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x(4) = f(t, x), t ∈ I := [0, 1], S « � «�T
U ³ Ã O Ã O�±�V M ¸ N °�­<® WYX MRN °�³ ÃÒ³ M0N ²

x(0) = x′(0) = 0 = x(1) = x′(1). S « �[Z T
\ ¸ N XTÃÒ³ M0N

f : I×R → R
³
²
²Ò¸�»�» M ²Ò±9°�Ã M V�±]X MRN ÃÒ³ N ¸ M ¸�²õÃ M ¹	±§Ã%O�±9® U ³ Ã O�Ã%O�±7»�­	®GÃÄ³
­	´

°�±§®Ä³ ºY­<ÃÒ³
º	±
fx

��^ O�± N Ã%O�±^¸ N ³_Q,¸�±^² M ´
ºY­"V�³
´ ³ ÃLW M0` Ã O�± � ­<¸�X
O�Wø»�® M V�´ ±9Å

x(0) = x0, x′(0) = x1, x′′(0) = x2, x′′′(0) = x3

³
²�± N ²G¸�®Ä±9° ­	² U ±§´
´ú­'²�Ã O�±�X MRN ÃÄ³ N ¸ M ¸�²�°�±§»�± N °�± N X§± M0` ² M ´
¸�ÃÒ³ M0N ² MRN ³ N ³ ÃÄ³
­	´
°�­YÃ5­ �
� ¸�®¤®Ä±9²Ò±9­	® X
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�DM0N ²Ò³
°�±§®7­<´µ² M Ã O�± Q,¸�­	²Ò³ ¿Þ´
³ N ±>­<®�±7Q,¸�­<ÃÒ³ M0N
(

L4x
)

(t) := x(4) − k4x = F (t, x), S « � �RT
U O�±§®Ä±

F, Fx, : I × R → R
­	®Ò± X M0N ÃÄ³ N ¸ M ¸�²�­ N °

F
³µ².V M ¸ N °�±>°Ü¶õÃ%O�­<Ãf³µ²§¶õÃ O�±§®Ä±

±���³
²GÃÄ²
M ∈ (0, +∞)

²Ò¸�X
O Ã O�­YÃ

|F (t, x, )| < M ∀(t, x) ∈ I × R.

� ` Ã O�±�´
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L4x
)

(t)
³
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º	± N V M ¸ N °�­<® W

X M0N °�³ ÃÄ³ MRN ² S « �[Z TT¶qÃ O�­YÃf³
²9¶qÃ O�±YO M Å M ¹'± N ± M ¸�²^»�® M V�´ ±9Å
(L4x)(t) = 0, S « � Z T O�­'²
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­	´#² M ´
¸�ÃÒ³ M0N ¶<Ã%O�± N V M ¸ N °�­<® W,¿ÆºY­<´
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D(t, x) = {(t, x); 0 ≤ t ≤ 1, |x| ≤ N}.
� ` ² M Å�±�² M ´
¸�ÃÒ³ M0N

x(t)
M"` Ã O�±�»�® M V�´ ±9Å S « � �RTT¶ S « �[Z T�³
²�´ M X§­YÃÄ±9°�³ N Ã O�³µ²�° M ÅÇ­<³ N M"`

±7Q,¸�³
º�­	´ ± N XT±
D(t, x)

¶�³ N M Ã%O�±§® U M ®5°�²§¶�³ `
x(t)

²Ä­YÃÄ³
²���±>²%Ã O�±^±9²GÃÒ³
ÅÇ­YÃÄ±

|x(t)| ≤ N ∀t ∈ I,

Ã%O�± N ³ ÃD² M ´ º'±9²�­<´µ² M Ã%O�±�»�® M V�´ ±9Å S « � «�TT¶ S « � Z T ��� ± U ³
´ ´ ²Ä­ W ` M ® V�®Ä±§º�³ ÃLW Ã%O�­<Ã�Ã O�±
»�® M V�´
±§Å S « � « T�¶ S « � Z T�­	´ ´ M U ²�­2Q'¸#­	²Ò³ ´
³ N ±9­<®Ä³��9­YÃÄ³ MRN U ³ Ã O�®Ä±9²Ò»�±7X�Ã�Ã M Ã%O�± ° M Å�­	³ N
D(t, x)
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(L4x)(t)
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(

l4x
)

