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BDC2E<F"GIH	J&K:L3M?GON�J"F

PzÂ;Ã ÃRQ#µ,ÁGÂ9����Â9Á¸Á�µ
SUT#µ'Ä������	¶¸¹WV[�PÃ
Ä�ÂXQ�¶êµ�T�Ã Â;Æ�Á��P¶êÂÿµ
S ·
��YêÂ>¶êÂ;Á#Y�·
�ZY\[�ÂXY\[�Â;µ	¶ê¹zµ�S
Q��P¶\Y¸· �PÃú��·^]|Â>¶êÂ>�<Y¸· �PÃúÂ�_,Ä���Yê· µ'��Á;�����IV	Â;Á#Y¸·a`'�
Y¸·
µ	� µ
ScbUµ'¶¸¶êÂ�b1Y¸��Â9Á¸ÁÜ· Ádb>µ	����Â'b�YêÂ;�eY¸µfY�[�Â
Q�¶¸µ�µ�S¯µ�SÒÂ�g�·
Á#Y¸Â;�	bUÂ��	���®Ä���·h_,Ä�Â>��Â;ÁêÁ µ
S�Y\[�Â Á¸µ	Ã
ÄiY¸·
µ	�eY¸µjY\[�Â/Q�¶¸µ�T�Ã Â;Æ®�|�*��Â`µ�S+Y�[�Â
`	Â>��Â>¶5�PÃ
Ã ¹ Ä�Á¸Â;�»Æ�Â1Y�[�µ���Á�·
Á��-SïÄ��	b�Yê· µ'���PÃ|�P���	Ã ¹�Á¸·
Á%Æ�Â1Y\[�µ��XkU[�·hb�[ÿ·
Á"T��'ÁGÂ9�»µ	��Y�[�Â
· �IV	Â9Á�Yê·l`,��Yê· µ'��µ�S¯¶êÂ�V'Â>¶5ÁG·aT�·
Ã ·lY ¹ÿµ
S+Y\[�ÂDµ�Q�Â>¶5��Yêµ	¶7�	ÁêÁ¸µIb>·
�
Y¸Â9�jYêµfY\[�ÂD·
��·lY¸· �PÃmQ�¶¸µ�T�Ã Â;Æ
n o ¼
p�qØ��r&[�Â&Q�¶êµ,µ�S#µ�S4Y�[�Â Ä���·h_,Ä�Â>��Â9Á¸ÁÒµ�S|�XÁ#Y¸¶êµ	�O``Á¸µ	Ã
ÄiY¸·
µ	� n ½�q��	ÁêÁGÄ�Æ�Â9Á¯��b�_,Ä�· ÁG·lY¸·
µ	�
µ
S��	���	ÁêÁ¸Â;ÁêÁGÆ�Â>�<Y"Sïµ	¶"Y\[�ÂX¶êÂ�_,Ä�·
¶¸Â9�ÿÁGµ'Ã ÄOY¸·
µ	�XT�¹fY�[�Â*Ä#ÁGÂ�µ
SmY�[�Â�Q�¶êµ�T�Ã
Â>Æ µ�Q�Â>¶5��Yêµ	¶
V��	Ã Ä�Â	�mr&[�· ÁX·
ÁXÁ¸µsb>�PÃ
Ã
Â;��Â;��Â>¶�`	¹�Â9Á�Yê· Æ»�
Y¸Â	�mr&[�ÂtQ�¶¸µ�µ
Sòµ
S�Y�[�Â�Â1g�· Á�YêÂ>�	b>Â · Á�T��	Á¸Â;�
µ	�uY\[�Â ·
�IV	Â;Á#Y¸·a`'�
Y¸·
µ	�®µ
S �vbUµ	�
w ÄO`'�
Y¸Â/Q�¶êµ�T�Ã Â;ÆxT�¹®�
QOQ�Ã
¹�· �	`�Y¸µ�·^Y�Æ µ'Ã Ã
·ly�Â>¶5Ádk ·lY\[
�2V[�	¶¸· �
T�Ã
Â`Á�YêÂ�Q nlz q³�

r&[�Â3T�·aT�Ã
· µ�`	¶5�
QO[�¹ �
T�µ	ÄiY"���PÄ	b�[�¹tQ�¶êµ�T�Ã
Â>Æ{Sïµ	¶��DÃ
· ��Â;�P¶R[�¹IQ#Â;¶\T�µ	Ã
·ab"Â�_,Ä��
Y¸·
µ	��Á
·
Á3V	Â>¶ê¹ Â�gIY¸Â>�#ÁG·aV	Âj|VÁGÂ;Â	¼OSïµ'¶"�»Â�g��	ÆfQ�Ã Â'¼ n º�¼4}
q¯�P�#�uT�·lT�Ã ·
µ�`'¶ê��QO[�¹ÿ· � n }�q�~��#���uY\[�· Á
�P¶\Y¸·hbUÃ
Â�[,¹IQ�Â>¶�T#µ'Ã ·hb»Â'_'Ä#��Y¸·
µ	�#Á-T�¹��sQ�¶¸Â9Á\b>¶¸·aT#Â9��V	Â�b1Y¸µ'¶-y�Â>Ã � �	¶¸Âjb>µ	��Á¸·
��Â>¶êÂ;�s�P���
Y\[�Âz��Â�k~Æ�Â1Y�[�µ�� µ
S`Â>��Â>¶�`	¹ ·
��Â'_'Ä#�PÃ
·^Yê· Â9Á �P�#� Æ µ'Ã Ã
·ly�Â>¶5Á�k ·lY\[�V[�P¶ê· �
T�Ã
Â�Á�YêÂ�Qu· Á
Q�¶¸µ�Q#µ,ÁGÂ9�jSïµ'¶7·
�<V'Â;Á#Y¸·a`'�
Y¸·
µ	� µ�S�b>µ	¶ê¶¸Â'b�Yê��Â;ÁêÁ�µ
S�T#µ'Ä������	¶¸¹jQ�¶¸µ�T�Ã Â;Æ»Á · �eY�[�Â�Y\[�Â;µ	¶ê¹
µ
S�Q��P¶\Y¸· �PÃ ��·l]�Â;¶¸Â;�<Y¸· �PÃ Â�_,Ä��
Y¸·
µ	��Á;�
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PzÂ/b>µ	��Á¸·
��Â>¶RY\[�Â`Ã
·
��Â;�	¶UQ��P¶\Y¸· �PÃ1��·l]|Â>¶êÂ>�<Y¸· �PÃ Â'_'Ä#��Y¸·
µ	�

L(x,D)u ≡
∑

|α|62

aα(x)Dαu = f(x),
|³½�� z ~

kU[�Â>¶êÂ
u, aα, f : R

n ⊃ Q 3 x → u(x), aα(x), f(x) ∈ R
�	¶¸Â2SïÄ��	b1Y¸·
µ	��Á`µ�Sò·
����Â>Å

Q#Â;����Â>�<Y
n
V[�P¶ê· �
T�Ã
Â;Á

x = (x1, . . . , xn).
r&[�ÂUSïÄ��	b1Y¸·
µ	��Á

u, aα, f
�P¶êÂ7��Â1y���Â;��·
�2Y�[�Â

��µ	Æ»�P·
�
Q ⊂ R

n µ�S
n

��·
Æ Â;��Á¸· µ'���PÃ � Ä4bUÃ
·
��Â9�P��Á\Q���b>Â
R

n.
�7Â>¶êÂ

Dα = Dα1
1 . . .Dαn

n =
∂|α|

∂xα1
1 . . . ∂xαn

n
, α = (α1, . . . , αn)

·
Á � Æ�Ä�ÃlY¸· ÅØ· ����Â1g ¼
|α| = α1 + . . .+ αn,

kU[�Â>¶êÂ
αj (j = 1, . . . , n)

�P¶êÂ*��µ	����Â�`'�
Y¸·aV	Â
· �<Y¸Â�`	Â;¶êÁ;�

�
Â�b�Yêµ	¶ty�Â;Ã
�
N

·
Á�µ�S3Y\[�Â bUÃ �	ÁêÁ
C1,

·lS:Y�[�ÂuSïÄ��	b1Y¸·
µ	��Á
ηk(x) (k = 1, . . . , n)T#Â;Ã µ'�O`sY¸µ�Y\[�ÂebUÃ �	ÁêÁ

C1(Rn)
�
��ÄOQOQ�µ'Á¸Â�Y\[��
Y2V'Â�b�Yêµ	¶ y�Â>Ã �

N
µ
SUY�[�Âvb>Ã
�'Á¸Á

C1 · Á
��Â1y���Â;� · �

R
n �	���ubUµ'��ÁG· Á#YêÁÜµ
S¯Â>Ã
Â>Æ�Â>�<Y5Á54�Ä���·lYdV	Â�b1Y¸µ'¶êÁ

η(x) =
(
η1(x), . . . , ηn(x)

)
, |η|2 = η2

1 + . . .+ η2
n = 1.

6�798;:=<�:?>@:BAC<ED#F���_,Ä��
Y¸·
µ	�s|V½�� z ~ k ·
Ã
ÃOT#Â"¶¸Â�SïÂ>¶ê¶¸Â9�-Y¸µD�'Á-��²HG�¢U¥��I	P£K¨KJ7·
�fQ#µ'· �<Y
x
k ·lY\[

¶¸Â9Á#Q�Â�b1YRYêµfY\[�ÂD��· ¶êÂ�b1Y¸·
µ	�
η(x)

·^S
|ï· ~cQ�µ	Ã
¹���µ	Æ�· �PÃ

L0

(
x,η(x)

)
=

∑
|α|=2

aα(x)ηα1
1 (x) . . . ηαn

n (x) 6= 0 L [�Â>¶êÂ2Sïµ	¶D��Â�y�Å
��·lY¸Â>��Â;ÁêÁUkòÂ`�'Á¸Á¸Ä�Æ�Â

L0(x,η) > δ, δ
·
Á Á¸µ	Æ�Â�Q#µ,ÁG·lY¸·aV	ÂX·
�<Y¸Â�`'Â>¶ L|ï·
·h~�Q#µ'Ã ¹���µ'Æ�·
�	Ã

L0

(
x, τη(x) + ξ(x)

) k ·lY\[�¶êÂ;Á\Q�Â�b�Y3Y¸µ
τ ∈ R

1 [��'ÁdY�k�µÿ¶êÂ;�	Ã���·lS±Å
SïÂ>¶êÂ>�<Y7¶êµ,µ�YêÁ"Sïµ	¶7�	��¹

ξ(x) =
(
ξ1(x), . . . , ξn(x)

)
, |ξ(x)| = 1,

(
η(x), ξ(x)

)
=

n∑

k=1

ηk(x)ξk(x) = 0.

��_,Ä���Yê· µ'� |V½�� z ~*·
Á�[�¹IQ#Â;¶\T�µ	Ã
·hb�·
� bUÃ
µ'Á¸Ä�¶¸Â
Q ⊂ R

n µ�S���µ'Æ»�P·
�
Q,

·lSò·lY`·
Á�[�¹,Å
Q#Â;¶\T�µ	Ã
·ab®·
� Â;��b�[ Q�µ	·
�<Y

x ∈ Q
k ·lY\[ ¶êÂ;Á\Q#Â'b�Y�Y¸µZY�[�Â���·
¶¸Â'b�Yê· µ'�

η(x)
Sï¶êµ	Æ Y�[�Â

V	Â�b1Y¸µ'¶&y�Â>Ã �
N

�NM�µ	¶dbUµ'�IV	Â>��· Â;�	bUÂ�k�Â-k · Ã
Ã k ¶ê·^YêÂ�Y\[�Â�Â1giQ�¶êÂ;ÁêÁG·
µ	�
L(x,D)u

· �eY�[�Â
Sïµ	Ã
Ã µ�k ·
�O`2Sïµ	¶êÆ

L(x,D)u =

n∑

i,j=1

(
aij(x)uxi

)
xj

+

n∑

i=1

ai(x)uxi
+ a0(x)u,

uxi
=

∂u

∂xi
, uxixj

=
∂2u

∂xi∂xj
, aij = aji (i, j = 1, . . . , n),

L0(x,D) =

n∑

i,j=1

aij(x)
∂2

∂xi∂xj
.

