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Abstract. In this paper we study the simple algorithms for modelling the heat transfer prob-
lem in two layer media. The initial model which is based on a partial differential equation is
reduced to ordinary differential equations (ODEs). The increase of accuracy is shown if in-
stead of first order ODE initial value problem ([4, 5]) the second order differential equations
is taken. Such a procedure allows us to obtain a simple engineering algorithm for solving heat
transfer equations in two layered domain of Cartesian, cylindrical (with axial symmetry) and
spherical coordinates (with radial symmetry). In a stationary case the exact finite difference
scheme is obtained.
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1. The Mathematical M odé€

We shall consider the partial differential equations [4]:
oup, 1 0 Oup
Mo = o) o ) 5y ) — () (1.1)

in multilayered domain {2 with N layers

Q={z: z€lzp-1,2), k=1,N},

where zyp = 0,y = L, hyy = zr — Tp—1, up, = ug(z,t) is the absolute tem-

perature [K] in the layer [zy_1,z%], 72 = crpr, Ck[ﬁ]vpk[%]v A ] are

corresponding constants of specific thermal capacity, density and coefficients of heat
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conductivity in every layer, ¢[s] is the time, ¢, = ¢x(z,t) is the function of ther-
mal sources, x[m] is the space coordinate, p = p(z) is given function depending on
the system of coordinates: p = 1 in the Cartesian coordinates, p = x in cylindrical
coordinates with an axial symmetry, p = x2 in spherical coordinates with a radial
symmetry.

Adding continuity conditions on surfaces ¢ = xy, k=1, N — 1

Up(2k, t) = upg1(2k, t)

8u;€(xk, t) auk+1(:€k, t) (1'2)
M——F——— =M1 —
Ox ox
boundary conditions on the surfaces x = 2o =0, =z, = L
Ou1(0,t
Mp 2O 0, - 7o)
3a$(L ) (1.3)
U ’
)\NP(L)NaT = f(un(L,t))
and the initial conditionat¢ =0
ug(z,t) = ¢(x),k =1,N (1.4)

we obtain the initial-boundary value problem (1.1-1.4) for the heat transfer equation.
The nonlinear function f(u ) in the boundary condition (1.3) describes the radiation
from heaters and convection, for example

fun(L, 1) = ap(Ty, — un(L, 1) + eo (T — un(L,t)),

where oy, ar,[—1—] are the coefficients of heat transfer, ¢ is the coefficient of emis-
sivity (e € [0,1]), o = 5.6703.1078[3 =] is the Stefan-Boltzmann constant,

Ty, Ty, T, are the constants of the temperatures outside the media and outside the
heaters, ¢ = ¢(x) is the given initial temperature.

If ag = a, = oo, then we have the first kind boundary conditions in the form
U’l(07t):T07 UN(L,t):TL

If p(0) = 0 then the first boundary condition (1.3) is omitted and we can consider
the symmetry condition
Q0.5 _ (15)
Ox
In the case of homogeneous media we consider the following partial differential

equation

ou 1 0 ou

- 7 ) - t 1.6

5t = p(@) 0z (p(@)5-) —alw,1), (1.6)
where the constants of heat transfer parameters c, p, A are normalizing magnitudes
and cp/ A is used as appropriate factor to the time ¢ and function q.

In every layer the heat equation (1.1) can be presented in the following form

0 Oug(x,t)\ L
5 (Ae D )=Fs, k=1,N, 1.7
3uk

where Fy, = vty + qr, Up = W
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2. The Exact 3-Points Finite-Difference Scheme

We use the method of finite volumes [3] for approximation of the differential prob-
lem. We consider N + 1 grid points in the z— direction

O=zg<z1 <...<2any=L.