(t) = F1(t, x),
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ºY­<´
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x1(t) ∈ D1(t, x).
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±§ÅÇ² M0` Ã O�±^ÃLW�»�± S « � �'T�¶ S « �[Z T�³ ` Ã O�±` M ´
´ M U ³ N ¹ X M0N °�³ ÃÄ³ MRN ³
²7²Ä­YÃÄ³
²���±9° ` M ®�­ N W

(t, x)

k4 +
∂F

∂x
(t, x) > 0. S Z�� « T
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x(4) − p(t)x = 0, p(t) > 0. S Z��[Z T
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t = 0,
³ `

Ã%O�±9®Ò±V±���³µ²�Ã5²�­ NKM0N ÃÄ®Ò³
º�³
­	´}² M ´
¸�ÃÄ³ MRN
x(t)

M"` ±7Q,¸�­<ÃÒ³ M0N S Z��[Z T½²Ò¸�X
O Ã%O�­<Ã

x(0) = x′(0) = 0 = x(η) = x′(η).

\KM ®½± ��­	Å�»�´ ±'¶�³ ` Ã%O�±^´
³ N ±9­	®�±�Q,¸�­YÃÄ³ MRN ³µ²
x(4) − k4x = 0
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cos kη cosh kη = 1.
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(L4x)(t) := x(4) − k4x
³µ²
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¿ NKM0N ®Ò±>² MRN ­ N Ã U ³ Ã%O

®Ò±>²G»�±7XTÃ1Ã M Ã O�±#V M ¸ N °�­<® W X M0N °�³ ÃÄ³ MRN ² S « �[Z TT¶§³ ` Ã%O�±9®Ò±%­	®Ò±
± ��­0X�ÃÄ´ W
i
X M0N @ ¸�¹'­<ÃÒ± » M ³ N ÃÄ²

³ N Ã%O�±^³ N ÃÒ±9®ÒºY­	´
(0, 1)

­ N °
t = 1

³
² NKM Ã�­ X MRNA@ ¸�¹'­<ÃÒ±V» M ³ N Ã �
\KM ®Û±���­<Å�»�´
±	¶'Ã%O�±*´
³ N ±9­<®Û»�­<®ÒÃ (

L4x
)

(t) := x(4) − k4x
³µ²

(n− 1)
¿ NKMRN ®Ò±>² MRN ­ N Ã ` M ®

­ N W
k = πn

¶
n ≥ 1

�
��������� �"!#�%$&�021)(\ ¸ N X�ÃÄ³ MRN

ξ(t)
³µ²�­ N
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α, β > 0
Ã%O�±D°�³�P}±§®Ä± N X§±

u(t; α, β) = x(t; α, β) − ξ(t)

O�­	²Ç± ��­0X�ÃÄ´ W
i

° M ¸KV�´
± �§±9® M ² S M ®YX MRNA@ ¸�¹'­<ÃÒ±�» M ³ N ÃÄ²
T�³ N Ã O�±�³ N ÃÒ±§®ÄºY­<´
(0, 1)

­ N °
u(1; α, β) 6= 0

¶ U O�±§®Ä±
x(t; α, β)

³
²�­�² M ´
¸�ÃÒ³ M0N�M"` S « � �RTT¶ U O�³_X
On²Ò­<ÃÒ³µ² ��±>²
Ã O�±*³ N ³ ÃÒ³µ­<´
X M0N °�³ ÃÄ³ MRN ²

x(0; α, β) = ξ(0), x′(0; α, β) = ξ′(0),

x′′(0; α, β) = ξ′′(0) + α, x′′′(0; α, β) = ξ′′′(0) − β.

