

N∗

})

β1β2
I∗1 I∗2
N∗2

]

+ (β3 − β2)
[

β1δ + (α + 2d)(β1 + β3)
]I∗1 I∗2

N∗2
,

b4 =
[

β1 − (λ + d)
] I∗1
N∗

+
[

d(α + d + δ)β2 +
[

β2 − (δ + d)
]

δ
]β1I

∗

1 I∗2
N∗2

+ (β3 − β2)
αδI∗2
N∗

+ d
[

(β1 + β3)(β3 − β2)(α + d) + (β3 − β2)β1δ
] I∗1 I∗2

N∗2
.

�½É8ÎÌ"��LOÉ¹Ë(�·É±Í��OÉ
E0

ÎÏÌ�ÑML�à>�OÑÑé·�	Ì±é�Ð�¿�ÉTL	É±ÎÏà>�OÑÑé·ÌFÉ¹�Oã�Ñ ËCÎSJ
R1 < 1

�	���
R2 < 1

Ç
É±Í�À�Ì�É±Í�Ë£��Ë(Ì±Ë(�/ÌFË%��Î Ë:Ì L	À�É°�O�#�CÀ�����Ë(Á3É¹Í�ÎÌ°à�L/����Î É±ÎML	�CÉ¹Í�Ë%Ë�]-À�Î ÑÎã�Á±ÎÏ�

E1, E2
�O�#�

E∗

�KL+�CLOÉïË�U�ÎÌFÉ(�§�ÃÍ�Ë£ã��/ÌFÎÏà%Á¹Ë>¿�ÁTL���À�àUÉ±ÎML	����À�Ð�ã#Ë(ÁïÎÌOL	ã�É¹�OÎ��Ë:�k�	Ì
R = max{R1, R2},� ���µ�-�ÃÍ-À#Ì>Ç	É±Í�Ë"��ÎÌ±Ë(�/ÌFË�J©Á¹Ë>Ë8Ë�]-À�Î ÑÎã�Á±ÎÀ�Ð�ÎÌÊÑSL�à>�	Ñ Ñé��	Ì±é-Ð�¿�É#LOÉ¹Îà(�OÑÑ énÌöÉ6�Oã�ÑË�Î�J

R < 1�O���·À���ÌFÉ¹�	ã�Ñ Ë¦ÎSJ
R > 1.

� J
R1 > 1, R2 > 1

É±Í�Ë¦Ë�]/À�Î ÑÎ ã�Á±ÎÀ�Ð}¿HL	Î�-É
E0

ÎÌ���Ì¹�	����Ñ Ë
¿RL/Î �-É N�Í�ÎÏà6Í·ÎÏÌ�ÌöÉ6�Oã�ÑË¦Î �

N −A
Ð �O��ÎSJ L	ÑÏ���O���·À���ÌFÉ¹�	ã�Ñ Ë¦Î�

I1 − I2
��Î Á¹Ë(àUÉ±ÎML	�3�����

ÌFÀ�à6Í ��à>�/ÌFË¦ãHLOÉ±Í�É¹Í�ËCÎ ��J©Ë(à�É¹ÎSL/��Ì8�	Á±Ë�Ð �OÎ�/É6�OÎ��Ë(�·Î�·É¹Í�ËC¿HL	¿�À�ÑÏ�§É¹ÎSL/�3�
� LQN�É#L Ì±Í�LQN�É¹Í��§É

E∗
ÎÌ[_/ÑSL/ã��OÑÑ é��/ÌFé�Ð�¿�É#LOÉ±ÎÏà>�	Ñ Ñé�ÌFÉ¹�Oã�Ñ Ë/Ç\N�Ë ÌFÉ¹�§É¹ËkÉ¹Í�Ë'J L	Ñ Â

ÑSLQN�Î��_�Ñ Ë(Ð�Ð����
� ��� � ò 	 ô ¶b¨��k�±�½¸	ª¬¢§¡

Ω =

{

(N, I1, I2, A); 0 < N ≤ N ; 0 ≤ I1 ≤ I1; 0 ≤ I2 ≤ I2; 0 ≤ A ≤
δI2

(α + d)

}

ªÏ��í�±�½¸Oª¬¢O¡�¢F¤k�§�µ�V�¹�	«>�Vª¬¢O¡�¤U¢§�
β1 > (λ + d), β2 > (δ + d)