Then the exact finite-difference scheme for a given function E; is defined in the form
[2]
/\1a1(u1 - ’U,()) - OZQ(UQ - To) = RS—, (21)
/\k+1ak+1(uk+1 — uk) — /\kak(uk — ukfl) = Rk, k’ = 1, N - 17 (2.2)
flun) = Anvan(uy —un—1) = Ry, (2.3)
where
Ry, =R{+R,, Rf=I"+wnR, R, =1I; +wR;.
I, = I,j + 1, ur=uR(t) =ur(zk,t), k=1,N, wuy=ui(0,1),

R, = /;i (1 —ag /;k Z%)p(x)uk(x,t)dx
o [ (p@inten [ )i

R} = /:Hl (1 — Qpy1 /: Z%)p(x)ukﬂ(x,t)dx

= Qp41 /:Hl (p(x)itkﬂ(%t) /jkﬂ %) dx,

ap = ﬁ, I,j = api1 /:Hl (p(a:)qk(a:,t) /:Hl ]%) dz,

skt p(x)
I, = /ji (1 — ag /;k Z%)p(x)qk(x,t) dx
= ay /:: (p(a:)qk(a:,t) /g:_l ]%) dz.

If p(0) = 0 (cylindrical and spherical coordinates), then a; = a9 = 0 and the
difference equation (2.1) is defined as

/\1 (ul — ’U,()) = RS, (24)
and the equation (2.2) for £ = 1 is given as

Aoas(uz —u1) = RY, (2.5)

where
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R} =71/0 1P(x)u1(:v,t)/ 1]%dx+/o lp(gc)ql(w’t)/ 1132) e

R; =Rf +m / p()in (. t)da + / (@)1 (. ) de.
0 0

Summarizing expressions (2.2), (2.3) we obtain equation

N—-1
flun)=Q, Q=) Ri+Ry+Rj+Rj.
k=2
This equation has a positive root ux > 0, if eoT? + o T > Q.

Next we consider only two layers, then N = 2. 21 = hy,x0 = L = hy + ho.
Then the unknown values are w1, u2(p(0) = 1, g = 00) Or ug, u1, u2(p(0) = 0).

3. The Cartesian Coordinates

Figure 1. The calculated temperature u; in the layer x = xz; in the case of Cartesian coordi-
nates.

In this case (see fig. 1)

1 _ 1 [%k .
ple)=1, ar=-—, R, = h_k/ (x — wp—1 )ty (2, t) d,
Tr—1

1 [ 1o
RZ = / (xk+l — (E)’llj,k+]_(x,t) diC7 I]: = 7T / (LC - fk—l)Qk d£C7
hk+1 Ty hk Tk—1
1 Th41
I = . / (Zh41 — g1 da,
k+1 Jxy
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and the finite-difference scheme (ay = oo) is given in the form

A A _
22 (ug — uy) — h_i(ul —To) = v2Rf + Ry +1

h
2 \ (3.1)
fluz) — h—z(w —u1) =72 Ry + 1
In the stationary case, if
qr = const, u =0, Iy = 0.5(q1h1 + q2h2), Iz = 0.5q2ha,
then
Dous + D11y — Q12
4 D1o((To — u2)D1 — Q1) = Qo, up = . (32
f(u2) 12((To —u2) D1 — Q12) = Q2, wy D, 1D, (3.2)
where
g . D,
Di:_a 7,:05 ihia :1723 D = . 1 = .
h, Q q ? 12 Dy + Dy Q2= Q1+ Q2

: . b
Therefore the value uy can be obtained from the equation u3 + a = —, where
U2

0= 0L + D12D;y S0 b= eoT + arTrL + D12D1To — Q2 — D12Q12
€ ’ €0 '

This equation have a positive root for b > 0, e.g., g1 < 0, g2 < 0. The exact solution
of the stationary problem (1.1)—(1.3) satisfies expressions (3.2).

In the non-stationary case (ux # 0), initial-value problems for ODE are used and
we compute integrals Rf approximately by the following quadrature formulas

T = ATV5(0)+ AT Vo (1) + ATV (1) + BS™VY (1) 47, m= 1,2, (3.3)

Js = APV (0) + AP VA (1) + APV (0) + B VY (0) + s, (3.4)
where
+ 1 - 1
hQ 0 h2 0
R- 1
Ty = :/ zVi(z)dz, Vi(Z)=1(Thy,t), Va(Z) = tda(hy + The,t),
1 0
hs 0%i(Em, 1)
I — ZTC,m &m € (0,L), (m = 1,2,3) are the errors terms,