�	N U O#­YÃ ` M ´
´ M U ² U ±�X§­	´ ´}Ã O�±D² M ´ ¸�ÃÒ³ M0N
x(t; α, β)
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ξ(t)
M"` Ã%O�±�»�® M V�´
±§Å S « � �'T�¶ S « � Z T�O�­'²¤Ã%O�± ` M ´
´ M U ³ N ¹

X
O�­<®5­0XTÃÒ±§®Ä³µ²�ÃÄ³_X9²�³ N ÃÄ±§®ÄÅ�² M"` Ã%O�±�º�­	®Ò³µ­YÃÄ³ MRN ­<´7±�Q,¸�­YÃÄ³ MRN È%³ ` ­k´ ³ N ±9­	® ±�Q'¸#­YÃÒ³ M0N M0`
º�­	®Ò³µ­YÃÄ³ MRN ²

y(4) − k4y = Fx(t, ξ(t))yO�­	²¤±���­0XTÃÒ´_W
i
X M0NA@ ¸�¹'­YÃÄ±%» M ³ N ÃÄ²õ³ N Ã%O�±�³ N ÃÄ±§®ÄºY­<´

(0, 1)
­ N °

t = 1
³µ² NKM Ãú­�X M0NA@ ¸�¹,­YÃÄ±

» M ³ N Ã9¶�Ã%O�± N
ξ(t)

³µ²"­ N
i
¿ÆÃLW�»#±�² M ´
¸�ÃÄ³ MRN1���]M U ±§º'±§®>¶�³ `

t = 1
³µ²"­�X M0NA@ ¸�¹,­YÃÄ±^» M ³ N Ã9¶

Ã%O�± N
ξ(t)

ÅÇ­ W�V�±V­ N
i
¿ªÃLW�»�±�² M ´
¸�ÃÄ³ MRN ¶ M ®½³ Ã7ÅÇ­ W�V�±V­ N

(i + 1)
¿ÆÃLW�»#±^² M ´
¸�ÃÒ³ M0N ¶ M ®

³ Ã5²½ÃLW�»#±^ÅÇ­ W�V�±^³ N °�±�� N ³ ÃÒ± ��^ O�±V®Ä±9²Ò»#±�X�ÃÄ³ º'±�± ��­<Å�»�´
±9²�X§­ N V�± X MRN ²GÃÒ®Ä¸�X�ÃÄ±9° �
^ O�± ` M ´
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³
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(L4x)(t) = x(4) − k4x
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(L4x)(t)

x(4) − k4x = 0,

U O�±§®Ä±
k

²Ä­YÃÄ³
²���±>²7Ã%O�± NKMRN ¿Þ®Ò±>² MRN ­ N X§±�X M0N °�³ ÃÄ³ MRN
cos k cosh k 6= 1

� � ± O#­�º	± X M0N ¿
²�ÃÄ®Ò¸�XTÃÒ±>° Ã O�±���®Ò±9± N ` ¸ N XTÃÒ³ M0N ` M ®½Ã O�± M ² XT³
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­<Ã M ® W ` M ¸�®ÒÃ%O�¿ M ®Ä°�±9®½´ ³ N ±9­	®7»�® M V�´
±§Å

{

x(4) − k4x = 0,

x(0) = x′(0) = 0 = x(1) = x′(1)
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(

− u∗(t, s) · v(1) − u(1) · v∗(t, s) +
∑

τ=s, t

[

u(τ) · v(t + s − τ)

−u(τ−1) · v(t + s−1−τ)−u(t− τ) · v(τ−s)
])

, 0 ≤ s ≤ t ≤ 1,
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(

− u∗(s, t) · v(1) − u(1) · v∗(s, t) +
∑

τ=s, t

[

u(τ) · v(t + s − τ)

−u(τ−1) · v(t + s−1−τ)+u(t− τ) · v(τ−s)
])

, 0 ≤ t < s ≤ 1,
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u(τ) = [− sin kτ, cos kτ ], v(τ) = [cosh kτ, sinh kτ ],

u∗(t, s) = [− sin k(s − t + 1), cos k(t + s − 1)],

v∗(t, s) = [cosh k(t + s − 1), sinh k(s − t + 1)],
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{

