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¼ Ç¬Ä	î¯È+Ç¬ô � ½ù¼¯Å>º�¼¯¼ý¼GÄ Ì ô ��f2f Í ½ùÅ � íÆ½
Ä � ¼èÄ�g �ah ô � Ä	î¯ô � È/Ä h ½ � ½ íÆô8��º f ô(îÆô(Í ô Ì ô � í¯¼
��ô>í*e�Ä �ji,h � � �lkmg³Ä/î_n õ Í ½ � ô � î ôVÍ � ¼GíÆ½ùÅ>½ í É f î¯Ä ö Í
ô Ì ¼(�Oo ôDÅ>Ä � ¼Æ½ � ô(î � ¼Æ½ Ìpf Í
ôäÅ � ¼Gô
Ä�gý½
¼ÆÄPí¯îÆÄ f ½
Å+½ � e�Ä Ì Ä
q	ô � ôVÄ	º#¼ÞÍ
½ � ô � î Ì Ä � ô(ÍRg³Ä	î8ÅVÄ � íÆ½ � º�Ä	º�¼ Ì ô � ½ � �
h � � �re � ¼ ö ô(ô �sf îÆÄ f Ä-¼Gô � ½ � Ç¬Ä	î¯È�¼8Ä�g h ô � Ä	î¯ô � È/Ä i ¼ÆôVôut ÷�v k � ¼ � � º Ì ôVî¯½
Å � Í

��f2f î¯Ä � Å�ewg³Ä	îD¼ÆÄ	Í
ì�½ � q f î¯Ä ö Í
ô Ì ¼�Çxe�½ùÅ�e ¼ÆÄ	Í
º�íÆ½
Ä � ¼ae � ì	ô�Í
Ä�Å � Íý¼�e � î f ¼G½ � q	º�Í � îÆ½ íÆ½
ô(¼
Å>Ä � Å>ô � í¯î � íÆô � ½ � îÆô(Í � íÆ½
ì	ô(Í É ¼ Ìb� Í
Í/¼Æº ö[� Ä Ìb� ½ � ¼èÄ�g�Ä	î¯½yq	½ ��� Í	ÅVÄ Ìpf º�í � í¯½ Ä ��� Í � Ä Ìb� ½ � �

� � í�e�½
¼¬Ç¬Ä	î¯È�Ç¬ôBq/ô � ô(î � Í ½yzVô8í�e�ô ��f�f îÆÄ � Å�ebÇxe�½ùÅ�e Ç � ¼Þº�¼Æô �Lf îÆô(ì�½ Ä/º�¼GÍ É ½ � t ¾/¾	�
¾;¿��[¾ n ��¾(Â�v g³Ä	î¬Í ½ � ô � î¬ôVÍ � ¼GíÆ½ùÅ>½ í É-f îÆÄ ö Í ô Ì ¼V���8Í
Í[ÇÞÄ/îÆÈ�¼%¼�e � îÆô»í*e�ôD¼ �	Ì ô8í�e�ôVÄ	î¯ô>í¯½
Å � Í
ö�� Å6ÈOq	î¯Ä	º ��� g³Ä	îýÅ>Ä � ¼�í¯îÆº#Å�íÆ½
Ä � Ä�g h � � � ��f2f î¯Ä�{�½ Ìb� íÆ½
Ä � ¼(�(�+¼èô�{ �	Ìpf Í ô;¼èÄ�g ��f�f Í ½
ô �
f îÆÄ ö Í
ô Ì ¼¬ÇÞôDÅ>Ä � ¼Æ½ � ô(î»¼GÄ Ì ô f î¯Ä ö Í
ô Ì ¼¬Ä�g Ì ô(Å�e �	� ½
Å(¼¬Ä�g � Å>Ä Ìpf Ä-¼G½ íÆô Ì ô � ½ � ���èô>í
º�¼ � ÄPíÆô�í�e � í�¼Æ½ Ì º�Í � íÆ½
Ä � Ä�g � ½ù¼ f Í � ÅVô Ì ô � í}|�ôVÍ � Ä�g �	� Å>Ä Ì-f Ä/¼Æ½ íÆô Ì ô � ½ � ÇÞô(îÆô
1

C F EI6C�(� J 6 L�� 

� H E �-H 
	E*� �-L � ��I­L �:U H�L(H/@6I­L � �5�
��� �(� � � %[~[�
�5��I LVH � �-H 
 % �(��= L���IK@
~ E � E L � @ÆF � � ���9�§E @*� A(9VTUA Q T¦A(A(=;? Q9# 1