PzÂ k · Ã
Ã ��Â;Á¸·l`'����YêÂ Y\[�Â bUµ'��Â
K(x)

�	Áz�RÁ¸Â1Y�µ
SjV	Â'b�Yêµ	¶5Á
ζ(x),

Sïµ'¶WkU[�·hb�[
L0

(
x, ζ(x)

)
> 0.

r&[�· Á7Á¸Â1Y3b;�P�eT#ÂD��Â9Á\b>¶¸·aT�Â;�vT,¹ ¶¸Â;Ã
�
Y¸·
µ	��Á
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ζ(x) = µ
(
τη(x) + ξ(x)

)
, ζ(x) = µη(x), µ ∈ [0,∞), τ ∈ R

1

τL0(x,η) > −L0(x; η, ξ) +G1/2(x,η, ξ),

L0(x; η, ξ) =
n∑

i,j=1

aij(x)ηi(x)ξj(x),

G(x; η, ξ) = L
2
0(x; η, ξ) − L0(x,η)L0(x, ξ),

�P����V'Â�b1Y¸µ	¶5Á
η(x)

�P�#�
ξ(x)

�P¶êÂ&Sï¶¸µ'Æ{Y\[�Â���Â1y���·^Yê· µ'� z ���1Â1Y�Ä�Áò��µ
YêÂdY\[#��Y
τη(x) ∈

K(x)
Sïµ	¶7�PÃ
Ã

τ ∈ [0,∞).
� �������?��� ���������4� � 	Pª�¢

K(x)
¨ §�¤ JI	Pª�°[¢��ÿ§>¢U¬5�

��¥�	�	�� �1Â�Y
η(x) = (τη + ξ)(x)

�P���
η̃(x) = (τ̃η + ξ̃)(x)

T#Â`�	���P¶�T�·lY¸¶5�P¶ê¹fQ#µ'· �<Y
µ
S+Y\[�Â/b>µ	��Â

K(x).
�"Â>�	b>Â	¼

τL0(x,η) > −L0(x; η, ξ) +G1/2(x; η, ξ),
|³½���½�~

τ̃L0(x,η) > −L0(x; η, ξ̃) +G1/2(x; η, ξ̃),
|³½�� o ~

kU[�Â>¶êÂ
(η, ξ) = 0

�P���
(η, ξ̃) = 0; η, ξ̃ ∈ R

n. ! µ
Y¸Â2Y\[#��Y*Y\[�Â»Á¸Â1Y
M = {ξ(x) ∈

R
n|(η, ξ) = 0}

·
Á�� Á¸ÄOT�Á\Q���bUÂ µ
S»Á\Q���b>Â
R

n.
� YsSïµ'Ã Ã
µ�k7ÁuSï¶êµ	Æ Y\[�Â ��Â�y���·lY¸·
µ	�

z Y�[���YtY\[�Â Â1giQ�¶êÂ;ÁêÁ¸· µ'�
G1/2(x; η, ξ)

· Á2Y\[�Â Â>Ã
Â>Æ�Â;��Y���µ'¶¸Æ®¼ Y\[�Â;¶¸Â�Sïµ	¶êÂ®���PÄ4b�[,¹�4
 òÄ��,¹,�P´'µ�V�Á¸´�¹ ·
��Â'_'Ä#�PÃ
·^Y ¹ÿ· Á&SïÄ�Ãly�Ã
Ã Â9�

|G(x; η, ξ, ξ̃)| 6 G1/2(x; η, ξ)G1/2(x; η, ξ̃)
|³½�� º<~

Sïµ	¶7��Á\b;�PÃ �P¶&Q�¶êµ���Ä	b�Y

G(x; η, ξ, ξ̃) = L0(x; η, ξ)L0(x; η, ξ̃) − L0(x; η)L0(x; ξ, ξ̃)
|³½���¿�~

k ·^Y�[»¶¸Â9Á#Q�Â�b1YcY¸µDÂ;Ã Â;Æ�Â>�<YêÁ
ξ, ξ̃ ∈M.

r&[�ÂdS©��b�Y�Y\[��
YcY\[�Â"Â�_,Ä���Yê· µ'�s|V½���¿�~DQ�¶¸Â9Á\b>¶¸·aT�Â;Á
� Á�b>�	Ã
�	¶:Q�¶¸µ���Ä	b1Y�Sïµ	Ã
Ã µ�k7Á*Sï¶êµ	Æ Y�[�ÂjbUµ'����·lY¸·
µ	��µ
S"[�¹IQ�Â>¶�T#µ'Ã ·hbU·lY ¹�µ
S"Y\[�Â�Â'_'Ä#��Y¸·
µ	�
|V½�� z ~U���7Â>�4bUÂ	¼���b�bUµ'¶ê��·
�O`-Yêµ Y�[�ÂX��Â1y���·^Yê· µ'� µ
S+bUµ	��Â

K(x)
¼�·lY�· ÁÜÁGÄ#"�b>· Â;�<Y"Yêµ Q�¶êµ�V	Â

Y\[�Â`·
��Â�_,Ä��	Ã ·lY ¹
(
λτ(x) + (1 − λ)τ̃ (x)

)
L0(x; η) > −L0(x; η, λξ + (1 − λ)ξ̃)

+G1/2(x; η, λξ + (1 − λ)ξ̃)
|³½�� }�~

Sïµ	¶7�P��¹
λ ∈ [0, 1].

� YÜ· Á Â9�	Á¸¹�Y¸µ�b�[�Â'b5´�Y\[��
Y

L0(x; η, λξ + (1 − λ)ξ̃) = λL0(x; η, ξ) + (1 − λ)L0(x; η, ξ̃)

G(x; η, λξ + (1 − λ)ξ̃) = λ2G(x; η, ξ) + 2λ(1 − λ)G(x; η, ξ, ξ̃)

+ (1 − λ)2G(x; η, ξ̃).
M�¶êµ	Æ [�Â>¶êÂò�	����Sï¶êµ	Æ Y\[�Âò·
��Â�_,Ä��	Ã ·lY¸·
Â;ÁR|V½�� ½�~�¼i|V½�� o ~ Ä�Á¸·
�O`t|³½�� º<~mkòÂ"Q�¶¸µ�V'Â ·
��Â�_,Ä��	Ã ·lY ¹
|V½�� }�~U�

�

$ Ã ÁGµ k�ÂXb>µ	��Á¸·
��Â>¶ �WbUµ'��Â
K⊥(x),

kU[�·hb�[ · Á ��Ä��PÃ"k ·^Y�[ ¶êÂ;Á\Q#Â'b�Y/Yêµ Y\[�ÂvbUµ'��Â
K(x)

� �
Â'b�Y¸µ'¶êÁ
γ(x) =

(
γ1(x), . . . , γn(x)

)
∈ K⊥(x)

�P¶êÂ���Â1y#��Â;� T�¹ �sÁ\b;�PÃ �P¶
Q�¶¸µ���Ä4b�Y (

γ(x), ζ(x)
)

=
∑n

k=1 γk(x)ζk(x) > 0
Sïµ	¶7�	�,¹XV	Â�b1Y¸µ'¶

ζ(x) ∈ K(x).
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K⊥(x)
¨
§�¤ JH	Pª�°[¢��ÿ§>¢U¬5�

��¥�	�	�� r&[�Â Q�¶êµ�µ
S�Sïµ	Ã
Ã
µ�k7ÁtSï¶¸µ'Æ Y�[�Â Q�¶êµ�Q�µ'Á¸·^Yê· µ'� z �P��� Y�[�Â���Â�y���·lY¸·
µ	� µ�S*Y�[�Â
bUµ	�IV'Â1g�·^Y ¹'�

�

�&C��RG 2 G ��� � F"G J! �� 2DL3MN"-'
	�HOJ-+ , ���

��ÄOQOQ�µ'Á¸ÂfY\[��
Y/T#µ'Ä������	¶¸¹
∂Q

µ
SRY\[�Âÿ��µ	Æ»�P·
�
Q

· Á-Q�·
Â�b>Â�k · ÁGÂ»Á¸Æ µ�µ�Y\[1�ú �¹�Ä#ÁG·
�O`
b�[��P¶5��b1Y¸Â>¶ê· Á�Yê·ab+Q�µ	Ã
¹,��µ	Æ�·
�	Ã

L0

(
x, ξ(x)

)
,
V	Â'b�Yêµ	¶5Á

η(x) ∈ N ,
�	����Â1gIY¸Â;¶¸���	ÃP��µ'¶¸Æ»�PÃ Á

ν(x) (x ∈ ∂Q)
k�Â`Á#[��	Ã Ã ��·aV�·
��Â

∂Q
· �<Yêµ���·^]|Â>¶êÂ>�<YUQ��P¶\YêÁ;¼�· �ukU[�·hb�[®��·^]|Â>¶êÂ>�<Y&Y ¹IQ#Â

µ
Sò���PÄ	b�[�¹ebUµ	�#��·^Yê· µ'��Ádk ·
Ã
Ã T�Â/Q�¶êÂ;Á�bU¶ê·lT�Â;�1�4r&[�Â;¶¸Â�Sïµ	¶êÂ	¼�·
���	����·^Yê· µ'�uY¸µ�Y�[�Â V'Â�b�Yêµ	¶
y�Â>Ã �

N
¼ k�Â�·
��Yê¶¸µ���Ä4bUÂtV	Â�b1Y¸µ'¶dy�Â;Ã
�

<
k ·^Y�[ Y�[�Â2[�Â>ÃaQ�µ
S�Y\[�ÂfbUµ'��Â

K⊥(x).
 ò¹

<kòÂX��Â>��µ
Y¸Â*Y�[�Â�V	Â�b1Y¸µ'¶"y#Â>Ã � ·
�
R

n µ
S¯Â>Ã
Â>Æ�Â>�<YêÁ
r(x) =

(
r1(x), . . . , rn(x)

)
,
kU[�·ab�[

�P¶êÂX��Â1y���Â9�eT,¹jY\[�Â�Sïµ'Ã Ã
µ�k · �	`tb>µ	����·lY¸·
µ	�#Á>Ç
(<1)

Sïµ'¶ Â�V'Â>¶ê¹�Q#µ'· �<Y
x ∈ Q

V'Â�b�Yêµ	¶
r(x)

· ÁRY\[�Â-V'Â�b1Y¸µ	¶Üµ�S Y�[�Â/bUµ'��Â
K⊥(x);

(<2)
Sïµ'¶ Â�V'Â>¶ê¹�Q#µ'· �<Y

x ∈ Q
�	��� Ä���·lYdV	Â�b1Y¸µ'¶

ξ(x) ∈ K(x)
Á\b;�PÃ �P¶&Q�¶êµ���Ä	b�Y

rξ =
(
r(x), ξ(x)

)
=

n∑

k=1

rk(x)ξk(x) > δ > 0;

(<3)
y#Â>Ã �

<
T#Â;Ã µ'�O`'ÁRYêµjbUÃ �	ÁêÁ

C1.�1Â1Y
ν(x)

T�Â ��Ä���·lY-V	Â'b�Y¸µ'¶"µ�S�Y\[�Â Â�g<YêÂ>¶ê���PÃ¯��µ'¶¸Æ»�PÃ Y¸µvY\[�Â���µ	Æ»�P·
�
∂Q

Q�Â>¶¸Å
Q#Â;����·hbUÄ�Ã �P¶:Y¸µv[,¹IQ�Â>¶5ÁGÄ�¶#S©��bUÂ

∂Q
·
� Q#µ'· �<Y

x ∈ ∂Q.
PzÂ ��Â>��µ
Y¸ÂtT�¹

rν
Y\[�Â Á\b;�PÃ �P¶

Q�¶¸µ���Ä4b�Y

rν =
(
r(x),ν(x)

)
=

n∑

k=1

rk(x)νk(x).