A;m), BJ(.’”), Cm, (j,m = 1,2,3) are the indefinite coefficients.
Using the power functions V;(z) = z',i = 0,4, j = 1, 2 we get the systems of
linear algebraic equations for A§m) : Bj(m) :

g(i,m) = AT™0i + AT 4540 +i(i — 1)B™,
(3.5)

i AP0+ AP +iaP 0 i - 1)BP o2,
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where
1
=1,2, 0°=1, ¢(i,1) = —————, ¢(4,2) = —.
m 9.0 = T Y=
The solutions of these systems are given as
1 3 2 1
awm_r o 3 o__2 po_ L
L T R 157 7% 40
qw_ 1 e 9 o T po»_1
oo 2 200 TR 60" % 60’
3 1 2 1
A(3) _ 2 A(3) _ = A(3) _2 (®_ _
S T L L S T A 40
Constants C,, in the residual r,, are determined from (3.3) — (3.4), for V1(z) =
1
Va(z)=2%: C1=C3 = ——, Cy = ——.
2(33) z 1 3 30° 2 60

Using the difference equations (3.1) and the right hand side integrals approx-
imating by (3.3), (3.4) with neglected error terms r,,,,m = 1,2,3, the approxi-
mate numerical solution w(t), u2(t) at every time step ¢ > 0 can be found by
solving the following2stiff system of two nonlinear ODEs of the second order

(ﬂozﬂozo,ﬂ:@,aozoo)l
. . h . . .
~yoha [AVdy + ANy + A—z (AS" f1 (us)ita + ha BS" (G2 (L, t) + aiia) )]
. hT ). A A
i [A8 i+ B0 (0,0] + I = 22 (up — wr) — T-(wy — To),
A1 ha ha
(3.6)
) . h )
Y2ho [A?)Ul + A§2)U2 + /\_z (Agg)fﬁ(uz)w 37)
3.7
. . _ A
ha B (L) + aiia))] + Iy = fluz) = 5202 = w0).
Here one should take into account that from (1.1), (1.3) it follow that
a . 9] ho . h .
Vi(1) = hagyiia(L,t) = hagrup(Lot) = 32 fluz) = 32 i (ua) i,
Il (ug) = —(ar +4eoul), V/(0)= hla%ul(o, t) = hlgu’l(o, t) = hiagti,
02 0 h2 0
1 _p2 Y — 2 =2 ’
hy, ..
= )\—(72u2 + G2).
2

The initial conditions for ODEs (3.6), (3.7) are the following
u1(0) = ¢(h1), u2(0) = (L),
@1(0) = (M¢"(h1) — q1(h1,0)) /7, (3.8)
i2(0) = (A2¢" (L) — q2(L,0))/72-



Increasing of Accuracy for Engineering Calculation of Heat Transfer Problems 179
If the derivatives i are not used in (3.3), (3.4) then [3]

- L. 1. h?o*u(,,t)
Ry = yihy (Eukq T3~ 5 g )7

1 1 hi, ., O%u(& 1)
+_ Lo L e ko
Ry = 7k+1hk+1(3uk R Rty e ),

(3.9)

where &, € (z—1,7k), & € (Th, Thot1).
For the equation (1.6), h1 = hy = h the finite difference scheme (3.1) is given
in the form

—2ur+To=h(R1+ T
U2 Ui 0 ( 1 71) B (3.10)
hf(ug) —ug +up = h(R2 + I ),
where
R 1 2
71 =J = / IV (%) dz +/ (2 — 2)V(z)dz,
0 1
Ry - s IR
- = Jo= [ (z-1)V(z)dz, V(z)=u(zh,t),z=uz/h,
1
I = AV(0) + AV (1) + ATV (2) + AV (2) 311
+BIMVI(0) + BYVI (1) + BV (2) + 1, '
7 a7,
T = %%Oﬂl, &m € (0,L),m = 1,2. Using power functions V (z) =

z',i=0,...,6inthe expressions (3.11) we obtain two systems of 7 linear algebraic

equations for determination of A;m), Bj(’”)

gliym) = A0+ AT 4 ATV 27 4 AT g
+i(i— 1)(B™0 24 BI™ + B{™2i=2) m =1,2, (3.12)

where ‘ ‘

212 2 , 20T 4+ 1
N A 9(27 2) = TN oy
(i+1)(i+2) (i+1)(i+2)
Constants C,, are determined from (3.11) for V(z) = z",n =7 :

g(i, 1) =

Cm = g(n, m) — Agm) — A:(}m) 2" — Aflm)nZ"*l
—n(n—1)(BS™ + B{™an-2), (3.13)