¿ n ÷ °�æ��8±²� ±P¡�£¤¡����»æ ¸]±²å²�>¡��	¨På��
	�¥�æ��#�V´¶£ù�
f ô(î g³Ä/î Ì ô � ½ � Ä/îÆ½yq	½ ��� Í-Ç¬Ä	î¯È�¼èÄ�g h ô � Ä/îÆô � È	Ä i t ¾�Ã/v k>�	�8ô(ì	ôVîÆí�e�ôVÍ
ô(¼¯¼ � Ä � Í É Ê/º � Í
½­í � íÆ½
ì	ô
�P��� Í É ¼Æ½
¼�Ä�g»í�e�ô � º Ì ôVî¯½
Å � Í Ì ôVí�e�Ä �t�P��� î¯ô(¼Æº�Í í¯¼¶Ä�g"¼Æ½ Ì º�Í � íÆ½
Ä � Ç¬ôVî¯ô f î¯ô(¼Æô � íÆô � �
� � í�e�½ù¼�ÇÞÄ/îÆÈtÇÞô f î¯ô(¼Æô � í ¼ÆÄ Ì ô�î¯ô(¼Æº�Í í¯¼wÄ � Ê-º �P� í¯½­í � íÆ½
ì	ô Å>Ä Ìpf�� îÆ½ù¼ÆÄ � ö ô>í�Ç¬ôVô �
� º Ì ô(îÆ½ùÅ � ÍPî¯ô(¼Æº�Í­í6¼3Çxe�½ùÅ�eDÇ¬ôVî¯ô
Ä ö í � ½ � ô �D�	�����P��� Í É íÆ½ùÅ � Í �P�#� ô9{ f ô(îÆ½ Ì ô � í � Í Ì Ä � ôVÍù¼
Ä�g ö ô(e � ì�½ Ä/º�î Ä�g ÅVÄ Ìpf Ä/¼Æ½­í¯ô Ì ô � ½ � �
o ô¶ÇÞÄ/º�Í � Í ½
È	ô�íÆÄwí*e �P� È
�%îÆÄ�g�����º�ì É î¯È-½ � g³Ä	îae�½ù¼+¼Æº2q�q/ô(¼GíÆ½
Ä � ¼ �P����� íGí¯ô � íÆ½
Ä �íÆÄ�í�e�½ù¼»Ç¬Ä	î¯È[�

�_W��j\2]�������� �[Z��CZ������ Y[Z
�+º�îxq	Ä � Í[½
¼¬í¯Ä-| ��� � ½ù¼ f Í � ÅVô Ì ô � í � ¼�í¯îÆô;¼Æ¼ �P�#� ¼GíÆî � ½ � |#ôVÍ � ½ ����ö Ä	º �#� ô � � Ä Ì�� ½ �
Ω ∈ R
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Ç»½ í�e ¼ÆÄ Ì ô � ½ù¼ f Í � ÅVô Ì ô � í6¼ �P��� g³Ä	î6Å>ô;¼ ��f2f Í ½
ô �i� í ö Ä	º ����� î É ∂Ω

Ä�g
Ω

�
o ôDº�¼Æô�í�e�ô g³Ä/Í Í
Ä²Ç»½ � q Ì Ä � ô(ÍRg³Ä	î � Í
½ � ô � î ô(Í � ¼�í¯½
Å Ì ô � ½ � Î

σij,j + fi = 0, i¦¿ � ¾ k
σij = 2µεij + λεkkδij ,

εij(u) = 1/2 (ui,j + uj,i) ,
i¦¿ � ¿ k

Çxe�ôVî¯ô
∂A/∂xi ≡ A ,i

g³Ä	îw¼ÆÄ Ì ô
A = A(xi)

�â�"Í
¼ÆÄ�Ç¬ô�Ç»½
Í
Í8º�¼Æô í*e�ô g³Ä	Í
Í
Ä²Ç»½ � qÄ f ôVî � íÆÄ/îmg³Ä	î Ì Ä�g iU¿ � ¾ k�Î
div σ + f = 0.