� �������?��� �������
�m� �#¢IJU¬5	[¥��ò¢>£ �
<,
�	¢�� ª|¢ ���
¨±¬B�z¥¸¢U§ G�¢IJU¬ ¬5	�¬=��¢ 	HG�¢U¥ê¤[¬5	[¥

L(x,D),¨ § §�¦9JI��¬=��¤[¬ � 	P¥ÿ¤[ª�²
x ∈ ∂Q

¢5¤ JI��°[¢IJU¬5	[¥
q(x) =

(
q1(x), . . . , qn(x)

) ���C��¨KJH� ¨ §
G�¢>¥ G�¢>ª �P¨KJU¦�£
¤[¥D¬5	

r(x) ∈ <
�
§>¤[¬³¨ §���¢�§`¬B��¢�¨±ª�¢ 	>¦�¤[£K¨±¬³²

L0(x, q(x)) 6 −δ, |q(x)| = 1.

��¥�	�	�� r&[�· Á�Q�¶êµ�Q�µ'Á¸·lY¸·
µ	�tSïµ	Ã
Ã µ�k7ÁcSï¶¸µ'Æ Y�[�Â*��Â1y���·lY¸·
µ	� µ
SúÁ¸Â1YêÁ
<

�	���
K⊥(x)

�P���
bUµ	�#��·^Yê· µ'��Á

(<1), (<2)
�	���

(<3). �

����Y�[�Â�`	Â;��Â>¶5�PÃDb>�'ÁGÂ�Ã
Â1YDÄ�Á`Á¸ÄOQOQ�µ'Á¸ÂtY\[��
Y-Y\[�Â�T�µ	Ä������P¶ê¹
∂Q

b>µ	��Á¸·
Á#YêÁXµ�S�Y�[�Â
Sïµ	Ã
Ã µ�k ·
�O`tQ��P¶\Y;Ç

∂Q =
{
x ∈ ∂Q|L0(x; ν(x)) > δ, rν(x) < 0

}
.

PzÂD�'���jYêµ»Â�_,Ä��
Y¸·
µ	�Z|V½�� z ~�Y�[�Â�Sïµ	Ã
Ã µ�k ·
�O`tT#µ'Ä������	¶¸¹®���PÄ	b�[�¹Xb>µ	����·lY¸·
µ	�#Á>Ç

l0u = u
∣∣
∂Q

= ϕ(x), l1u =
∂u

∂p

∣∣∣
∂Q

= ψ(x), x ∈ ∂Q,
| o � z ~

kU[�Â>¶êÂ
∂/∂p ∈ P

· Á7�»��Â;¶¸·aV[��Yê·lV'ÂX�	Ã µ'�O`
p

¼OV	Â'b�Yêµ	¶&y�Â;Ã
�
P

· Á µ�S Y�[�Â bUÃ �	ÁêÁ
C1 �P���

·
Á ��µ
Y&Yê�	�O`	Â;��Y&Yêµ�[,¹IQ�Â>¶5ÁGÄ�¶#S©��bUÂ
∂Q.



� ¤[¦9JI��²���¥H	 �>£ ¢���� 	P¥ ¤��
¨±ª�¢5¤[¥��D²HG�¢>¥��I	[£K¨KJ*�
	��!	��X¬B��¢D«|¢IJI	[ª
���Ü¥��'¢U¥ ½����
� ¶¸µ�T�Ã
Â>Æ |³½�� z ~�¼m| o � z ~&b;�P�eT#Â/b>µ	��Á¸·
��Â>¶êÂ;� �'ÁÜµ�Q�Â>¶5��Yêµ	¶ÜÂ�_,Ä��
Y¸·
µ	�

Lu = F,

kU[�Â>¶êÂ
Lu =

(
L(x,D)u, l0u, l1u

)
, F =

(
f(x), ϕ(x), ψ(x)

)
,
Y\[�Â���µ	Æ»�P·
��µ
S%��Â�y�Å

��·^Yê· µ'��µ
SÒµ�Q�Â>¶5��Yêµ	¶
L

·
Á
D(L) = C2(Q)

¼	kU[�Â;¶¸Â
C2(Q)

· Á"�»Á¸Â1Y7µ
S+Y�k ·hbUÂ/bUµ'�<Y¸·
��Å
Ä�µ	Ä�Á¸Ã
¹ ��·l]�Â;¶¸Â;��Yê·
��T�Ã
Â:SïÄ��	b�Yê· µ'��Á ·
�

Q.

�dC��RGiHOJ�F�� �RJ ,#LUGON#J�F

�1Â1YÿÄ#ÁÿÁGÄ	QOQ#µ,ÁGÂeY�[���Y�Y�[�Â Q�¶êµ�T�Ã
Â>Æ ·
Á�k ¶ê·lY#Y¸Â;� · � Y\[�ÂuSïµ	¶êÆ µ
S�Ã ·
��Â9�P¶»µ�Q�Â>¶5��Yêµ	¶
Â�_,Ä���Yê· µ'�

Lu = F,
|©º�� z ~

kU[�Â>¶êÂ µ�Q�Â>¶5��Yêµ	¶
L

· Á%��Â�y���Â9��· �ÿ Ü�P�#��b�[»Á#Q#��bUÂ
B

�	���»��b1YêÁ
·
�<Y¸µ��"· ÃaT�Â>¶\YòÁ#Q#��bUÂ
H. ò¹ Â>��Â;¶\`'¹ÿ· ��Â�_,Ä��PÃ
·lY ¹�Y\[�Â`·
��Â'_'Ä#�PÃ
·^Y ¹ÿµ�S Y�[�Â�Sïµ	¶êÆ

‖u‖B 6 c‖Lu‖H
|©º���½�~

·
Á Á¸�
Y¸· Á�y�Â9��Sïµ	¶ �P��¹ SïÄ��4b�Y¸·
µ	�
u
Sï¶êµ	Æ Y\[�Â ��µ	Æ»�P·
�

D(L)
¼ kU[�·hb�[ · Á���Â;��ÁGÂ · �

B
¼

bUµ	�#Á�Y5�P�<Y
c > 0

·
Á*· �#��Â�Q�Â>����Â>�<Y�µ'�
u; ‖ · ‖B , ‖ · ‖H

��Â;��µ
YêÂ ��µ'¶¸Æ»Á"· ��Á#Q���bUÂ9Á
B�P���

H
¶¸Â9Á#Q�Â�b1Y¸·aV	Â>Ã
¹	�

��ÄOQOQ�µ'Á¸Â�Y�[���Y®µ�Q�Â>¶5��Yêµ	¶
L

µ�S�Â�_,Ä��
Y¸·
µ	� |©º�� z ~��PÃ
Ã µ�k7ÁebUÃ
µ'Á¸Ä�¶êÂ
L̄.

� Y�· Ávk�Â>Ã
Ã
´,��µ�k � naz ¼ z�z qUY\[��
YÿÃ ·
��Â9�P¶»µ�Q�Â>¶5��Yêµ	¶

L : B ⊃ D(L) 3 u → Lu ∈ H
�PÃ
Ã
µ�k7Á

bUÃ
µ'Á¸Ä�¶¸Â
L̄

·lS��	���ÿµ'��Ã ¹»·lSúÂ'_'Ä#�PÃ
·^Y ¹
F = 0

Sïµ	Ã
Ã µ�k7Á�Sï¶¸µ'Æ
uk → 0

· �
B (uk ∈ D(L))�P���

Luk → F
·
�
H

�
6�798;:=<�:?>@:BAC<���F���µ'Ã ÄiYê· µ'�eY¸µtY\[�Â`µ�Q#Â;¶ê�
Y¸µ'¶�Â'_,Ä���Yê· µ'�

L̄u = F, u ∈ D(L),

·
Á7��Á#Y¸¶êµ	�O`�Á¸µ	Ã
ÄiY¸·
µ	� µ
SÒÂ�_,Ä��
Y¸·
µ	�W|©º�� z ~
�
	�� �4� ��
 �4� � � ¬=��¢ ¢>ª�¢>¥��	² ¨±ª|¢ 	U¦�¤P£K¨±¬V² |ïº#� ½�~�¨ § °[¤[£ ¨ � � 	P¥ 	HG�¢U¥¸¤P¬ 	P¥

L : B → H¤[ª � 	HG�¢U¥ê¤[¬5	[¥
L

¤P£±£ 	 �Ò§ J>£ 	[§5¦�¥ê¢
L,

¬B��¢>ª�¬=��¢ ¢>ª�¢>¥��	²»¨±ª�¢ 	>¦�¤[£K¨±¬³²

‖u‖B 6 c‖L̄u‖H
|©º�� o ~

¨ §�°[¤[£K¨ ��� 	[¥�¤Pª�²ÿ¢U£
¢��»¢Uª#¬
u ∈ D(L̄)

�
¨±¬B� ¬B��¢ JH	Pª�§�¬�¤[ª�¬
c > 0
�5¥�	 �o¬=��¢`¨±ª�¢ 	>¦�¤[£K¨±¬³²

|ïº���½�~ �
�<Yê�
Y¸Â>Æ�Â;��YDµ�S�Y�[�ÂfY\[�Â;µ	¶êÂ>Æj· Á`·
��S©��b�Y��ub>µ	¶êµ	Ã
Ã
�	¶¸¹®µ
SÜ·
��Â�_,Ä��	Ã ·lY ¹ |©º���½�~X�P�#�z�

��Â1y���·^Yê· µ'� µ�S#µ�Q#Â;¶ê�
Y¸µ	¶
L̄.

����Â�_,Ä��	Ã ·lY ¹v|©º�� o ~�·
Á
��Â>¶ê·lV'Â;�-Sï¶êµ	Æx|ïº���½�~ T�¹�Ã
·
Æ ·lYcQ��'Á¸Áê�
`'Â
Sïµ	¶7�P��¹�SïÄ��	b�Yê· µ'�

u ∈ D(L̄).M�¶êµ	Æd·
��Â'_'Ä#�PÃ
·^Y ¹u|ïº#� o ~Ò�P��� Ã
· ��Â9�P¶ê·^Y ¹�µ
S Y\[�Â"µ�Q�Â>¶5��Y¸µ'¶
L̄,

Ä���·a_,Ä�Â;��Â;ÁêÁ µ�S|Á#Y¸¶êµ	�O`
ÁGµ'Ã ÄiYê· µ'��µ�S�Â'_'Ä#��Y¸·
µ	��|ïº#� z ~cSïµ'Ã Ã
µ�k7Á;¼,·lS�·lY7Â1g�· Á�Y5Á>������Â�_,Ä��PÃ
·lY ¹�|ïº#� ½�~%· Á �fbU¶ê·^YêÂ>¶ê· µ'� µ�S
bUµ	�<Yê· ��Ä�·lY ¹�µ�S�·
�IV	Â>¶5Á¸Â�µ�Q#Â;¶ê�
Y¸µ'¶

L−1,
��Â�y���Â;� µ'���`Á¸Â1Y µ�S V��	Ã Ä�Â;Á

R(L)
µ
S|µ�Q�Â>¶5��Yêµ	¶

L.
�òµ'�<Y¸·
�,Ä�µ	Ä�ÁXµ�Q#Â;¶ê�
Y¸µ	¶

L−1 b>�P� T�ÂÿÂ�g<YêÂ>����Â;�ZT�¹�b>µ	�<Y¸·
��Ä�·lY ¹ Y¸µ Y\[�Â Á¸Â1Y
R(L)| bUÃ
µ'Á¸Ä�¶êÂ

R(L)
~�� $ Á ��¶¸Â9ÁGÄ�Ã^Y µ
SUY\[�Â�Â�g<YêÂ>��Á¸·
µ	� k�Â µ�TOYê�P·
� b>µ	�<Y¸·
��Ä�µ	Ä�Á�µ�Q�Â>¶5��Yêµ	¶

L−1
µ'�vY�[�ÂDÁ¸Â1Y

R(L).



½
p	¾ ���������
	P¥��U²[¦�
������ «�������¢��

�������4;16��
	��Ü_'( L>I H G(y).