The solution of system (3.12) is given by:

11 115 313
AL g 2 g 22 A g g
1 3 2527 2 1267 ¢4 T2 7560’
13 109 269
g _ g _ _ 4@ g 09 @) 209
1 3 151207 1 3 504 T2 252’
83 1223
A2 _ B® _ g@ _ _ B® _ .
+ =0 B 3 302407 2 15120
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We have from (3.13) that C;, = 0,Cy = % Therefore we get the residuals in the
8 98,

%%Ch and for n = 1 we have from (3.13) C; = %

1f B{" = B{") =0, then

1 28 1 1 8%a(e, 1)
A(l) _ A(l) _ A(l) _ 2° B(l) _ = - )
1 373072 T30 72 T "N T T 0 9

The system of ODEs (3.6)—(3.7) is presented in the form

formr; =

hS, € € (0,L).

W2(AN 4y + AP 4g) + 14 (B o + B 6y + i)
+ B (G i) + B =y =2+ To, (314)
W2(APay + AP405) + 14 (BP o + BP (41 + 1)
+ B (G +iiz)) + Iy = hf(uz) —us+u,  (3.15)
where ¢; = ¢(z;,t),j = 0,1, 2. If the derivatives are not used in (3.11) then [3]

1 10 h* 0*a(g,t) 1
A(l) — A(l) — A(l) _ -7 _ X "\> =
1 e T B U UL TR e R LI R T)
Example 1. If
g=0, ar, = o0, ¢(x) = sin(w—;), g =t =0, To =Ty =0,

then from the first order ODE (3.14) with AV = 2 B" = 0,u1(0) = 1 it
follows that u;(t) = exp(—9.6t/L?). The exact solution of (1.6) is u(z,t) =
exp(—n?t/L?)sin(%%) or uy = u(h,t) = exp(—n?t/L). Using the approximation

1
u’'(h,t) = Auy = ﬁ(uo(t) —2uy(t) + ua(t)),
we get thefirst order ODE (the method of lines) @4 = exp(—8t/L?). The second
order ODE (3.14) is given as

biiiy + a1t +ur =0 (b = h4B§1)a ay = thgl))

with initial conditions w1 (0) = 1, 41 (0) = ¢”(h) = —(x/L)?. It’s solution is given
by

uy(t) = Dy exp(uit) + D exp(uat),
where pi1 2 = —a1/(2b1) £+/(a1/(261))2 = 1/b1, D1 = (2 +(7/L)?) /(2 — ),
Dy = —((r/L)* + p1)/(p2 — ). ,

. N h
Using the approximation v” (h, t) ~ Au; — ﬁu(4)(h’ t), u® (h,t) = iy (t), we
. h* h? . . .
have the second order ODE with b; = =7 (the method of lines with a high
order approximation).

The results of calculations are presented in Table 1. Here L = 2, uy, is the
analytical solution, uy,, is a O(h®) order approximation, us, is O(h%) order ap-
proximation, ; is a usual approximation, w1+ is obtained by using the method of
lines, w14 is computed by the method of lines of high approximation.
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Table 1. The values u(1, ¢) at different time ¢ moments.

t UL Ulpp Ulp Ul Ulet ULt
.1 781344 781340 .78127 .7866 .770 .82
.2 610498 .610490 .61032 .6188 .607 .67
5 291213 .291201 .29094 .3012 .284 .37
.9 .108537 .108529 .10834 .1153 .103 .16

4. The Cylindrical Coordinates

Figure 2. The calculated temperatures uo, u1 in layers zo = 0 and x = x; in the case of
cylindrical coordinates.