�8ôVî¯ô
σ = σij

½
¼ �	� ô(Í � ¼�í¯½
Å�¼�í¯îÆô;¼Æ¼"íÆô � ¼ÆÄ	î � ε = εij
½ù¼ � ¼�í¯î � ½ � í¯ô � ¼ÆÄ	î � f ½ù¼�¼ÆÄ Ì ô

g³Ä	î6Å>½ � q � λ = λ(xi)
� µ = µ(xi)

� î¯ôw� �	Ì ô Å>Ä�ô��wÅV½ ô � í6¼ � I = δij
½
¼äí�e�ô ½ � ô � íÆ½ í ÉíÆô � ¼GÄ/î(�

�¬í¬í*e�ô ö Ä	º ����� î É Γ = ∂Ω
í�e�ô g³Ä	Í
Í Ä²Ç»½ � q ö Ä/º ����� î É ÅVÄ ��� ½­í¯½ Ä � ¼ � î¯ô � ô9| � ô � Î

u|Γg
= ug

Ä � Γg , γνσ|Γn
= fg

Ä � Γn; Γ = Γg ∪ Γn,

Çxe�ôVî¯ô
ν = {νj}

½ù¼ Ä	º�í�Ç � î � ¼ � Ä/î Ìb� Í#í¯Ä
Γ

�

�_W! "���$#%#�d�b&�$�(')���+*,�[Z��CZ������ Y[Z

h º�îÆí�e�ô(î»ÇÞôDÇ»½
Í
Í]º�¼Gô�í*e�ô g³Ä	Í
Í
Ä²Ç»½ � qb��î¯ôVô ��- ¼mg³Ä/î Ì º�Í � i t ¾;÷�v k>Î

(σ, ε(u)) + (div σ, u) = 〈γνσ, γ0u〉,
i n�� ¾ k

Çxe�ôVî¯ô
(ξ, η) =

∫

Ω

ξη dΩ, 〈ξ, η〉 =

∫

∂Ω

ξη dΓ.

�8ôVî¯ô
ξη

½ù¼ �+� ÄPí f îÆÄ � º#Å�íz½ � ¼ÆÄ Ì ô � º�Å>Í
½ � ô �P� ¼ f�� Å>ô
X

�(� � Ä/º�îzÅ � ¼ÆôâôV½ í�e�ôVî
X = R

3

�P��� í�e�ô �
ξη = ξiηi,Ä	î

X = E3

½ù¼ � ¼ f�� ÅVô+Ä�gý¼ É�Ì�Ì ôVíÆî¯½
Å+íÆô � ¼ÆÄ	î6¼ÞÄ�g î �P� È
3 ���	��� í*e�ô �

ξη = ξijηij ,
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γνσ = σν|∂Ω
� î¯ô � Ä/î Ìb� Í ¼GíÆî¯ô(¼¯¼Gô;¼ � í

∂Ω � γ0u = u|∂Ω

½ù¼ � ½
¼ f Í � Å>ô Ì ô � íB|�ô(Í � � í
í�e�ô ö Ä	º �#��� î É �
h Ä	î Ì º�Í � i n�� ¾ k�½ù¼wì � Í
½ � g³Ä	î �	��É ¼Æº��wÅ>½
ô � íÆÍ É ¼ Ì Ä�ÄPí*e � ½
¼ f Í � ÅVô Ì ô � í$|�ô(Í � u �Í ½ � ô � î � ô f ô �#� ô � Å É ε(u) Ä�g í�e�ô g³Ä/î Ì i¦¿ � ¿ k �P�#��� î ö ½­í¯î � î Éb� ô f ô ��� ô � Å É σ(ε)

�
�3ô>í

V ö ô � ¼ f�� Å>ô Ä�g[¼Gº �bÅV½ ô � íÆÍ É ¼ Ì Ä�Ä	í�e�ì	ô(Å>íÆÄ/î"|#ôVÍ � ¼
½ � Ω �	�P�#� V0,g

Å>Ä � ¼Æ½
¼Gí¯¼
Ä�g
¼Gº�Å�e�ôVÍ
ô Ì ô � í6¼ ½ � V Çxe�½ùÅ�e�ì �	� ½ù¼ e � í

Γg

�
�"¼Æ½ � q���îÆô(ô � - ¼ g³Ä/î Ì º�Í � í�e�ôBg³Ä	Í
Í Ä²Ç»½ � qäÇ¬ô � È�¼Gí � íÆô Ì ô � í¬Å �	�wö ô"Ä ö í � ½ � ô � Î�� ¡��

�²£ù�¦«�� ±/µ6�>´b�>¡#¢ � �V� � u ∈ V �]��¥�µ6� ¢³��±²¢

(σ(u), ε(v)) = (f, v) + 〈fg , γ0v〉Γn
, ∀v ∈ V0,g , u|Γg

= ug.
i n�� ¿ k
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	�] \��I\���b&� #
�»ÅVÅ>Ä/î � ½ � q í¯Ä h � � � � Å>Ä Ìpf º�í � íÆ½
Ä ��� Í � Ä Ìb� ½ � ¼ e�Ä	º�Í �iö ô � ô(ÅVÄ Ìpf Ä/¼Æô � ½ � íÆÄ �
� º Ì�ö ôVî»Ä�g ¼Gº ö[� Ä Ì�� ½ � ¼ � ¼ÆÄ�Å � Í
Í ô � ¼Æº f ôVî¯ôVÍ
ô Ì ô � í6¼ i � � k>���_e�ô � � Í
Í]º � È � Ä²Ç � ¼ � îÆô
Å>Ä � ¼G½ � ôVî¯ô � Ä � Í É � í+� � ö Ä	º ����� î¯½ ô;¼V���zÄ�ôVÍ
½ Ì ½ ��� í¯ô �P��É º � È � Ä²Ç � ¼ � ô9| � ô � ½ � ¼G½ � ô
� � � Ä/½ � Å � î�
 Ë �-í¯ôVÈ�Í Ä²ì i � � Ë �[� k»Ä f ôVî � íÆÄ/î ½
¼ º�¼Æô � �

� Ä/½ � Å � î�
 Ë �-í¯ôVÈ�Í Ä²ì�Ä f ô(î � íÆÄ	î¬½ù¼ � ô9| � ô � � ¼mg³Ä/Í Í
Ä²Ç8¼(Î

Pϕ = γνσ(Gϕ)|∂Ω ,

Çxe�ôVî¯ô
G

½
¼�í*e�ô ��î¯ôVô � Ä f ô(î � íÆÄ/î(�è��î¯ôVô � - ¼äÄ f ôVî � íÆÄ/î Ìb��f ¼ �	��� î ö ½­í¯î � î É |�ô(Í � ϕ� ô9| � ô ��� í¬í�e�ô ö Ä/º ����� î É Ä�g � Ä Ì�� ½ � íÆÄ � |#ôVÍ � u � ô9| � ô � ½ � Çxe�Ä	Í
ô � Ä Ìb� ½ �3� e�ô(îÆô
u

½
¼ � ¼ÆÄ	Í
º�íÆ½
Ä � Ä�g f î¯Ä ö Í
ô Ì i n�� ¿ k¬Ç»½ í�e
ϕ � ¼ ö Ä/º ����� î É ÅVÄ ��� ½­í¯½ Ä � �	��� f = 0

�
� � Ë �[�âÄ f ôVî � í¯Ä	î Ìb��f ¼b¼ÆÄ Ì ôug³º � Å>íÆ½
Ä � � ô9| � ô � Ä � � �sö Ä	º �#��� î É íÆÄ �	� ÄPí*e�ôVî

g³º � Å�í¯½ Ä ��� ô�| � ô � Ä � í*e�ô¶¼ �PÌ ô ö Ä	º �#��� î É � h Ä	î �P��É ϕ � Pϕ ½
¼ �w� Ä/î Ìb� Íz¼�í¯îÆô;¼Æ¼ � í
í�e�ô�� � ö Ä	º ����� î É Å � º�¼Æô ��ö�É�ö Ä/º ����� î É�� ½ù¼ f Í � ÅVô Ì ô � í |#ôVÍ � ϕ � ½¦� ô/� �ý� Ë �[�-Ä f ôVî � í¯Ä	î
Ì���f ¼ õ ½ î¯½
Å�e�Í ôVí����¬¼ ½ � íÆÄ�í�e�ôDô(Ê-º�½
ì � Í ô � í»�"ôVº Ìb�	��� Ä � ô;¼V�

��½ ì/ô � ��î¯ôVô � - ¼&g³Ä	î Ì º�Í �"�	���ä� ô�| � ½ íÆ½
Ä � Ä�g��ý� Ë �[��Ä f ôVî � í¯Ä	î3Ç¬ô%Ä ö í � ½ � í�e�ô¬ô(Ê-º � Í Ë½­í É