�
	�� �4� ��
 � � � �7¢>ª�¢>¥��P²�¨±ª�¢ 	U¦�¤P£K¨±¬³²e|©º���½�~ �9	[£ �[§ � 	[¥7¬B��¢ 	IG�¢>¥¸¤[¬5	[¥
L : B → H

��¤[ª
�
	HG�¢U¥¸¤P¬ 	P¥

L
¤[£±£ 	 �Ò§
J>£ 	[§5¦�¥ê¢

L̄,
¬=��¢Uª

R(L) = R(L̄)
¤[ª
�

L−1 = L̄−1,
�C��¢>¥¸¢

L̄−1¨ §*¨±ª�°[¢>¥5§U¢ 	HG�¢U¥ê¤[¬5	[¥ �
¨±¬=��¥ê¢�§ G�¢HJ>¬ ¬5	 	HG�¢U¥ê¤[¬5	[¥
L̄,
�'¢ �%ª�¢ � 	[ª�¤ §>¢>¬-	���°[¤[£K¦�¢U§

R(L̄)	��`¬B��¢ 	HG�¢U¥¸¤P¬ 	P¥
L̄.

��¥�	�	��  Ü�	Á¸Â;�ÿµ'� ·lYêÁÜ��Â�y���·lY¸·
µ	�
R(L) ⊃ R(L̄).

P�Â*��µ�k Q�¶¸µ�V'Â"·
�IV	Â>¶5Á¸Â"·
�	bUÃ
Ä�Á¸· µ'�1¼
·V�|Â	�

R(L) ⊂ R(L̄).
�1Â�Y

F ∈ R(L).
r&[�Â>¶êÂ�· ÁX��Á¸Â�_,Ä�Â;�	bUÂ

{Fk}∞k=1, Fk ∈ R(L),kU[�·ab�[ b>µ	�IV	Â;¶\`'Â;Á:Y¸µ
F

·
�
H

kU[�Â;�
k → ∞.

r&[�Â Á¸Â�_,Ä�Â;�	bUÂ
{Fk}∞k=1

· Á-SïÄ������[Å
Æ Â;�<Yê�PÃ �	���

Fk = Luk, uk ∈ D(L).
M�¶êµ	Æj·
��Â�_,Ä��	Ã ·lY ¹ |©º���½�~"·^Y-Sïµ'Ã Ã
µ�k7ÁdY�[���Y�Y�[�Â

ÁGÂ'_'Ä�Â>�	b>Â
{uk}∞k=1

·
ÁRSïÄ��#���PÆ�Â>�<Y5�PÃ|· �
B.

��· �4bUÂ
B

· Á �� Ü�P����b�[ Á#Q#��bUÂ'¼<Y\[�Â;�vY�[�Â>¶êÂ
Â1g�·
Á#YêÁ

u ∈ B
�	���

uk → u
·
�
B.

r&[�· Á Æ�Â;�	��ÁRY\[��
Y"��b�bUµ	¶5��·
�O`tY¸µ»Á#Y¸¶êµ	�O`»Á¸µ	Ã
ÄiY¸·
µ	�
��Â1y���·^Yê· µ'�1¼

u ∈ D(L̄)
�	���

L̄u = F,
·³� Â'�

F ⊂ R(L̄).
M�¶êµ	Æ [�Â>¶êÂ �P�#��Sï¶¸µ'Æ Y�[�Â

Â�_,Ä��PÃ
·lY ¹
D(L−1) = D(L̄−1)

·lYUSïµ	Ã
Ã
µ�k7Á�Y�[���Y
L−1 = L̄−1. �

� 	P¥�	[£±£
¤[¥�²�
�������µ'¶ê��Â>¶:Y¸µeQ�¶¸µ�V'Â�Â�g�· Á#Y¸Â>�4bUÂ µ
Sò� Á�Yê¶¸µ'�O`�Á¸µ	Ã
ÄiYê· µ'� Y¸µvY\[�Â Â'_'Ä#��Y¸·
µ	�
|ïº�� z ~Rk ·lY\[��	�,¹

F ∈ H
¼�·lY7· Á7ÁGÄ "jb>· Â;��YUYêµ�Q�¶êµ�V	Â*Y\[�Â`·
��Â'_'Ä#�PÃ
·^Y ¹Z|ïº#� ½�~�¼�Â�g�· Á#Y¸Â>�4bUÂ

µ
SDbUÃ
µ'Á¸Ä�¶¸Â�µ
S¯µ�Q�Â>¶5��Yêµ	¶
L

�P���®��Â;��ÁG·lY ¹ÿµ�SÒ��Á¸Â1Y µ
S�V[�PÃ
Ä�Â;Á
R(L)

· ��Á\Q���b>Â
H.

�&C��RGiHOJ�F�� �RJ ,#LUGON#J�F GiJ � 2DL3MN"-'
	�HOJ-+ , ��� � �&C\B������ �&C#B��
��� ��µ	Æ»�P·
�

Q
kòÂvbUµ	�#ÁG· ��Â>¶êÂ;�s�	¶\T�·lY¸¶5�P¶ê¹sQ#µ'· �<Y

y = (y1, . . . , yn).
rúµuY�[�· Á/Q�µ	·
��Y9¼

��b�b>µ	¶5��·
�O`*Y¸µ���Â�y���·lY¸·
µ	� z ¼�bUµ'¶¸¶êÂ;Á\Q�µ	����Á�V'Â�b1Y¸µ	¶
η(y),

kU[�Â;¶¸Â
L0

(
y,η(y)

)
> 0

�P���
Y�kòµfV	Â'b�Yêµ	¶5Á

ζ±(y) = τ±η(y) + ξ(y),
kU[�Â>¶êÂ

L0

(
y; ζ±(y)

)
= 0, τ± = −L0(y; η, ξ) ±G1/2(y; η, ξ)/L0

(
y; η(y)

)

Sïµ	¶��	�,¹WV	Â'b�Y¸µ'¶
ξ(y),

µ	¶\Y\[�µ�`	µ	�#�PÃ+Y¸µsV'Â�b�Yêµ	¶
η(y). � Â9ÁG·a`	���
Y¸Â�T�¹

G(y) = G
Y�[�Â

ÁGÄOT#ÁGÂ�Y7µ
S Y�[�ÂD��µ'Æ��	· �
Q

¼ikU[�·ab�[®·
Á Á\[�µ�k � · �1M¯·a`�� z ¼��P���v[��	ÁUY\[�Â�Sïµ'¶¸Æxµ�S�b>Ä�¶�V,· Å
Ã ·
��Â;�	¶�bUµ'��Âdk ·lY\[�Y�[�ÂUYêµ�Q»·
�jQ#µ'· �<Y

y
¼�T��	Á¸Â

Ω0,
�	����Ã ��Y¸Â;¶ê�	Ã�Á¸Ä�¶#S©��bUÂ

Γ.
�úÂ1Y

G
T�Â"�

bUÃ
µ'Á¸Ä�¶¸Â�µ
S+Y\[�ÂXÁ¸Â1Y
G.

�"Â>�	b>Â	¼
Ω0 = G ∩ ∂Q.

�ú��YêÂ>¶5�PÃ Á¸Ä�¶#S©��bUÂ
Γ

· ÁUb�[��P¶5��b1Y¸Â>¶ê· Á�Yê·ab
k ·^Y�[ ¶êÂ;Á\Q�Â�b�Y&Yêµ»µ�Q�Â>¶5��Y¸µ'¶

L(x,D).� Y*Æ�Â;�	��ÁdY�[�Â/Sïµ'Ã Ã
µ�k ·
�O`�Ç	Y\[�Â ��µ	¶êÆ»�PÃ V	Â�b1Y¸µ'¶
ν(x)

Y¸µv[,¹IQ�Â>¶5ÁGÄ�¶#S©��bUÂ
Γ

��Y*�	��¹
Q#µ'· �<Y

x ∈ Γ
Á¸�
Y¸· Á�y#Â;ÁRY\[�Â/b�[��P¶5��b1Y¸Â>¶ê· Á�Yê·ab"Â�_,Ä���Yê· µ'�



� ¤[¦9JI��²���¥H	 �>£ ¢���� 	P¥ ¤��
¨±ª�¢5¤[¥��D²HG�¢>¥��I	[£K¨KJ*�
	��!	��X¬B��¢D«|¢IJI	[ª
���Ü¥��'¢U¥ ½
p z

L0

(
x,ν(x)

)
=

∑

|α|=2

a(α)(x)ν
α1
1 (x) . . . ναn

n (x) = 0.

M�µ	¶7�	��¹jQ#µ'· �<Y
x ∈ Γ

Sï¶êµ	Æ
(<2)

Y\[�Â�Sïµ	Ã
Ã µ�k ·
�O`�bUµ'����·lY¸·
µ	� ·
Á Áê��Yê·
Á#y�Â;�

rν =
(
r(x),ν(x)

)
=

n∑

k=1

rk(x)νk(x) > δ > 0.

r&[�Â"Ã
· ��Â*·
� M¯·l`#� z ¼�Q#�	ÁêÁG·
�O`-Y�[�¶¸µ'ÄO`�[XQ#µ'· �<YêÁ
y, y(t) �	���

y(0) ¼'· Á"`	Â>��Â>¶5��Y¸Â9�fT�¹2Y�[�Â
y�Â>Ã �

N
· �ZY�[�Â Á¸Â>��Á¸ÂfY\[#��Y �eY5�P�O`'Â>�<Y-Y¸µ Y\[�· ÁDÃ
· ��Â ·
� �P��¹�Q�µ	·
�<Y2bUµ'· �	b>·
��Â;Á-k ·lY\[

V	Â�b1Y¸µ'¶
η ∈ N .

! µ�k k�Â-bUµ'��ÁG· ��Â;¶�Â'_,Ä���Yê· µ'��|³½�� z ~

L0(x;D)u = f(x), x ∈ G,
|V¿�� z ~

· ����ÁGÂ�Y
G(y) = G ⊂ Q

k ·^Y�[����PÄ	b�[�¹Xb>µ	����·lY¸·
µ	� µ	�
Ω0

l0u = u
∣∣
Ω0 = ϕ(x), l1u =

∂u

∂p

∣∣
Ω0 = ψ(x), x ∈ Ω0.

|³¿���½�~

M�µ	¶3Q�¶¸µ�T�Ã
Â>Æ |³¿�� z ~ 4 |V¿�� ½�~�Ã Â�Y"Ä�Á:bUµ	�#ÁG· ��Â>¶7� Á#Q���bUÂ
C2(G)

�'Á&Y\[�Â ��µ	Æ»�P·
�®µ
S ��Â�y�Å
��·^Yê· µ'�

D(L)
µ
S Y\[�Â`µ�Q#Â;¶ê�
Y¸µ	¶

L = (L, l0, l1).
P�ÂX· �<Y¸¶êµ���Ä	b>Â:SïÄ��	b�Yê· µ'���PÃ1Á\Q���b>Â;Á

B�P���
H
Sïµ	¶UQ�¶êµ�T�Ã
Â>Æ |V¿�� z ~ 4 |³¿���½�~��

 ò¹
Ω(x)

k�ÂX��Â>��µ�Y¸Â`�»ÁGÂ'b�Yê· µ'��µ�S¯Á¸Â1Y
G

ÁGÄ	b�[vY\[#��Y;Ç
z �

L0

(
x,ν(z)

)
> δ > 0

Sïµ	¶"�	Ã Æ�µ'Á#Y*�	Ã Ã Q#µ'· �<YêÁ
x ∈ Ω(x),

kU[�Â;¶¸Â
ν(z)

· Á"�»Ä���·^Y
��µ	¶êÆ»�PÃ V'Â�b�Yêµ	¶RY¸µtY�[�ÂDÁGÄ�¶#S©��bUÂ

Ω(x)
�
Y&Q�µ	·
�<Y

z ∈ Ω(x).½��
Ω(x)

· Á`�XQ�· Â'bUÂ�k · Á¸Â�Á¸Æ�µ�µ
Y\[�[�¹IQ#Â;¶êÁ¸Ä�¶\S©��bUÂ ÁGÄ4b�[�Y�[���Y`·lYêÁDÁ¸Æ�µ,µ�Y\[WQ��P¶\YêÁ`�	¶¸Â
ÁGÄ�¶#S©��bUÂ;ÁÜµ�S Y�[�Â/bUÃ �	ÁêÁ