® � ¨��>�±�

N =
Q0

d
, I1 =

Q0

d

[

1 −
λ + d

β1

]

, I2 =
Q0

d

[

(1 −
λ + d

β2
) +

β3

β2

[(

1 −
λ + d

β1

)]

.
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������� ñ ����� ô º©¤C�©¨��n�U¡��	�>��ª¬« ���>²�ª¼´Jª52>��ª¼²��
E∗

���/ªÏ��¬6®%�©¨��>¡�ª¼�ÃªÏ+¸	´ ¢�26�§´¼´-0 �§ 0§�"���
�½¢O�Vª¬«6�§´¼´-0 ��½��2U´ �����¹¢ �:ª �	� �·�¼¨��%¤U¢O´¼´ ¢ � ª¼¡�¸�«¹¢O¡��Oª¼�Vª¬¢O¡���§�¹�C>�§�µªÏ���� � ª¼¡

Ω :

α2N∗

dp11
< k1 < min{q11, q12}, β1 < p11(α + d),

� ¨��>�±�

p11 =
4β2(β1 + β3

9δ(β3 − β2)
, q11 =

4dN∗β1N
2

9[β1(I1 + I2 + A) + β3I2]2
,

q12 =
4dN∗(β3 − β2)N

2

9β2[(I1 + I2 + A)]2(β1 + β3)
.

�£�±¢:¢ö¤ � #@L	�#ÌFÎÏ��Ë>Á£É¹Í�Ë¦¿RL-ÌFÎ É±Îá	ËC��Ë�V���Î É±Ë[J©À���àUÉ±ÎML	� ��Ë�V#��Ë(��Î� É¹Í�ËC��Ë>ÎãHL	À�Á¹Í�L-L�� L�J
E∗

Ò

V =
(N − N∗)2

2
+ k1

(

I1 − I∗1 − I∗1 ln
I1

I∗1

)

+ k2

(

I2 − I∗2 − I∗2 ln
I2

I∗2

)

+
1

2
k3(A − A∗)2,

N�Í�Ë>Á¹Ë�à�L	��ÌFÉ¹�	�/É6Ì
k1

Ç
k2

Ç
k3

à>�	��ã#Ënà6Í�L/Ì±Ë>��Ì±À�Î É¹�	ã�Ñ é/�#�½É¦ÎÏÌ"Ë:�	Ì±é É#L·Ì±Í�LQN É±Í��OÉ
VÎÌn�� �Î�	¿�À���L§á J©À���à�É¹ÎSL/� N�Î É±Í Á¹Ë(Ì±¿�Ë(à�É�ÉTL

E∗,
N�Í�L-ÌFË��KL	Ð �OÎ� à�L/�-É¹�OÎ��Ì

Ω.
�ÃÍ�Ë

á��	Ñ À�Ë(Ì�L�J
k2

�O���
k3

Í#��á	Ë¦ã#Ë(Ë>� J L	À���� �	Ì

k2 =
(β1 + β3

β3 − β2

)

k1, k3 =
β2k2

N∗δ
.

�

� <�� E ��� ARI G��! � > �  ����I � �>5D	�3I �-G\E � �-I(B >

���·É¹Í�ÎÏÌ�ÌFË:à�É±ÎML	�fN£Ë[_	Îá	Ë�Á±Ë:ÌFÀ�Ñ É¹Ì�L�J°��À�Ð�Ë(Á±ÎÏà>�	ÑbÌ±ÎÐkÀ�ÑÏ�§É¹ÎSL/�cL�J�É±Í�ËCË�]-À�ÎÑ Îã�Á¹Î À�Ði�O���
ÌöÉ6�Oã�ÎÑ Î Éöé]à�L/����Î É±ÎML	��ÌcL�J�É±Í�Ë�Ð'L���Ë>Ñ^WVÄ�� å Z :\WVÄ�� æ�ZU� 
�Ë^Î �-É¹Ë�_	Á6�§É¹Ë�É¹Í�ÎÌ Ì±é�ÌöÉ¹Ë>Ð ã�é
J L	À�Á±É±Í L/Á¹��Ë>Áo�8À���_	Ë :�¾¦À�É±É¹��Ð�Ë>É±Í�L���À#ÌFÎ��_8É¹Í�Ë@J L	ÑÑSLQN�Î��_"Ì±ËUÉOL�J�¿��	Á¹�	ÐnË>É±Ë(Á�á§�OÑÀ�Ë(Ì(Ò

Q0 = 2000, d =
1

50
, β1 = 0.925, λ = 0.3,

β2 = 0.365, β3 = 1.15, α = 1, δ = 0.2

�O���·Î ��ÎøÉ¹Î�	Ñ3á§�OÑÀ�Ë(Ì

N(0) = 20000, I1(0) = 2000, I2(0) = 3000, A(0) = 500.