(σ(Gϕ), ε(v)) = 〈Pϕ, γ0v〉,
i®Â � ¾ k

Çxe�½
Å�eD½ù¼]ì � Í
½ � g³Ä	î � î ö ½ íÆî � î É ¼Æº��wÅ>½
ô � íÆÍ É ¼ Ì Ä�ÄPí�e |�ô(Í � v �(�_e�½
¼&g³Ä	î Ì º�Í � Å �P�Dö ôâº�¼Æô �g³Ä	î � º Ì ô(îÆ½ùÅ � ÍzÅ>Ä Ìpf º�í � íÆ½
Ä � Ä�gýì � Í º�ô;¼"Ä�g$� � Ë �[�#Ä f ô(î � íÆÄ/î¯¼»½ ���P� ½ Ìpf Í
ô Ì ô � í � íÆ½
Ä �Ä�g í�e�½ù¼ Ì ô>í�e�Ä � �
�8Ä²ÇuÇ¬ô Ç»½ Í
Í"Å>Ä � ¼GíÆî¯º�Å�í � ÇÞô � È ¼Gí � íÆô Ì ô � íbÄ�g+í*e�ô f îÆÄ ö Í
ô Ì �â�_e�ô��¬º ö�� Ä²ì Ë� � Í
ôVî¯È-½ ����f2f îÆÄ�{�½ Ì�� íÆ½
Ä � Ä�g í�e�½
¼ f î¯Ä ö Í
ô Ì Í ô �	� ¼�í¯Ä h � � ��� � º�¼�í�g³Ä	î¶¼Æ½ Ì-f Í ½ùÅ>½ í ÉÇÞô�Å>Ä � ¼G½ � ôVîÞÄ � Í É e�Ä Ì Ä�q/ô � ô(Ä	º�¼ f î¯Ä ö Í
ô Ì � ½¦� ô	�/í�e�ô�Å � ¼Gô

f = 0
����ô � ôVî � Í
½ z � í¯½ Ä � íÆÄ

í�e�ôäÅ � ¼Æô
f 6= 0

½ù¼8¼�í¯î � ½ q
e-í g³Ä	î¯Ç � î � �
�3ô>í

Ωk
ö ôä¼Gº f ôVî¯ôVÍ
ô Ì ô � í6¼ � Ω = ∪Ωk

� Γk = ∂Ωk
ö ô ��ö Ä	º ����� î É Ä�g

Ωk
�P���
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Thus we have reduce original problem (3.2) in the whole domain Ω to the prob-
lem (4.3) which is defined only at SE boundaries. Problem (4.3) has a form of a
variational equation. Theory of abstract variational equation is well developed as a
theoretical background of finite element approximations. This theory can be used to
obtain error estimates, but this is not a purpose of this work.

5. Finite Dimensional Problem

Finite superelement method can be considered as a projection method for solving
problem (4.3). Further we consider only Bubnov-Galerkin approximations, i.e. the
case when spaces of basis and trial functions are the same. More general Petrov-
Galerkin approximations can be considered in the same way.

In order to construct the approximation of the variational problem some finite di-
mensional space VΓ,h ∈ VΓ,h has to be defined. Let {ϕh,i} be a set of basis functions,
such that

VΓ,h = spanϕh,i.

An approximate solution has the following form

ϕh =
∑

i

aiϕh,i

and it is a solution of the finite-dimensional problem

ϕh ∈ VΓ,h : b(ϕh, ψh) = 0, ∀ψh ∈ VΓ,0,h; ϕh|Γ,g = ug.

This problem can be considered as a system of linear algebraic equations for ai.

Solution of this problem can be performed in two steps. First we compute Pϕh,i

for every i in each SEΩk. This can be done by solving problem (3.2) in everyΩk and
taking ϕh,i as boundary conditions. Finite difference or finite element approxima-
tions can be used. All these problems can be solved independently so parallelization
of FSEM is quite straightforward.

The second step is to compute SE stiffness matrices and assemble a full stiffness
matrix. To compute stiffness matrices of SE the definition of P.-S. operators can be
used but it is more convenient to use equation (4.1) instead. In this case we avoid
numerical differentiation of Green’s operator.

A solution of the variational discrete problem in the whole domain Ω then is
given by

uh =
∑

i

aiGϕh,i.

Let us note that there is no need to compute functions Gϕh,i at this step. It has
been already done during procedure of computing P.-S. operators at the step one.