C1.o �Ur&[�Â2S©�PÆ�· Ã
¹®µ
SDY�[�Â Á¸Â�b1Y¸·
µ	��Á
{Ω(x)}x∈G

· Á�ÁGÄ	b�[ Y\[��
Y3Y�k�µ���·l]�Â;¶¸Â;�<Y�Á¸Â�b�Yê· µ'��Á
Sï¶¸µ'Æ Y\[�Â�Á¸Â1YD��µ ��µ�YX·
�<Y¸Â;¶êÁ¸Â�b1YX�
Y`�	��¹sQ#µ'· �<Y

x ∈ G,
·³� Â	� Y�[�ÂfQ#µ'· �<Y5Á*µ�S�Y�[�Â

Á¸�	Æ�ÂXÁ¸Â�b1Y¸·
µ	�®�P¶êÂXµ	�vY\[�Â`µ'��Â`ÁG· ��Â-k ·lY\[®¶¸Â9Á#Q�Â�b1Y&Y¸µtY\[�Â`µ�Y\[�Â;¶7ÁGÂ'b�Yê· µ'�1�
rúµ Â;��b�[ Á¸Â�b1Y¸·
µ	�

Ω(x)
k�Â��'Á¸Á¸·l`'�jY�[�Â-Q��P¶5�PÆ�Â�Y¸Â>¶

t ∈ [0, 1]
�P�#����Â;��µ
YêÂ�T,¹

Ωt
Y\[�ÂDÁ¸Â�b1Y¸·
µ	�ubUµ	¶ê¶êÂ;Á\Q#µ'����·
�O` YêµtY\[�Â-Q��	¶ê�	Æ�Â1Y¸Â;¶

t
�#��ÄOQOQ�µ'Á¸Â*Y\[��
Y

z �
G = ∪06t61Ω

t.½���M�µ'¶7��·^]|Â>¶êÂ>�<Y
t 6= t̃ (t, t̃ ∈ [0, 1]), Ωt ∩Ω t̃ = ∅.o � �7¹IQ�Â>¶5ÁGÄ�¶\S©��b>Â
{Ωt}t∈[0,1] = {Ω(x)}x∈G

�P���
y ∈ Ω1, Ω0 ⊂ ∂Q.

 ò¹
B
k�Â*��Â;��µ
YêÂ� Ü�P�#��b�[ Á\Q���b>Â	¼,µ�TiY5�P·
��Â;�XT�¹fY\[�Â�bUÃ
µ'Á¸Ä�¶êÂ"µ
S Y\[�ÂXÁGÂ�Y

D(L)
·
�

Y\[�Â`��µ'¶¸Æ
‖u‖B = sup

06t61

∑

|α|61

∥∥Du
∥∥

L2(Ωt)
,

|³¿�� o ~

kU[�Â>¶êÂ
‖ · ‖L2(Ωt)

· ÁcY�[�Â���µ	¶êÆ�·
�jY�[�ÂXÁ#Q���bUÂ7µ�S �1Â�T#Â9Á#`'Ä�Â"Á\Q���b>Â*Á�_,Ä��P¶êÂ7·
��YêÂ�`'¶ê��T�Ã Â
SïÄ��	b�Yê· µ'��Á7��Â�y���Â9��µ'�XY�[�ÂDÁ¸Ä�¶#S©��bUÂ

Ωt.
 ò¹

H
k�Â`��Â>��µ
Y¸Â`�"· ÃaT#Â;¶#Y"Á\Q���bUÂ

H = L2(G) ×H1(Ω0) × L2(Ω
0),

|³¿�� º<~
kU[�Â>¶êÂ

H1(Ω0)
· ÁÜ��µ�T�µ	Ã
Â�V Á#Q���bUÂ7µ�S �1Â�T�Â;Á\`	Ä�Â"Á\_,Ä��	¶¸Â ·
�<Y¸Â�`	¶5�
T�Ã
Â · �

Ω0 SïÄ��	b�Yê· µ'��Á
kU[�·ab�[uQ�µ'ÁêÁGÂ9Á¸Á"Y�[�ÂDÁ\_,Ä��	¶¸Â�·
��YêÂ�`'¶ê��T�Ã Â*`	Â;��Â>¶5�PÃ
·��>Â;����Â>¶ê·aV��
Y¸·aV	Â9ÁÜµ
S Y�[�Â�y�¶5Á�Y7µ'¶ê��Â>¶9�
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	P¥��U²[¦�
������ «�������¢��
����7�������	#>@:BAC<(D9F#�òµ�Â�"jbU·
Â>�<Y5Á

aα(x)
µ
S Â�_,Ä���Yê· µ'� |V½�� z ~ �P¶êÂ7Á¸Ä "jbU·
Â>�<Y¸Ã
¹»ÁGÆ�µ�µ
Y�[1¼

Y\[��
YÜ· Á
aα(x) ∈ C2(G)

Sïµ'¶
|α| = 2

�	���
aα(x)

�P¶êÂ"Æ�Â;�'ÁGÄ�¶5�
T�Ã ÂX�P���XT#µ'Ä�����Â9�jSïµ'¶
|α| 6 1.

�
	�� �4� ��
 �m� � �!G�¥¸¢U§�¦ �3G|¬V¨K	Pª 
 �#	P£ ��§D¤[ª
�
F = (f, ϕ, ψ) ∈ H

�Ò¬=��¢Uª�¬=��¢U¥¸¢�¢��'¨ §�¬©§
¬=��¢D¦�ª#¨ 	U¦�¢`§5¬³¥�	Pª���§�	P£K¦�¬V¨K	Pª

u
	�� G|¥�	 �>£ ¢ � |V¿�� z ~�
�|³¿���½�~�¤Pª �ÿ¬=��¢ ¢U§�¬V¨ �»¤[¬�¢

‖u‖B 6 c‖F‖H

¨ §X¬³¥�¦�¢��

��¥�	�	�� rúµfQ�¶êµ�V	Â:Y\[�·
Á7Á#Yê�
Y¸Â;Æ Â;�<Y7·^Y7· Á ÁGÄ#"�b>· Â;�<YUY¸µfQ�¶êµ�V	Â:Y\[�Â`Â;��Â>¶�`	¹»·
��Â�_,Ä��	Ã ·lY ¹

‖u‖B 6 c‖Lu‖H = c
(
‖Lu‖L2(G) + ‖l0u‖H1(Ω0) + ‖l1u‖L2(Ω0)

) |³¿���¿�~

Sïµ	¶Ü�P��¹tSïÄ��	b�Yê· µ'�
u ∈ D(L) = C2(G),

��Â�gIY"Q�¶êµ�V	ÂUY�[���YRY\[�Â*µ�Q#Â;¶ê�
Y¸µ	¶
L : B → H�	��Æ�·lYêÁ`�ubUÃ
µ'Á¸Ä�¶êÂ �	��� Yêµ�Á#[�µ�k Y\[��
Y�Y\[�Âÿ��Â;��Á¸·^Y ¹�µ�S��®Á¸Â1Y`µ
SRV��	Ã Ä�Â;Á
R(L) ∈ H,kU[�Â>¶êÂvb>µ	��Á#Yê�	��Y

c > 0
·
� |V¿�� ¿�~D��µ�Â9Á ��µ
Y ��Â�Q�Â>���wµ	�

u
�	��� Á\Q���b>Â;Á

B
�P�#�

H�P¶êÂ���Â�y���Â;� T�¹ ¶¸Â;Ã
�
Y¸·
µ	��Áe|V¿�� o ~��	��� |³¿�� º<~���r&[�Â Ã
�'Á�Y»Á#Yê��YêÂ>Æ�Â>�<Y»��Â1y#��Â;� T�¹WY�[�Â
bUµ	�#ÁGÂ'_'Ä�Â>�	b>Â z k�Â�k · Ã
ÃmQ�¶êµ�V	Â�Ã
�
Y¸Â;¶;�

�

! µ
YêÂ	¼Ò·lS:r&[�Â>µ'¶¸Â;Æ o · ÁtQ�¶¸µ�V'Â;� ¼ Y\[�Â Â�g�·
Á#Y¸Â;�	bUÂ �P��� Ä���·h_'Ä�Â>��Â9Á¸Á µ
S��zÁ#Y¸¶êµ	�O`
ÁGµ'Ã ÄiYê· µ'��µ�S	Q�¶êµ�T�Ã
Â>Æ |³½�� z ~�¼i| o � z ~ú·
ÁÒ�PÃ Á¸µ:Q�¶êµ�V	Â9� �>���2S©��b1Y;¼[�P��¹-Q�µ	·
�<Y

x ∈ Q
T�Â>Ã
µ	�O`,Á

Y¸µÿÁ¸µ	Æ�ÂX¶¸Â9Á#Q�Â�b1Y¸·aV	Â-bUµ'��Â
G ⊂ Q

k ·lY\[eY�[�Â-T��	Á¸Â
Ω0 µ	�eY\[�Â-T�µ	Ä������P¶ê¹

∂Q
µ�S Y�[�Â

��µ	Æ»�P·
�
Q.

r&[�Â>�1¼ Sïµ'¶D�P��¹uSïÄ��	b1Y¸·
µ	��Á
f : Q 3 x → f(x) ∈ R

1, ϕ : ∂Q 3 x →
ϕ(x) ∈ R, ψ : ∂Q 3 x → ψ(x) ∈ R,

kU[�·hb�[��	¶¸Â`���	¶¸¶êµ�k�µ	��Á¸Â1YêÁ
G

�P�#�
Ω0 �P���

T#Â;Ã µ'�O`���b�bUµ'¶ê��·
�O`'Ã ¹�Y¸µ
L2(G), H1(Ω0),

�P���
L2(Ω

0),
Y\[�Â>¶êÂÿÂ1g�· Á�Y5Á-Y\[�Â Ä���·h_,Ä�Â

Á�Yê¶¸µ'�O` Á¸µ	Ã
ÄiYê· µ'�
u ∈ B

k ·^Y�[eY\[�Â`��µ'¶¸Æ |V¿�� o ~U�

�&C .sF$�mH � ' E�F$��0&L32 ,#N�G '  �J�H
�RJ-,\LUGON�J"F�
�J! 	�HOJ-+ , ��� � �&C#B���� � �UC � �
�
	�� �4� ��
�� � � � G�¥¸¢U§�¦ �3G|¬V¨K	Pª 
X¨ §�§U¤P¬V¨ § ��¢ � � 	[¥Ü¬=��¢$	IG�¢>¥¸¤[¬5	[¥

L
	�� ¢ 	U¦�¤P¬V¨K	Pª�|³¿�� z ~ �

¬=��¢Uªz¬=��¢�¢>ª�¢>¥��P²»¨±ª|¢ 	U¦�¤P£K¨±¬V²
‖u‖B 6 c‖Lu‖H

|A}�� z ~
�#	[£ ��§ � 	P¥ ¤Pª�²��5¦�ª@JU¬³¨K	[ª�§

u ∈ D(L) = C2(G),
�C��¢>¥¸¢1JI	[ª�§�¬Ø¤Pª�¬

c > 0
¨ §�¨±ª �	¢��

G�¢>ª �'¢Uª#¬ 	[ª
u,

§ G�¤ J5¢�§
B

¤[ª
�
H

¤[¥¸¢ �	¢�� ª�¢ � �
¨±¬B��¬B��¢ ��¢U£ G/	�� |V¿�� o ~»¤Pª � |³¿�� º<~I�
	HG�¢U¥¸¤P¬ 	P¥

L = (L, l0, l1)
¨ § �	¢�� ª�¢ � �
¨±¬=� ¬B��¢ ��¢>£ G(	�� 	IG�¢>¥¸¤P¬ 	P¥5§

L, l0,
¤[ª
�

l1
	��

¢ 	>¦�¤[¬³¨K	[ª |V¿�� z ~�¤Pª �1� ¤P¦9JH��² JI	[ª �P¨±¬V¨K	Pª |V¿���½�~

��¥�	�	�� �%��b�[ Á¸Â�b1Y¸·
µ	�
Ωt(0 < t < 1)

��·aV,· ��Â9Á���µ'Æ��	· �
G

· �OSïµsY�kòµ�Á¸ÄOT|��µ	Æ»�	· ��Á
Gt �P���

G̃t.
�1Â�Y

Gt T�Â Y�[�Â Á¸ÄOT|��µ	Æ»�P·
�sSïµ'¶3kU[�·hb�[sY\[�Â Â�g<YêÂ>¶ê���PÃ���µ	¶êÆ»�PÃ
ν(x)