�ÃÍ�Ë�à�L	ÂµÎ�KJ©Ë(àUÉ±ÎML	��Ë�]-À�ÎÑ Îã�Á¹Î À�Ð}á§�OÑÀ�Ë(Ì��	Á±ËCà�L/Ð�¿�À�É±Ë:� �	Ì

N∗ = 39275.6009, I∗

1 = 5349.520, I∗

2 = 6193.2075, A∗ = 1214.4879.
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������� / � 	�� * D @¹õ%ü��
λ
� ú ü þ�D+$ 	-HJýJH�� ú H�	 þ ù�ü(HJGOõ

E1.

λ
A A�� 7 A�� 	 A�� ? A�� = A�� SOP

R1

	�?�� 7(; 	�� 7(A�; 7Q� 7>A�7 P � 	 S 7 P � P 7>= A�� S(S ;
I1

S 9 R =�9�� = 9>?�7 P ?�� 7 ;
	�; S 	�� ? R 7 S 9 R � A P(P�R ; P � 	 A

�����o�	ã�Ñ Ë/å N£ËkÍ���á/Ë�ÌFÍ�LQN�� É¹Í�ËkË ,�Ë:à�É�L�JÊÁ¹Ë(à�L§á/Ë>Á¹éíÁ6�§É±Ë
λ

�b�ÃÍ�ËkÍ�ÎS_/Í�Ë>Á+á��	Ñ À�Ë(Ì
L�J�Á¹Ë(à�L§á	Ë>Á¹énÁ¹�OÉ±Ë

λ
ÑË(�/� É#LkÉ¹Í�Ë¦Á±Ë:��À�àUË:� �/. Î�KJ©Ë(àUÉ±ÎML	���O���·�§É

λ = 0.91
N£Ë J L	À����

É±Í��OÉ
I1 = 0

Î Ð�¿�Ñé�Î �C_�É¹Í��§É�ÎSJ
��å�6��/.~Î�KJ©Ë:à�É±Ë:��¿#Ë�L	¿�ÑËC�OÁ¹Ë"Á¹Ë(à�L§á/Ë>Á¹Ë(� Ë ,�Ë:à�É¹Î á/Ë>Ñé
É±Í�Ë(�íÉ±Í�Ë��/. ¿��OÉ±Í�L�_	Ë(� à>�	�íã#Ë�Ë>Á6�	��Îà(�§É±Ë:�XJ©ÁTL/Ð É±Í�Ë�¿HL	¿�À�ÑÏ�§É¹ÎSL/�3���ÃÍ�ÎÌÃà�L	����Î É±ÎML	�
à�L	Î��à>Î��Ë:Ì5N�Î É±Í�É±Í�Ë�à>�/ÌFËdN�Í�Ë>Á¹ËkãHLOÉ¹Í

R1
�	���

R2
�	Á±Ë�ÑË(Ì¹Ì"É±Í��	� L	��Ë�ÌTLíÉ±Í#�§É"É¹Í�Ë

��ÎÌ±Ë(�/ÌFË�J©Á¹Ë>Ë¦Ë�]-À�ÎÑÎ ã�Á¹ÎÀ�Ð ÎÏÌ�ÌöÉ6�Oã�ÑË	�
�����o�	ã�Ñ ËnÄXN�Ë�Í#��á	Ë�Ì±Í�LQN���É±Í�Ë�Ë ,bË(à�ÉFL�J

β2
�#�+Ì�É±Í�Ë�à�L/�-É¹�	àUÉ8Á¹�OÉ±Ë���Ë:àUÁ¹Ë(�/ÌFË:Ì>Ç

É±Í�Ëí�"��Y�Î�KJ©Ë:à�É±Ë:��¿RL/¿�À�ÑÏ�§É±ÎML	�^�OÑÏÌTL���Ë:àUÁ¹Ë(�/ÌFË:Ì>����Á#L	Ð É±Í�ÎÏÌ�É¹�	ã�Ñ Ë'N£ËXV����`É±Í��OÉ��	Ì
β2 → 0

É±Í�Ë>�
I2 → 0.