In general FSEM computational procedure follows FEM one. The only difference
is that one have to precompute SE basis function before applying stiffness matrix
assembling procedure.

In this work we use 2D bilinear approximations at the SE boundaries. All SEs are
brick-shaped and every face is considered as a cell of 2D boundary mesh. In general
case one can use standard 2D approaches and finite elements to construct the mesh
of boundary finite elements.
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6. Numerical Simulation

In this section we apply computational approach described above for simulation of
displacement, stress and strain fields in a composite media reinforced with short
fibers. We are interested to compute averaged elastic properties of composite as well
as to investigate its micromechanical behaviour.

Many approaches are known for calculation of effective properties of compos-
ites with given structure and elastic properties of its components. We can mention
asymptotic homogenization approach ([3]), numerous ”fusion” ([4, 6, 7, 20]) and
micromechanical models ([1, 2, 5, 9, 16]) which are widely used in engineering
practice.

We use theoretical models with known effective composite properties from [4, 6,
7, 20] for validation of our computational results.

The method of cells can be used for simulation of the micromechanical behaviour
of a composite (see [10] and references therein). This approach is based on the analy-
sis of a repeating cell in a composite. In order to obtain stress/strain field or effective
properties of a media some model problems have to be solved in one cell of compos-
ite.

FSEM let us to perform direct numerical simulation of a composite media with a
large number of fibers without applying any homogenization procedure. As a result
of simulation we obtain detailed displacement/stress/strain field in a media as well
as media effective properties.

Let us point out that application of a conventional FEM method for this problem
is quite difficult because it leads to a computational problem of very large dimension.
To resolve all singularities of a solution one has to use very fine computational mesh
with about ∼ 105 equations per one cell of a composite. If we want to obtain a good
quality solution in a computational domain with several inclusions, then we have to
solve a computational problem, which consists of ∼ 105 − 107 equations and such a
problem is unacceptably large.

Following FSEM procedure we decompose computational domain into a num-
ber of subdomains – superelements. Every such SE describes one cell of a composite
and contains one inclusion (fiber). In general case all SEs (and corresponding fiber)
are different i.e. they can have different geometry and elastic properties. In this work
all SEs are cubes, fibers have spherical or brick-shaped geometry. Elastic properties
of matrix and fiber don’t change from one SE to other. Every inclusion is contained
inside one SE. In this case solution of a problem is smooth at the interfaces be-
tween different SE, so simple bilinear interpolation at SEs boundaries can be used.
To resolve all singularities of a solution in a particular SE (i.e. at the matrix-fiber
interface) a fine adaptive FE mesh is introduced in every SE. These FE meshes are
defined independently in every SE.

In the rest of this paper we consider some numerical results concerning deter-
mination of effective media properties and direct simulation of behaviour of some
particular composite medias. Obtained results are compared with some theoretical
and experimental estimates.

To determine effective elastic properties we use the following procedure. At the
boundary of the computational domain we define boundary conditions which, in a
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case of homogeneous and isotropic media, leads to uniaxis stress/strain state. Then
effective properties can be calculated via comparison of a simulated solution for
composite media and explicit solution of this problem for homogeneous and isotropic
media. More detailed explanation is presented in [15].

In all simulations the computational domain contains from 125 to 3375 superele-
ments (from 5 × 5 × 5 to 15× 15× 15 superelement cells).

The first case we consider is the composite media which consists of a number
of SEs of the same type, i.e. all SE are cubes, fibers are either cubes or spheres of
the same size, geometry, orientation and elastic properties. The only parameter we
change is fiber volume ratio.

On Fig. 1a the experimental and simulated values of Young modulii are presented
as well as some theoretical estimates. Experimental values are denoted as a diamond
marker, simulated ones as circles. We use experimental values from [19]. Elastic
modulii are the following

Em = 1.0, µm = 0.29, Ef = 3.41, µf = 0.22.

It can be seen that simulated values are in a good agreement with the experimental
ones. On this figure some analytical estimates are presented too (Foight-Reissner,
Hashin-Shtricman estimates and estimates obtained by Kuvyrkin, ([4, 6, 7, 20]). In
this simulation all fibers are cubes of the same size.
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Figure 1. Experimental and simulated Young modulii: a) all SE are cubes, b) composite with
Al matrix and spherical SiC fibers.