Y¸µ
[,¹IQ�Â>¶5ÁGÄ�¶#S©��bUÂ

Gt �
Y/Q#µ'· �<YêÁ
x ∈ Ωt,

�	Á`�eQ��P¶\YDµ
SRY\[�Â�T#µ'Ä������	¶¸¹
∂Gt ¼1Æ»�P´'Â;Á`�

Á#[��	¶\Q®�P�	`	Ã
Â:k ·lY\[eY\[�Â-V	Â�b1Y¸µ'¶
r(x),

·³��Â	�
rν(x) > 0. òµ'Ä������	¶¸¹

∂Gt µ
S¯��Á¸Â1Y
Gt bUµ	�#ÁG· Á�Y5ÁÜµ
SÒ�2T�µ
Y\Y¸µ'Æ T��'ÁGÂ

Ω0,
Yêµ�QuT��	Á¸Â

Ωt �P���
� Ã ��YêÂ>¶5�PÃ1Á¸Ä�¶\S©��bUÂ

Γ t = Γ ∩Gt,
kU[�Â>¶êÂ

Gt
· Á7�fbUÃ
µ'Á¸Ä�¶¸Â�µ
S

Gt.
�1Â1Y Ä�Á7· �<Y¸Â�`	¶5��YêÂ3Y�[�Â`Â1giQ�¶êÂ;ÁêÁG·
µ	�

2L(x,D)u
∂u

∂r

µ�V	Â;¶
Gt ¼OkU[�Â>¶êÂ



� ¤[¦9JI��²���¥H	 �>£ ¢���� 	P¥ ¤��
¨±ª�¢5¤[¥��D²HG�¢>¥��I	[£K¨KJ*�
	��!	��X¬B��¢D«|¢IJI	[ª
���Ü¥��'¢U¥ ½
p o

∂u

∂r
= ur =

n∑

i=1

ri(x)
∂u

∂xi
.

���wµ'¶ê��Â;¶ Yêµ �
QOQ�Ã
¹ZY\[�Â���Á#Y¸¶êµ�`'¶ê�'��Á¸´,¹WSïµ	¶êÆ�Ä�Ã
��¼ Y�[�ÂuQ�¶ê· �	b>·lQ#�PÃ&Q��P¶\Y
2L0u

∂u

∂r

· Á
¶¸Â�Q�¶¸Â9ÁGÂ;�<Y¸Â;� · �eY�[�Â�Sïµ	¶êÆxµ
S
��·aV	Â;¶\`'Â>�	b>Â*·
�eY\[�Â�Sïµ'Ã Ã
µ�k · �	`2kÜ��¹|Ç

2
(
L(x,D)u,

∂u

∂r

)

L2(Gt)
=

n∑

i,j,k=1

∫

Gt

{(
aijrkuxj

uxk

)
xi

−
(
aijrkuxi

uxj

)
xk

+
(
aijrkuxi

uxk

)
xj

}
dx+

∫

Gt

Φ(u)dx,
|A}���½�~

kU[�Â>¶êÂ
Φ(u)

· Á �tT�· Ã
·
��Â;�	¶"Sïµ'¶¸Æ)µ
S Y�[�Â�SïÄ��	b1Y¸·
µ	�
u

�P����·lYêÁRy�¶5Á�Y µ'¶ê��Â;¶ ��Â>¶ê·lV[�
Y¸·aV	Â;Á;Ç

Φ(u) = 2

n∑

i,k=1

airkuxi
uxk

+ 2

n∑

k=1

a0rkuuxk

−
n∑

i,j,k=1

{(
aijrk

)
xi
uxj

uxk
−

(
aijrk

)
xk
uxi

uxj
+

(
aijrk

)
xj
uxi

uxk

}
.

 ò¹XV,·
¶\Y¸Ä�Â`µ�S Y\[�Â ��Á�Yê¶¸µ�`	¶5�	��Á¸´�¹ Sïµ'¶¸Æ Ä�Ã
�

2
(
L(x,D)u, ur

)
L2(Gt)

= F(Gt) +

∫

Gt

Φ(u)dx,

F(Gt) =
n∑

i,j=1

∫

Gt

aij

(
uxj

urνi − uxi
uxj

rν + uxi
urνj

)
ds.

��� µ'¶ê��Â>¶RY¸µ�Â;Á#Y¸·
Æ»��YêÂ
F(Qt)

k�ÂXÄ�ÁGÂD� Ã
µib>�PÃ����	¶#YêÂ;Á¸·
�	��Á¸¹�Á�YêÂ>Æ

ν, τ ,µ, τ (1), . . . , τ (n−3).

���jY\[�Â�Æ�Â;��Yê· µ'��Â;� Ã µib;�PÃ bUµ�µ	¶5��·
����YêÂ*Á¸¹�Á#Y¸Â;Æfµ	��ÂX��g�· Á�k ·
Ã
Ã?`'µ �	Ã µ'�O` V'Â�b1Y¸µ	¶
ν,
Y�[�Â

µ
Y\[�Â>¶úµ'��Â 4X�PÃ
µ	�O`UY�[�Â�Q�Â>¶�Q�Â>����·hbUÄ�Ã
�	¶mY¸µ*·^Y+V	Â'b�Y¸µ'¶
τ ∈ π0(x),

kU[�Â;¶¸Â
π0(x)

·
Á Y�k�µPÅ
��· Æ�Â;��ÁG·
µ	�#�PÃ Q�Ã
�	��Â2b>µ	�<Yê�	· ��·
�O`jV'Â�b1Y¸µ	¶5Á

ν
�P�#�

r.
�"[�µ,µ,ÁGÂ Y\[�Â µ
Y�[�Â>¶*bUµ�µ	¶5��·
����YêÂ;Á

· ��Y\[�Â Sïµ	Ã
Ã µ�k ·
�O`XkÜ��¹	�?r&[�¶êÂ>Â [�¹IQ�Â>¶�Q�Ã
�	��Â;Á3Q��	ÁêÁ¸· �O`jY\[�¶êµ	ÄO`�[ Q�µ	·
��Y
x,
kU[�Â;¶¸Â µ	��Â

Q�Ã
�	��Â®·
ÁjQ#Â;¶\Q�Â>����·ab>Ä�Ã
�	¶fY¸µZY�[�ÂsV	Â'b�Y¸µ'¶
ν,

Y\[�Â�Á¸Â�b>µ	���w·
Á
gradu(x),

Y�[�ÂsY�[�· ¶5�
µ	��Â»· Á

τ ,
Y�[�Â>¹�· �<YêÂ>¶5ÁGÂ'b�Y��PÃ
µ	�	`®��·
Æ�Â>��Á¸·
µ	�ZQ�Ã �P��Â»��µ�Ã Â9Á¸Á�Y�[��P�

(n − 3).
����Y�[�·
Á

· �<Y¸Â;¶êÁ¸Â�b1Y¸·
µ	�-k�Â�b�[�µ�µ'Á¸Â µ'¶#Y�[�µ�`'µ	���	Ã
bUµ�µ	¶5��·
����YêÂcV	Â'b�Y¸µ'¶êÁ
τ (1), . . . , τ (n−3).

r&[�ÂòÃ
�'Á�Y
V	Â�b1Y¸µ'¶

µ(x)
µ�SRY�[�· Á/bUµ'ÆtQ�Ã Â�Y¸Â Á¸¹�Á�YêÂ>Æ�· ÁD��Â�y���Â9� �	ÁD�uQ�Â>¶�Q#Â;����·hbUÄ�Ã �P¶ V	Â�b1Y¸µ'¶�Y¸µ

ν(x), τ (x), τ (1), . . . , τ (n−3).
 ò¹XV,·
¶\Y¸Ä�Â`µ�S¯Á¸Ä	b�[eb�[�µ	·hbUÂ

uτ (s) = 0, s = 1, . . . , n− 3.

 ò¹»¶êÂ�Q�Ã
��bU·
�O`/Y�[�Â���Â>¶ê·lV[��Yê·lV'Â;Áò· �vY\[�Â*·
�<Y¸Â�`'¶ê�	���ÿ�	Ã µ'�O`/Y�[�ÂX��Â�kR��· ¶êÂ�b1Y¸·
µ	��Á;¼
F(Gt)b>�P�eT�Â-k ¶¸·lY#YêÂ>�®· �eY�[�Â�Sïµ	Ã
Ã µ�k ·
�O`2Sïµ	¶êÆ



½
pPº ���������
	P¥��U²[¦�
������ «�������¢��

F(Gt) =
n∑

i,j=1

∫

Gt

aij

[(
uννj + uτ τj + uµµj

)(
uνrν + uτ rτ + uµrµ

)
νi

−
(
uννi + uτ τi + uµµi

)(
uννj + uτ τj + uµµj

)
rν

+
(
uννi + uτ τi + uµµi

)(
uνrν + uτ rτ + uµrµ

)
νj

]
ds

=

∫

∂Gt

rνL0(ν)u2
ν +

(
2rτL0(ν, τ ) − rνL0(τ )

)
u2
τ

+
(
2rµL0(ν,µ) − rνL0(µ)

)
u2
µ + 2rτL0(ν)uνuτ + 2rµL0(ν)uνuµ

+ 2
(
rµL0(ν, τ ) + rτL0(ν,µ) − rνL0(τ ,µ)

)
uτ uµ

]
ds

=

∫

∂Gt

Φ0(u) ds,
|A}�� o ~

kU[�Â>¶êÂ
τ = (τ1, . . . , τn), µ = (µ1, . . . , µn), rζ = (r, ζ) =

∑n
k=1 rkζk, ζ ∈

{ν, τ ,µ}
·
�XY�[�Â-bUµ�µ	¶5��·
����YêÂ*Á¸¹�Á�YêÂ>Æ

x1, . . . , xn; r = {rν , rτ , rµ, 0, . . . , 0}
·
�jY�[�Â

bUµ�µ	¶5��·
����YêÂ�Á¸¹�Á�YêÂ>Æ
ν, τ ,µ, τ (1), . . . , τ (n−3);

L0(ζ, ξ) =

n∑

i,j=1

aij(x)ζiξj , L0(ζ, ζ) = L0(ζ) = L0(x, ζ).

 ò¹�Y5�P´�· �	`�·
��Yêµz��b�bUµ'Ä��<Y2bUµ'����·lY¸·
µ	��Áe|V¿�� ½�~-k�Â�¶êÂ�k ¶ê·lY¸Âÿ·
�<Y¸Â�`'¶ê�	Ã:|A}�� o ~D�'Á/Y�[�Â
Sïµ	Ã
Ã µ�k ·
�O`�ÁGÄ�Æ

F(Gt) =

∫

Ωt

Φ0(u) ds+

∫

Ω0

Φ0(u) ds+

∫

Γ t

Φ0(u) ds = F(Ωt) + F(Ω0) + F(Γ t).

|A}�� º<~
� �PÃ
Ä�Â;Á

F(Ωt)
�P���

F(Γ t)
¶¸Â9ÁGÂ;Æ T�Ã
Â Â9��b�[wµ
Y\[�Â>¶fT�¹ZY\[�Â��
T#ÁGÂ;�	bUÂ�µ
S:T�µ	Ä�����Å

�P¶ê¹Zb>µ	����·^Yê· µ'��Á µ	�
Ωt � Γ t.

��� Y\[�Â9ÁGÂ®·
��YêÂ�`'¶ê�	Ã
Á kòÂubUµ'��ÁG· ��Â;¶ Y�[�Â®· �<Y¸Â�`	¶5�P��� �	Á
�e_,Ä��'��¶5��Y¸·hb Sïµ	¶êÆ k ·^Y�[s¶¸Â9Á#Q�Â�b1Y*YêµeY\[�Âÿ��Â;¶¸·aV[��Yê·lV'Â;Á

uν , uτ , uµ.
M�µ'¶`Â;Á#Y¸·
Æ»��Y¸·
µ	�

Sï¶¸µ'Æ T�Â>Ã
µ�k |©º�� z ~&k�Â�Ä�Á¸Â/Y�[�Â»��¹�ÃlV'Â;Á#Y¸Â>¶*bU¶ê·^YêÂ>¶ê· µ'� n ¿�q+k ·lY\[z¶¸Â9Á#Q�Â�b1Y3Y¸µe_,Ä��	��¶5��Yê·ab
Sïµ	¶êÆ

Φ0(u),
Y\[�Â`Æ»�
Y¸¶ê·^g µ�S kU[�·hb�[sb>�	�vT�Â-k ¶¸·lY#YêÂ>� · �eY�[�Â�Sïµ	¶êÆ




rνL0(ν) rτL0(ν) rµL0(ν)

rτL0(ν) 2rτL0(ν, τ ) − rνL0(τ ) rµL0(ν, τ ) + rτL0(ν,µ)
−rνL0(τ ,µ)

rµL0(ν) rµL0(ν, τ ) + rτL0(µ) 2rτL0(ν, τ ) − rνL0(µ)
−rνL0(τ ,µ)



.