In the cylindrical coordinates (see fig.2) we get the following coefficients:
1

p) =2, o= k22w =0
Tp—1
Th Th1
_ xr . Tk+1 .
R, zak/ zln g (x,t) de, R,': zakH/ x1n 25t Ugt1(x, t) dx,
Th-1 Lk—1 Tk
Tk Tht1
— T Thi1
& zak/ zln qr dx, I,;"zakﬂ/ xln 2EE qg+1 dx .
Th—1 Lk—1 Tk T

The finite difference scheme (N = 2,2y = hy,20 = L = hy + ha, 8 = ha/hq) is
given in the following form

At(ur —uo) = m1J2 + Io,
Aoty (g — ur) = v R + Iy Jy + ISV, (4.1)
fluz) — Asag(uz —u1) = 2Ry + 15,

where
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h1 hy h1 hy
Jo = / xln —uq(x,t)de, Ip= / x1ln —qq(z,t) dz,
0 z 0 z

h1

L i
as = l/lnh—, J1 = / 2ty (x, t) dx, Iél) = / xq1(x,t) dx.
1 0 0

In the stationary case, if ¢ = const, i, = 0, then

h? L
In= Q14 S A (J2( — 0.5h7 +0.25(L* — hi)In"" h_)’
1
2 L
1V = Q12hl, I; =g (0.5L2 —0.25(L> — h2)In~ ! h—)
1

and the values ug, u1, uo can be obtained from the system of equations

)\1(1,61 - U()) = 0.25(]1/7,%,
)\2(1,62 — ul) = 0.5((]1 — (p)h% In }% + 0.25(]2(112 — h%), (42)
flu2)In h% — Xa(uz —uy) = ¢2(0.5L% In h% —0.25(L? — h?)).

The exact solution of the stationary problem (1.1)-(1.3) satisfies expressions (4.2)
and f(uz2) = 0.5(g2L? + (q1 — g2)h?). This equation has a positive root if

eoT! + apTy — 0.5(q2(L* — hY) + q1h3) > 0. 4.3)

In the non-stationary case integrals Jy, J2, Ri", R, can be approximated by the fol-
lowing quadrature formulas

Jm m m m m
T = ATV ATV (O ATV O BV (O rm = 1,2, (44)
1

']m m m m m V/ 1

= ATV ALV (DATOV (1 BE (VI (1 VA ))+ Tm, (4.5)
h3 1+0

@
where r,, = 0V Cm) e e e 0,1), m =34 W=V, V.

41
1

V(z) = dz(h1 + het,t), Vi(Z) =w(z,t), J1= h%/ Vi (z) dz,
0

1 1
Ty = —h? / FIn(E)WVA(F)dz, Ty = b / (3! + )V(7)In(1 + B7) dF,
0 0

1+ﬂ§“ _ J3

_ Ju
d R, = R =
n1+,6' z, R,

m(1+3)" ' Im(1+p)

o= —hgfo B!+ 2)V (@)1

The unknown coefficients A™, B{™ can be determinated by using W'(z) = z,i =
0,1,2, 3, and solving the system of linear algebraic equations with parameter 3 :

{g(i, m) = A0+ AT 44540011 (i — 1)BI™ 0172 (m = 1,2),

gli,m) = A0 + ATV 1+ AT +i(i — 1+ B/(1+ B)BY™ (m = 3,4),
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where
1 .
96,1 = 1/(i+2), 93 = [ (57 + ) (1 + pa)a’ dz,
0
g(i,2) =1/(i +2)2, g(i,4) = _/01(5‘1 +z)In 111[?? dz.

As an example, if 3 = 0.25, then we get
AP = 05789255389, A =

AP = 0.057368822, —0.1486490492,

B =0.02021926484, C5 = —0.01752470,

AWM = 01505753322, ALY =0.2528510778, ALY = —0.1135916341,

B{Y =0.0202143207, C, = —0.03082307.

The other coefficients are given by

3 1 9 1 1
amw_3 4o 1 o 2 po_1 1
L T L S L S - St Y] 30’
21 1 16 9 11
A(Q) _ A A(Q) _ A(Q) _ B(Q) = Oy =
L 71000 72 o) 8 T o957 Tl T gop’ 2 900

The following stiff system of three ODEs of the second order is obtained for finding

Uo(t), U1 (t), ug (t):

’Ylhz [A( Ug + A(2 Uy + KB@) (g1(0,¢) + ’yluo)} + Iy = A1 (ug — ug),

h3 h3 .
222 [ A+ APt + 2 AL i + 32 B ((Lt) + i)

(610, 8) +iio)] + I + IV

A(1 g —i—A(l U1 + h—B(l)
= /\2/111 (U/Q ul),

] 21

. h3 . .
mhﬁ (A + A+ 7 AP ()i 2)\—2353)(Q2(L,t)+72uz)}
+1y = fug) = Ao/ In & (ug — uy).