On Fig. 1b the same dependency is presented for the case of a composite with Al
matrix and spherical SiC fibers. Elastic properties of matrix and fiber are given as

Em = 1, µm = 0.33, Ef = 6.5, µf = 0.33.

On Fig. 2a plots for the same case as on Fig. 1b are presented, but fibers are
cubes. In this case comparison with the experimental estimates wasn’t performed.
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Figure 2. a) Simulated values of Young modulii, cubic fibers (Al − SiC), b) strain field at
x = 0.5.

Table 1. Theoretical estimates, ρ = 0.243.

Foight-Reissner Hashin-Shtricman Kuvyrkin

Emin 1.2588 1.4447 1.6393

Emax 2.3494 1.8751 1.8074

µmin 0.2819 0.2915 0.2994

µmax 0.3262 0.3120 0.3108

The second case is composite media which consists of a number of SEs of dif-
ferent type, i.e. composite media reinforced with a brick-shaped fibers which have
different orientation in space. The lengths of the fiber’s edges are h1, h2, h3, hi||Oxi

and h1 = h2 = 3h3. Fiber can be oriented along one of the coordinate axis Oxi.
In this case we have SE of three types which are corresponded to three variants of
orientation of a fiber. Computational domain was randomly filled with these SEs.
Fiber volume ratio in this simulation is ρ = 0.243. Elastic properties of matrix and
fiber areEm = 1.0, µm = 0.33,Ef = 6.5, µf = 0.25. Simulated values of effective
elastic modulii in this case are the following:

E = 1.8870, µ = 0.2662, (6.1)

and for cubic fibers (and the same volume ratio)

Ec = 1.6832, µc = 0.2796. (6.2)

It is interesting to compare this simulated values with theoretical estimates men-
tioned above (Tab. 1). It can be seen that in the case of cubic fibers the simulated
values are in good agreement with the theoretical boundaries. In this case the sim-
ulation is close to the assumptions under which theoretical estimates were obtained
(local isotropy and homogeneity of a composite media).
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Differences of the simulated values in (6.1) and (6.2) show the influence of mi-
crolevel anisotropy of a media on effective elastic properties.

We obtained the following values of the Young modulii in the case when all fibers
are oriented along one direction: E = 1.5408, µ = 0.2424 (all fibers are oriented
along Oz), E = 2.0693, µ = 0.2934 (all fibers are oriented along Ox or Oy).

In the simulations described above the computational domain was randomly
filled with SEs of different types so only one variant of random arrangement was
used. Now we present some results which show how simulated values of effective
properties depend on a way SE are arranged into a whole computational domain. We
consider computational domains with 5×5×5, 10×10×10, 15×15×15 superele-
ments. For every domain 10 random arrangements of SE were generated. Results
are presented in table Tab. 2. For every domain a mean value of Young modulii, the
Poisson coefficient and the maximum difference of particular and mean value for all
simulation for certain domain are shown.

Table 2. Mean values of elastic coefficients.

E ∆E µ ∆µ

5 × 5 × 5 1.8946 0.031583 0.272 0.02852

10 × 10 × 10 1.8899 0.0093559 0.27736 0.018883
15 × 15 × 15 1.8883 0.0064842 0.27262 0.0099899

One can see that difference between particular and mean values decreases very
fast as a number of SE increases.

Finally we present a typical solution of the given applied problem. On Fig. 2b
a distribution of intensity of strain tensor in a computational domain is shown. This
picture corresponds to a slice of the computational domain with a plain x = 0.5.
Computational domain consists of eight SEs (2×2×2). Fibers are cubes of a different
size.

In all simulations SE basis functions were computed with conventional FE ap-
proach. We have used simple linear finite elements on a thetraedral mesh. To resolve
solution on the matrix-fiber interfaces adaptive meshes were used. The number of
nodes in such mesh was about ∼ 105.
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Baigtinių superelementų metodas elastiškumo uždaviniams

M. Galanin, E. Savenkov, Yu. Temis

Straipsnyje nagrinėjamas Fedorenkos baigtinių superelementų metodas trimačiams tiesiniams
elastiškumo uždaviniams. Pasi ūlytas specialus silpnasis sprendinio ṗedsako formulavimas,
kuris įprastą Bubnovo-Galerkino aproksimaciją susieja su baigtinių superelementų metodu.
Nagrinėjami kai kurie baigtinių superelementų metodo taikymai kompozitų mechanikos už-
daviniams. Pateikti skaitinio eksperimento rezultatai.