��· �4bUÂ�Sïµ	¶
x ∈ Γ t L0(ν) = 0,

Y�[�Â>�eSïµ	¶&Y�[�Â;Á¸Â
x

2rτL0(ν, τ ) − rνL0(τ ) = −
1

rν
L0(q),

kU[�Â>¶êÂ V'Â�b�Yêµ	¶
q(x) = rτν(x) − rντ (x)

¶¸Â�Q�¶êÂ;Á¸Â>�<YêÁ
90�

YêÄ�¶¸��µ
ScY�[�Â2V'Â�b1Y¸µ	¶
r(x)· �eY\[�Â-Q�Ã
�	��Â

π0(x).
��·
Æ�· Ã �P¶êÃ ¹'¼
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2rµL0(ν,µ) − rνL0(µ) = −
1

rν
L0(χ),

rµL0(ν, τ ) + rτL0(ν,µ) − rνL0(τ ,µ) = −
1

rν
L0(q,χ),

kU[�Â>¶êÂ/V	Â'b�Yêµ	¶
χ(x) = rµν(x) − rνµ(x)

¶êÂ�Q�¶¸Â9ÁGÂ;��Y5Á
90�

YêÄ�¶¸��µ
S�Y\[�Â V	Â�b1Y¸µ'¶
r(x)· ��Y�[�ÂdY�k�µPÅ���·
Æ�Â>��Á¸· µ'���PÃ4Q�Ã �P��Â3b>µ	�<Yê�	· ��· �O` V	Â�b1Y¸µ'¶êÁ

r(x)
�P�#�

µ(x).
r&[�Ä�Á;¼�Sïµ'¶ò�	�,¹

x ∈ Γ t

Φ0(u) = −
1

rν

[
L0(q)u2

τ + 2L0(q,χ)uτ uµ + L0(χ)u2
µ

]
(x).

$ b�bUµ'¶ê��· �O`2Y¸µfQ�¶êÂ;Á¸Ä�ÆfQiYê· µ'� z ¼

L0

(
x; q(x)

)
, L0

(
x; χ(x)

)
6 −c1 < 0.

|A}���¿�~
 ò¹ �
QOQ�Ã ¹�·
�O`ZY\[�Âz���	Ä	b�[�¹,ÅØ �Ä���¹'�	´	µ�V�Á¸´,¹�·
��Â�_,Ä��	Ã ·lY ¹ n o q*µ'��Â b>�	� Q�¶¸µ�V'ÂvY�[�Â�·
��Å
Â�_,Ä��PÃ
·lY ¹

L0

(
x; q(x)

)
L0

(
x; χ(x)

)
− L

2
0(x; q(x),χ(x)) > c2 > 0.

|A}�� }�~
��· �4bUÂ

rν > 0, L0

(
x; ν(x)

)
= 0

�	���/T�¹/V�·
¶#YêÄ�Â�µ
S	Y�[�ÂÜ· ��Â�_,Ä��PÃ
·lY¸·
Â;ÁU| }�� ¿�~ú�	���e| }�� }�~U¼
kòÂ�[���V'Â:Y�[���Y&Sïµ'¶7�PÃ
Ã

x ∈ Γ t Φ0(x) > 0,
·V� Â	�

F(Γ t) =

∫

Γ t

Φ0(u) ds > 0.
| }�����~

�1Â1Y Ä�ÁÜÆ»�	´	Â�Â;Á#Y¸·
Æ��
Y¸Â9Á�Sïµ'¶
F(Ωt)

�iP�Â-bUµ'��ÁG· ��Â;¶RQ�¶¸·
�	bU·aQ��	Ã�Æ�·
��µ	¶5Á�µ
S Y\[�ÂXÆ»��Yê¶¸·lg
µ
S�Sïµ	¶êÆ

Φ0(u)
· �uY�[�Â2b;�	Á¸Â

x ∈ Ωt �	���®¶êÂ�k ¶ê·^YêÂ�Y\[�Â;Æo·
���P���
Q	Q�¶¸µ�Q�¶ê·
�
Y¸Â*Sïµ	¶UY�[�Â
· �IV	Â9Á�Yê·l`,��Yê· µ'�jSïµ	¶êÆ

d1(x) = rν(x)L0

(
x; ν(x)

)
,

|A}�� p�~

d2(x) = −L0(x; ν(x))L0

(
x; q(x)

)
,

|A}�� ��~

d3(x) =
L0(ν)

rν

∣∣∣∣∣∣

1 rνL0(ν) rµL0(ν)
0 −L0(g) −L0(g,χ)
0 −L0(g,χ L0(χ)

∣∣∣∣∣∣
(x)

| }�� z ¾�~

=
L0

(
x; ν(x)

)

rν

[
L0

(
x; g(x)

)
L0

(
x; χ(x)

)
− L

2
0

(
g(x),χ(x)

)]
.

M�¶êµ	Æ�Sïµ'¶¸Æ Ä�Ã �PÂd| }�� p<~ 4 | }�� z ¾<~#·^Yú· Ámb>Ã Â9�P¶9¼�Y\[��
YúÄ�Á¸· �	`UY\[�Â�Q�¶¸µ�Q#Â;¶#Y ¹"µ
SIY\[�Â�V	Â�b1Y¸µ'¶êÁ
g(x)

�P�#�
χ(x)

·
�eY\[�Â�Sïµ'¶¸Æxµ�S�·
��Â�_,Ä��	Ã ·lY¸·
Â;Á-|A}���¿�~U¼ | }�� }<~ò�	���XY\[�Â`·
��Â�_,Ä��	Ã ·lY ¹

rν(x)L0

(
x; ν(x)

)
> c5 > 0,

kòÂ�[���V'Â:Y�[���Y&Sïµ'¶7�P��¹
x ∈ Ωt

dp(x) > c6 > 0, p = 1, 2, 3.
|A}�� z�z ~

r&[,Ä#Á>¼ISï¶êµ	Æo· ��Â'_,Ä��PÃ
·^Yê· Â9Á-| }�� z�z ~ò·^YUSïµ'Ã Ã
µ�k7Á"Y\[��
Y;Ç
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F(Ωt) =

∫

Ωt

Φ0(u) ds > c7

∫

Ωt

[
u2
ν + u2

τ + u2
µ

]
(x) ds,

kU[�Â>¶êÂ�Q#µ,ÁG·lY¸·aV	Â-bUµ'��Á#Yê�P�<Y
c7

· ÁÜ· �#��Â�Q�Â>����Â>�<Y"µ
S
u.

 �ÄiY

u2
ν + u2

τ + u2
µ > c8

n∑

i=1

u2
xi

µ	¶

F(Ωt) > c9

n∑

i=1

‖uxi
‖2

L2(Ωt).

�%Á�Yê· Æ»�
Y¸·
�O`»Â1giQ�¶êÂ;ÁêÁG·
µ	�
F(Ω0)

Sï¶¸µ'Æ)�
T�µ�V	Â*kòÂXµ�TiYê�	· �eY\[�Â`· ��Â'_,Ä��PÃ
·^Y ¹

F(Ω0) =

∫

Ω0

Φ0(u) ds 6 c10

(
‖l0u‖

2
H1(Ω0) + ‖l1u‖

2
L2(Ω0)

)
.

| }�� z ½�~

�"Á¸· �O`tY�[�Â ���PÄ	b�[�¹,Å� òÄ��,¹,�P´'µ�V�Á¸´�¹�·
��Â�_,Ä��	Ã ·lY ¹	¼�·lY7· Á Â;�'ÁG¹fYêµ»Æ��	´	Â�Â;Á#Y¸·
Æ»��Y¸Â9Á
∣∣∣
∫

Ωt

Φ(u) ds
∣∣∣ 6 c11‖u‖

2
H1(Gt),

| }�� z'o ~

2
∣∣∣(Lu, ur)L2(Gt)

∣∣∣ 6 c12

(
‖Lu‖2

L2(G) + ‖u‖2
H1(Gt)

)
.

| }�� z º<~

��_,Ä��PÃ
·^Yê· Â9Ád| }�� ½�~ 4 | }�� º<~¯�	��� Â;Á#Y¸·
Æ��
Y¸Â9Ád| }�� ¿�~ 4 |A}�� �
~U¼O| }�� z ½�~ 4v| }�� z ºI~ Y¸µ�`'Â1Y�[�Â>¶DQ�¶êµ�V	Â
Y\[�Â`·
��Â�_,Ä��	Ã ·lY ¹

n∑

i=1

‖uxi
‖2

L2(Ωt) 6 c13‖Lu‖
2
H + ‖u‖2

H1(Gt).
| }�� z ¿�~

�1Â1Y�Ä�Á7·
�<Y¸¶êµ���Ä	bUÂ/Y\[�Â SïÄ��	b�Yê· µ'�
u

·
�<Y¸µ�Y�[�Â�Ã
Â1S Y*Q��P¶\Y"µ�S2| }�� z ¿�~�� M�µ'¶dY\[�·
Á3Q�Ä�¶�Q#µ,ÁGÂ
kòÂz· �<Y¸Â�`	¶5��YêÂ�µ�V	Â>¶

Gt Y\[�ÂzÂ1giQ�¶êÂ;ÁêÁG·
µ	�
(u2)r = 2uur

�P�#� Æ��	´	Â���QOQ�¶êµ�Q�¶ê· ��Y¸Â
Y¸¶5�P��Á#Sïµ	¶êÆ»��Y¸·
µ	�#Á��	����Â;Á#Y¸·
Æ��
Y¸Â9Á>� $ Á7� ¶¸Â9ÁGÄ�ÃlYUkòÂ`µ�TiYê�	· �

∫

Ωt

u2 ds ≤ c15

(
‖l0u‖

2
H1(Ω0) + ‖l1u‖

2
L2(S4)

+ ‖u‖2
H1(Gt)

)
.

| }�� z }�~

$ ����·
�O`ÿ·
��Â�_,Ä��	Ã ·lY¸·
Â;Á2| }�� z ¿�~ �P�#� | }�� z }<~&k�ÂDµ�TiY5�P·
���»��Â�km· ��Â'_,Ä��PÃ
·^Y ¹vY¸µXkU[�·ab�[�·lY
·
Á&Q�µ'ÁêÁG·aT�Ã
Â*Y¸µ»�
QOQ�Ã ¹���¶êµ	��Ä�µ'Ã|· ��Â'_,Ä��PÃ
·^Y ¹ n ��qØ� $ Á � ¶êÂ;Á¸Ä�ÃlYUkòÂXµ�TOYê�P·
�vY\[�Â`¶êÂ>Ã ��Yê· µ'�

∫

Ωt

(
u2 +

n∑

i=1

u2
xi

)
ds 6 c16‖Lu‖

2
H ,

| }�� z �
~

Sï¶¸µ'Æ kU[�·hb�[fY\[�Â"��Â>Â9��Â;��Â;��Â>¶�`	¹ · ��Â'_,Ä��PÃ
·^Y ¹ Sïµ	Ã
Ã µ�k7Á;¼P·lS kòÂ"��QOQ�Ã
¹/Y�[�Â7ÄOQOQ�Â>¶"T#µ'Ä����
· �eY\[�Â`Ã Â�S YdQ��P¶\Y µ
S/| }�� z �
~��

�
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! µ�k k�Â�k · Ã
ÃmQ�¶êµ�V	Â:Y\[#��Y7µ�Q�Â>¶5��Yêµ	¶
L

·
ÁUb>Ã µ,Á¸��T�Ã
Â	�
� � 
 
 � �?� �CG�¢U¥¸¤P¬ 	P¥

L : B → H
	�� G�¥�	��U£ ¢ � |V¿�� z ~ 
<|V¿���½�~�¤[£±£ 	 �Ò§ JU£ 	[§�¦�¥¸¢

L̄.