The initial conditions are

i2(0) = (Aa2(¢" (L) + L™1¢/ (L)) — g2(L,0)) /72
For the equation (1.6) (hy = hg = h = L/2, oy, = o0) the finite difference scheme
(4.1) is defined as
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wy —ug=Jo+ Iy, Tp—uy=Js+ I+ 15V, (4.6)
where Js = n 2.y + Jg, Jg = [i¥ wln La(z,t) dz, V(%) = a(zh, ),

2 2
% = 1112/ zV(z)dz —/ zlnzV(z)dz = APV (0)+ APV (1)
0 1
LBY@V @y, Ve

(5) B)y 1
+ APV () + BOV(0) A

C5a 6 S (Oa 1)

If V(z) = z¢,i = 0, 5, then we get the following results

G _ 98 o) _ 6653 5 19

1 2475 72 9900" % T 495’
5) _ 53 5) 287 _ 4028
L7 264000 T2 9900’ 121275

=
The following system of two ODEs of the second order is obtained for finding
ug, U1:

h2(AP g + AP 0y) + 0.50*BP (Go + i) + To = u1 — uo,
h2(AP ag + AP 0y + AP 00) + B4 (0.5B) (G0 + iio) + BS” (41 + i)
I+ I =Ty — uy.
Example 2. [5] If ¢ = 0, T = 0, iz = 0, ¢(x) = Jo(ux/L) is the Bessel’s func-

tion of first kind, p = 2.404825558 the first positive root of equation §(u) = 0,
then the exact solution is u(z,t) = exp(—(u/L)?t)Jo(pz/L) with

wo (t)=exp (— (%)216) Jur(t)=Jo (g) exp (— (%ﬂ) , JO(%) —0.6699297389.

The results of calculations are presented in Table 2, where L = 2, ugy, w14 are
the exact values, uop, u1, approximate values.

Table 2. The values «(0, t), u(1, ¢) in the time ¢.

t WD+ Uop Ulx Ulp

.86538 .86540 .57974 57972
.74889 .74891 .50171 .50165
48534 48530 .32515 .32505
27220 .27212 .18236 .18226

o uN e

Example 3. [1] For heat transfer in cylindrical wire-metal (copper) conductor (x €
[0, hq]) with insulation (x € (hy, L]) the term ¢; describes Joule’s heat generation
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. . I? . .
and it can be written as [1] ¢1 = —00*1?, where o[ 5] is the electric conduc-

tivity of metal, I[A] is the electric current, S[m?] is the cross-section of the wire
(S = wh?). The numerical results are obtained for the following values of parame-
ters:

hy =4[mm], L=>5[mm], 3=025 I=173[A], aL:1[%],
_ _ J J

€e=05, o5t =17-10"%[2m], ¢ =410 [kg—K], co = 840 [kg—K},
kg kg W

p1=8960 [3], py =500[ 3], g1 = =0217-10" [ ], ¢ =0,
144 144

A1 =400 [m—K}, A2 =0.2 [m—K}, T, =T =293 [K].

We have calculated stationary and non-stationary solutions in two cases:

1) with radiation uo = 316.78[K], u1 = 316.76[K], uy = 297.42[K],

2) without radiation ug = 329.69[ K], u; = 329.67[K], us = 310.33[K].

In the non-stationary case the results are presented in tables 3 (with radiation)
and 4 (without radiation). We can see the effect of radiation.

Table 3. The values uo = u1, u2, o, 12 in time ¢ with radiation.

t uo 110 uz 112

1 293.6 0.560 293.1 0.094
10 298.1 0.450 293.9 0.086
50 309.7 0.171 296.1 0.032
100 314.7 0.051 297.0 0.009
150 316.2 0.015 297.3 0.003
200 316.6 0.004 297.4 0.001

Table 4. The values uo = u1, uz, o, 12 in time ¢ without radiation.

t uo Uo U2 U2

1 293.6 0.560 293.1 0.193
10 298.3 0.490 295.3 0.240
50 312.8 0.260 302.3 0.132
100 322.0 0.120 306.6 0.061
150 326.1 0.055 308.6 0.026
200 328.0 0.025 309.5 0.012
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5. The Spherical Coordinates

Figure 3. The calculated temperatures uo and u; in the points z = 0 and x = z; in the case

of spherical coordinates.