`Ë�_/ËUÉÃÉ±Í�ËCË�U�¿#Ë:à�É¹Ë(��Á±Ë:ÌFÀ�ÑøÉ6Ì�_	Îá	Ë>��Î���ÃÍ�Ë�L	Á¹Ë>Ð å/�

������� /� 	�� * D @¹õÊü��
β2

� ú ü þ D+$ 	-HJýJH�� ú H�	 þ ù�ü(HøG§õ
E2.

β2
P A�� = A�� ? A�� 	 A�� R A�� 7

R2

	�� ;
	§; R � ? R ? 7Q� 9(7:9 P � = P = P � R ?�	 A�� S A S
I2

=(=�7(A�� ?�=�9 ROP � A�=�;>=�9Q� ?�=(A�7(;�� A�? S(S:S � P A

�ÃÍ�Ë"Á¹Ë(Ì±À�Ñ É¹Ì@L�J3��À�Ð�Ë>Á¹Îà(�OÑ�ÌFÎÐkÀ�ÑÏ�§É¹ÎSL/��Ì%�	Á±Ë���ÎÏÌF¿�ÑÏ��é	Ë:�'_	Á6�O¿�Í�Îà(�OÑÑ é�Î �$�oÎM_�� Ä�: ���

�������R6�/� 	 �oK ú HøK>õöHJü(G�ü���ù�ü:ù�	/ýøK T
õöHJü(G�HJGCÿ/H%* D¹úöD GOõ3@¹ý K>÷�÷ D ÷ �Ïü ú

Q0 =

0, λ = 0, d = 0.02, α = 1, δ =

0.2, β1 = 0.925, β2 = 0.365
K(G-ÿ

β3 = 1.15.

����� �C6�/�� 	 �°K ú HøK>õöHJü:G�ü��»ù�ü(ù�	-ýøK T
õöHJü:G�HøG�ÿ/H%* D¹úöD G§õ3@6ýøK>÷�÷ D ÷ �ü ú

Q0 =

2000, λ = 0.3, d = 0.02, α =

1, δ = 0.2, β1 = 0.925, β2 =

0.365
K>G�ÿ

β3 = 1.15.

�����°ÎS_#�ÊÄ�É¹Í�Ë���ÎÌFÉ±Á¹Îã�À�É±ÎML	�&L�J�¿RL/¿�À�ÑÏ�§É±ÎML	�&N�ÎøÉ¹Í É¹Î Ð�Ë ÎÌ�Ì±Í�LQN�� Î� ��Î-,bË>Á¹Ë>�-É
àUÑÏ�	Ì¹ÌFË:Ì@N�Î É±ÍCL	À�É8Ð�ÎM_	Á6�§É±ÎML	���O����Á¹Ë(à�L§á	Ë>Á¹é�Á¹�OÉ±Ë/Ç�ÎV� Ë	�

Q0 = 0
�O���

λ = 0.
�½É8ÎÏÌ�ÌFË(Ë>�

É±Í��OÉnÌ±À�Ì±à>Ë>¿�É¹Î ã�Ñ Ëí¿HL	¿�À�Ñ�OÉ±ÎML	� ��Ë:àUÁ¹Ë(�/ÌFË:Ì�à�L/�/É¹Î ��À�L/À�Ì±Ñ é��O���^Î�KJ©Ë(àUÉ±Îá	Ë·¿RL/¿�À�ÑÏ�§É±ÎML	�
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Î ��à>Á±Ë:�	Ì±Ë(Ì�ã#Ë:à>�	À�ÌFË+É±Í�Ë>Á¹Ë�ÎÏÌ£��L�Ð�ÎS_/Á¹�OÉ±ÎML	� �	��� Á¹Ë(à�L§á	Ë(Á±é/�/�ÃÍ�Ë(Á±Ë�J L	Á¹Ë	Ç��OÑÑ»Î �KJ©Ë:à�É¹Î á/Ë(Ì
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