X ′(t) − PX(t) = 0,

A1X(0) + A2X(1) = 0,
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X : I → R4 ¶

P, Ai ∈ R4×4 (i = 1, 2)
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Y (t)
(

A1Y (0) + A2Y (1)
)−1

A1Y (0)Y −1(s), 0 ≤ s ≤ t ≤ 1,

−Y (t)
(

A1Y (0) + A2Y (1)
)−1

A2Y (1)Y −1(s), 0 ≤ t < s ≤ 1,
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Y (t) (Y : I → R4×4)
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∣Gk(t, s)
∣

∣ ≤ Γk :=
(5 +

√
2)
√

cosh 2k + sinh k + 1

4k3
∣

∣ cos k cosh k − 1
∣

∣
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|u(τ)| ≤ 1, |v(τ)| ≤
√

cosh 2k,

|u∗(t, s)| ≤
√

2, |v∗(t, s)| ≤
√

cosh 2k.
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2)ek

k3(ek + 1)
=: Γ1(k), k = (2n − 1)π, S � � À0T
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p 6= 1
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k = πi, (i = 1, 2, . . .)
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x(4) − k4x = λ2|x|p sign x − k4x,
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fk(x) := λ2|x|p sign x − k4x.
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Mk = |fk(xextr)| = λ
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|x(t)| ≤ Nk ⇒ |fk(x)| ≤ Mk, ∀t ∈ I
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Fk(x) := ϕ(x)fk(x)
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ϕ(x) =

{

1, |x| ≤ Nk,

0, |x| ≥ Nk + ε1
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x(t) =

1
∫

0

Gk(t, s)Fk(x(s)) ds,
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Ωk = {(t, x) : 0 ≤ t ≤ 1, |x| < Nk}.
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(L4x)(t) = x(4) − k4x
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k
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¶%Ã%O�± N Ã%O�±9®Ò±�± ��³µ²GÃøÃ%O�®Ä±§±�º�­	´ ¸�±9² M0`
k

S k = π, k = 2π, k = 3π
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x(4) = 810|x| 87 signx,

x(0) = x′(0) = 0 = x(1) = x′(1).
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x′′(0) = 1.1, x′′′(0) = −5.03461937.
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±9²Ä²G± N ÃÄ³
­	´ ´_W °�³ P}±§®Ä± N Ã ` ® M Ås»�®Ä±§º�³ M ¸�² M0N ±	È

x′′(0) = 4099959.008, x′′′(0) = −31634999.21.
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p β ki

p =
4

5
β ≈ 1.3632 k1 = π; k2 = 2π

p =
5

6
β ≈ 1.3553 k1 = π; k2 = 2π

p =
6

7
β ≈ 1.3499 k1 = π; k2 = 2π; k3 = 3π

p =
7

8
β ≈ 1.3461 k1 = π; k2 = 2π; k3 = 3π

p =
8

9
β ≈ 1.3431 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
9

10
β ≈ 1.3407 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
10

11
β ≈ 1.3388 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
11

12
β ≈ 1.3373 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
12

13
β ≈ 1.3359 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

. . . . . . . . .

p =
13

12
β ≈ 1.3065 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
12

11
β ≈ 1.3053 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π; k5 = 5π

p =
11

10
β ≈ 1.3038 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
10

9
β ≈ 1.3019 k1 = π; k2 = 2π; k3 = 3π; k4 = 4π

p =
9

8
β ≈ 1.2998 k1 = π; k2 = 2π; k3 = 3π

p =
8

7
β ≈ 1.2969 k1 = π; k2 = 2π; k3 = 3π

p =
7

6
β ≈ 1.2933 k1 = π; k2 = 2π; k3 = 3π

p =
6

5
β ≈ 1.2884 k1 = π; k2 = 2π

p =
5

4
β ≈ 1.2813 k1 = π; k2 = 2π