In the spherical coordinates (see Fig. 3) we get the following coefficients

a o
p(x) =22 R, = Ikkl /k 1 z(x — xp—1)lk(z, t) dz,
1 S

1 1\-1 apsr [T :
ap = ( _ _) , Rf= (Thy1 — x) Uy (2, t) do.
Th—1 T Tk+41 Ty

The finite-difference scheme (IV = 2) is given by (4.1), where

hl hl
Jo = hl_l/ z(hy — z)uq (z,t) de, Iy = hl_l/ x(h1 — z)q1 de,
0 0

hl hl L h
Ji :/ 220, (z,t) de, Iél) :/ ?qde, ay==, 3= 2.
0 0 B hy
In the stationary case (qx = const) we get:
ahi y _ qhd
I = T2, 1(§>:_31,
- @l P
I = @(2&2 +hi-L?%), If= @(Iﬁ — b — 3p8h3).
From (4.1) it follows that
h2
A1(u1 —ug) = q16 L
A2 ah? @
T(u2—u1): 31+@(L3—h%—3ﬁh?),
A L
f(UQ) — %ﬂ(u,Q — ul) = qg—ﬁ(ZﬂLz + h% — LQ)

(5.1)
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The exact solution of the problem (1.1)—(1.3) satisfies (5.1) and

L3 3
- q23 = ?1((11 —CI2)~

[ (uz)
This equation has a positive root if
1
eoTd +ar Ty, — g(qg(L3 — k) + q1h}) > 0.
In the non-stationary case we have the following quadrature formulas (x = Zhq,z =
hy + fhg):

Jm m m m m

= ATVVA0) + AUV + ATVV0) + BV (0) i, = 1,2,
1

Jm. _

RL

m m m m 2 V/ 1
ATV (0) + ATV (1) + ALV + B (V1) + f+(ﬁ))+7‘,n,

W (Em)

where r,,, = m

Omvélm € (071)am:3a4a W=V,Vi,m=1,23,4,

1 1
J = hf/ Vi (z)dz, Jy = hf/ (1 —2)Vi(z)dz, J3 = BR;, Jy = BRY,
0 0
hiL [*
1+8Jo

The undefinite coefficients are given by:

1
J3 = h%L/0 Bz + D)V (z)dz, Js= Bz +1)(1—2)V(z)dz.

1 1 1 1 2
A(l) :A(l) _ = A(l) - = B(l) - = - = A(2) _~
1 2 =5 b bl O 427 71 T 15
1 1 1 1 B+3
A(Q):_ A(Q):_ B(Q):_ _ A(3):
2 =3p A Ty BTy @ 105" 1 60
195 + 27 532+ 136+ 7 2 2
AP = B+ ,AY — B+ 138+ 7 B§3>:ﬂ+ ’ 03:_[3+ 7
60 60(1 + ) 120 120
@ _ 6+6 A(4)_ 43 +9 A(4)__2ﬁ2+7ﬁ+4
1 = 301 LA 2 T oara 1y 3T T Ton1 L A
30(1 + ) 30(3+1) 30(1+ )
+3 2847
pW - _PH3 o 2647
2 T 120040 Y 2101+ p)

Therefore we obtain the following system of ODEs:
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h23(2)

’ylh% [Al Ug +A(2 u + + Iy (ql(O t) —|—’}/1UO)] + 1y = )\1(1,61 — UQ),

RELIAPNON (4) - ) h3 .
5 [A v A s+ LQA Fulus)is + 32 B (qg(L,t)-i-’yqu)}

h2
—|—’ylh§ [Ag ’llo+Aél)Q1 + 3)\1 B(l) (ql(O t) +71U0)}
Ao L
I+ IV = %(w — u1),
"/2h2

h2
—5 A(?’) 1+ A ()i + ~ L2A(3)fu(uQ)u + )\QB(g) (2(L, t)—|—’yqu)]
Ao L

+IQ_ = f(UQ) — 7( 2 —ul).

The initial conditions are given by

uo(o) = ¢(0), u1(0) = ¢(h1), u2(0) = (L),
(0) (3X\10"(0 ) = q1(0,0))/71,
2(0) = (M2(¢”"(L) + 2L ¢/ (L)) — g2(L, 0)) /72

For the equation (1.6) (hy = he = h = L/2,ap, = 00,1y = iia = 0) we have the
finite difference scheme in the form

w —up=Jo+1To, Tp—uy=Js+I +IY, (5.2)
where

* L
J5:J1J£JO, J{;:/h (L — )i, t) da,

% = %(/1 72V (%) dT + /2 22— 2)V(2)dz) = APV (0) + AP V(1)
0 1

BY@EVi(@), | B V(@)

+ APV (2) + BV (0) +

(6)
v Z,(f)Cs), £€(0,2), V(@) =u(@h,t)=z" i=0,...,6,

) _ 1 ) _ 15 ) 43 e
1 - ’ 2 ’ 3 ’ 1 ’
1008 252 1008 5040

107 1 1
B = —— BY = — Cy=——.
2 750407 B 1260° ° 315
If we add in expression J5/h? the term Aff) V’(0) with error term ¥ 5) Cs, then

we have the following values of coefficients:

£ Bo _ 313
2527 72 15120’
59
3780

5 5 5 5

B(5) _B§5)7 A(5 _B§5)7 05 —
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h2(,4§2)u0 +A§2)u1) + h4(B§2>qO+Tu“ + B§2) (@ +u1)) + 1y = u; —up, (5.4)

R2(AP g + AP ay) + ht (BO LT L B0 gy i)+ BP ) (5.5)
41+ 1Y =Ty — .
Example 4. If g = 0, T, = 0, ¢(z) = 2~ sin(mx/ L), then the exact solution is
1
u(z,t) = . exp(—(m/L)*t)sin(mz/L),

uo(t) = %exp(—(ﬂ/L)zt), up(t) = %exp(—(ﬂ/L)zt).

We have solved the system (5.4)—(5.5) with initial conditions

T 2 . o T\ 3
uo(0) = 7. w(0) = 7, i (0) = —Z, w=-(F) =2

The results are presented in Table 5.

Table 5. The values «(0, t), u(1, t) in the time ¢.

t UQ* Uop U1x Uip

1 1.22733 1.22741 0.781344 0.781339
.2 0.95897 0.95907 0.610498 0.610488
.5 0.45744 0.45749 0.291213 0.291198
.9 0.17049 0.17050 0.108537 0.108527

6. Conclusions

1. The proposed method allows us to reduce 1D heat transfer problem in Cartesian,
cylindrical and spherical coordinates to the system of the ordinary differential
equations of the second order.

2. The described methods make it possible to find the distribution of temperature
in the case of different layers with the heat source in between the layers and on
layers borders.

3. In different coordinates it is possible to enlarge the accuracy of the given algo-
rithm, when second order derivatives are used instead of first order derivatives.

4. Such formulations have a big practical importance as compared to Cartesian
coordinates, e.g. for analysis of heat transfer in cylindrical wire-metal (coper)
conductor with insulation.
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Kai kuriy inZineriniy, dvisluoksngje srityje, Silumos laidumo uzdaviniy tikslumo didini-
mas

H. Kalis, 1. Kangro

Siame straipsnyje yra nagrinéjami paprasti dvisluoksnés srities Silumos laidumo problemos
modeliavimo algoritmai, kei€iant diferencialines lygtis dalinémis iSvestinemis j paprastas
diferencialines lygtis. Parodoma, kad didesnio tikslumo pasiekimui, vietoje pirmos eilés pa-
prasty diferencialiniy lyg€iy pradinio uzdavinio nagrinéjamos antros eilés diferencialinés lyg-
tys. Si proced ura leidZia gauti paprastg inzinerinj dvisluokses srities $ilumos laidumo lygties
sprendinj staCiakampéje, cilindrinéje (su aSiy simetrija) ir sferingje (su spinduline simetrija)
koordinaCiy sistemoje. Tiksli baigtiniy skirtumy schema buvo sudaryta stacionariam atvejui.