��¥�	�	�� �1Â�Y
uk ∈ D(L)

�	���
uk

B
−−−−→
k→∞

0.
��· �4bUÂ

‖l0u‖
2
H1(Ω0) 6 c̃‖u‖B, ‖l1u‖

2
L2(Ω0) 6 c̃‖u‖B, c̃ > 0,

Y\[�Â;��·^Y:Sïµ	Ã
Ã µ�k7ÁRY�[���Y
l0uk → 0

·
�
H1(Ω0)

�	���
l1uk → 0

·
�
L2(Ω

0)
�	Á
k → ∞.�1Â1Y�Ä�Á*bUµ	�#ÁG· ��Â>¶X�ÿÁ�b>�	Ã
�	¶3Q�¶êµ���Ä	b�Y (

Luk, v
)
L2(G)

Sïµ	¶X�P��¹vSïÄ��	b�Yê· µ'�
v ∈ C∞

0 (G)
¼

kU[�Â>¶êÂ
C∞

0 (G)
·
Á
��ÁGÂ�Y
µ
S�·
�iy���·lY¸Â;Ã ¹ ��·l]�Â;¶¸Â;��Yê·
��T�Ã
Â�SïÄ��4b�Y¸·
µ	�#ÁÒ· �

G
k ·lY\[��:b>µ	ÆfQ���b�Y

ÁGÄOQ	Q#µ'¶#Y9��� S+k�Â�Y¸¶5�P��Á#Sïµ	¶êÆf·lY;¼Ok�Â`Á#[��	Ã Ã ¶êÂ�b>Â>·aV	Â

(
Luk, v

)
L2(G)

=
(
uk,

n∑

i,j=1

(aijvxj
)xi

)

L2(G)
+

( n∑

i=1

ai(uk)xi
+ a0uk, v

)

L2(G)
.

��· �4bUÂ

uk
B

−−−−→
k→∞

0, uk
L2(G)
−−−−→
k→∞

0,

n∑

i=1

ai
∂

∂xi
uk + a0uk

L2(G)
−−−−→
k→∞

0,

[�Â>�	b>Â
L(x,D)uk

L2(G)
−−−−→
k→∞

0. �

�
	�� �4� ��
�� � � ��¬B��¢*G�¥¸¢U§�¦ �3G|¬V¨K	Pª �#	P£ ��§�¬=��¢Uª � 	[¥ ¤[ª#²
F ∈ H

¬=��¢U¥ê¢�¢ �'¨ §5¬V§�¬=��¢
¦�ª�¨ 	>¦�¢X§�¬V¥H	[ª��ÿ§�	[£K¦�¬³¨K	[ª 	��`¬B��¢�G�¥�	��U£
¢�� |³¿�� z ~ 
<|V¿�� ½�~D¤[ª
�ÿ¬B��¢ ¢�§�¬³¨ ��¤P¬Ø¢

‖u‖B 6 c‖F‖H .
| ��� z ~

¨ §X¬³¥�¦�¢��

��¥�	�	�� �%Á#Y¸·
Æ��
Y¸Â-| ��� z ~ Sïµ'Ã Ã
µ�k7ÁmSï¶êµ	ÆmÂ;��Â>¶�`	¹�·
��Â�_,Ä��	Ã ·lY ¹X| }�� z ~mQ�¶¸µ�V'Â;�*Sïµ	¶¯µ�Q�Â>¶5��Yêµ	¶
L

µ�S	Y�[�ÂUQ�¶êµ�T�Ã
Â>Æ |³¿�� z ~ 4 |V¿�� ½�~��[�7��·a_,Ä�Â;��Â;ÁêÁÒµ
S �XÁ�Yê¶¸µ'�O`�Á¸µ	Ã
ÄiYê· µ'� �PÃ Á¸µ:Sïµ'Ã Ã
µ�k7Á Sï¶¸µ'Æ
Y\[�Â`Â;��Â>¶�`	¹»·
��Â�_,Ä��	Ã ·lY ¹	�
! µ�k kòÂ:Q�¶êµ�V	Â&Y\[�Â*Â�g�· Á#Y¸Â>�4bUÂ7µ�Sú��Á#Y¸¶êµ	�O`�Á¸µ	Ã
ÄiYê· µ'�1��M�µ	¶"Y\[�· Á�Q�Ä�¶\Q�µ'Á¸Â	¼���b�bUµ'¶ê��Å

· �O`fYêµ�bUµ	¶êµ	Ã
Ã �P¶ê¹ z ·^Y7· Á ��Â'bUÂ;ÁêÁê�P¶ê¹fY¸µ»Á#[�µ�k�Y\[#��Y
R(L) = H.

�òµ	��Á¸·
��Â>¶7�tQ�¶êÂ>Ã
· Æ�· Å
���P¶ê¹�b>�	Á¸Â	¼IkU[�Â;� µ�Q#Â;¶ê�
Y¸µ	¶

L
[��	Á"Y\[�Â:Sïµ'¶¸Æ

L0 = (L0, l0, l1), D(L0) = D(L)
· ÁÜ�

��µ	Æ»�P·
� µ
SÒ·^Y5Á ��Â1y���·^Yê· µ'�®�	���
R(L0)

· ÁÜ·^Y5Á ¶ê�	�O`	Â'�
�1Â1Y`Â;Ã Â;Æ Â;�<Y

V (x) = (v(x), v0(x), v1(x)) ∈ H
· ÁXµ	¶\Y\[�µ�`	µ	�#�PÃmYêµ

R(L0).
P�Â

k · Ã
Ã7Á#[�µ�k Y\[��
Y
V (x) = 0.

� Y»Æ�Â;�P�#ÁtY\[��
YtY�[�Â�µ	¶\Y\[�µ�`	µ'���PÃ��	����·^Yê· µ'� Yêµ
R(L0)bUµ	�#ÁG· Á�Y5ÁÜµ	��Ã
¹ÿµ�S �>Â;¶¸µ�Â;Ã Â;Æ Â;�<Y;¼O[�Â;�	bUÂ

R(L0) = H
n p�qØ���òµ'��ÁG· ��Â;¶ÜÁ�b>�	Ã
�	¶&Q�¶¸µ���Ä4b�Y

(
L0u, V

)
L2(G)

=
(
L0u, v

)
L2(G)

+
(
l0u, v0

)
H1(Ω0)

+
(
l1u, v1

)
L2(Ω0)

,
| ����½�~

kU[�Â>¶êÂ
u ∈ D(L0).

�úÂ1Y9¼�· �uQ��	¶#Yê·ab>Ä�Ã �P¶9¼

u ∈ D0(L0) = {u ∈ D(L0)| l0u = l1u = 0} ⊂ D(L).
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r&[�Â>�eY\[�Â/bUµ	�#��·^Yê· µ'��µ�S Y�[�ÂXµ	¶\Y\[�µ�`	µ'���PÃ
·^Y ¹�T�Â�b>µ	Æ�Â;Á

(
L0(x,D)u, v

)
L2(G)

= 0
| ��� o ~

Sïµ	¶*�	Ã Ã
u ∈ D0(L0).

����µ	¶5��Â>¶UYêµXQ�¶êµ�V	Â�Y�[���Y
v = 0

· � | ��� o ~&k�Â b>µ	��Á¸·
��Â>¶"·
��Á#Y¸Â9�	�
µ
S
u

� Æ�µ'Ã Ã
·^y#Â>¶Uk ·lY\[uV[�P¶ê·
��T�Ã ÂXÁ#Y¸Â�Q
Jku

`	·aV	Â>� ·
�vY�[�Â�Sïµ	¶êÆ

Jku(x) =

∞∑

m=0

ψm(x)Jδmk
u(x),

kU[�Â>¶êÂ
ψm(x)

Sïµ	¶êÆ Y\[�Â-Q��P¶\Y¸·lY¸·
µ	� µ
S+Y\[�Â`Ä���·^Y ¹'¼

Jδmk
u(x) =

1

δn
mk

∫

Q

ω
(x− y

δmk

)
u(y) dy

�P¶êÂ:Y�[�Â���µ�T#µ'Ã Â�V ��V	Â;¶ê��`	·
�O`Dµ�Q�Â>¶5��Yêµ	¶5Á>¼
δmk < 2−4−m

naz qØ�
�1Â1Y

u ∈ C∞
0 (G) ⊂ D0(L0),

Y\[�Â;�
Jku ∈ C∞

0 (G).
Pz¶ê·lY¸·
�O`ÿÂ1giQ�Ã
·hbU·lY¸Ã
¹jY\[�ÂDÃ Â�S Y

Q��P¶\Y µ
S/| ��� o ~ò�	���e`	µ'· �O`2Y¸µjb>µ	��w Ä	`'��YêÂ*Â�giQ�¶¸Â9Á¸Á¸·
µ	��ÁRk�Â�µ�TiYê�	· �
(
L0Jku, v

)
L2(G)

=
(
JkL0u, v

)
L2(G)

+
(
L0Jku− JkL0u, v

)
L2(G)

=
(
L0u, J

∗
kv

)
L2(G)

+
(
Ru, v

)
L2(G)

| ��� º<~

=
(
u,L0J

∗
kv

)
L2(G)

+
(
u,R∗

0v
)
L2(Q)

−
n∑

i=1

(
u,

∂

∂xi
R∗

i v
)
L2(G)

,

kU[�Â>¶êÂ
J∗

k

·
Á �'��w µ	·
�<YUY¸µ�µ�Q�Â>¶5��Yêµ	¶
Jk

�P��� ·lY3b>�P�eT�Â-Q�¶¸Â9ÁGÂ;�<Y¸Â;� �	Á

J∗
ku(x) =

∞∑

m=0

Jδmk

(
ψmu

)
(x),

R = L0Jk − JkL0
·
ÁUb>µ	Æ�Æ�ÄOYê��Yêµ	¶&kU[�·hb�[sb>�P�eT�Â-`	·aV	Â>� ·
�vY�[�Â*Sïµ	¶êÆ

Ru = R0u+
n∑

i=1

Riuxi
,

R0u =

∞∑

m=0

n∑

i,j=1

{
∂aij

∂xi

∂ψm

∂xj
Jδmk

u+ aij
∂2ψm

∂xi∂xj
Jδmk

u

− ψm
1

δn
mk

∫

G

∂

∂yj

[
ω
(x− y

δmk

)(∂aij(x)

∂xi
−
∂aij(y)

∂yi

)]
u(y) dy

}
.

Ri
∂u

∂xi
=

∞∑

m=0

n∑

j=1

{
2aij

∂ψm

∂xj
Jδmk

∂u

∂xi

− ψm
1

δn
mk

∫

Q

∂

∂yj

[
ω
(x− y

δmk

)(
aij(x) − aij(y)

)] ∂u
∂yi

dy

}
.
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r��	´,·
�O` ·
�u��b�bUµ	Ä���Y | ��� º<~�¼"kòÂ b;�P� k ¶ê·^YêÂ�Â�_,Ä��	Ã ·lY ¹ | ��� o ~2Sïµ'¶ �P��¹ SïÄ��	b�Yê· µ'�

u ∈
C∞

0 (G)
·
�vY�[�Â�Sïµ	Ã
Ã
µ�k · �O`2Sïµ	¶êÆ

(
u, L0J

∗
kv +R∗

0v −
n∑

i=1

∂

∂xi
R∗

i v
)

L2(G)
= 0.

| ����¿�~

! µ
YêÂ	¼iY�[���Y | ����¿�~Rb>�	�vT�Â`Â1gIYêÂ>����Â9�vY¸µtSïÄ��	b1Y¸·
µ	��Á
u ∈ L2(G)

T�¹ Ã
·
Æ ·lYdQ��'Á¸Áê�
`'Â	�
PzÂ�¶êÂ1Y¸Ä�¶¸�WY¸µ�Â'_'Ä#�PÃ
·^Y ¹ | ��� o ~:kU[�Â;¶¸Â

u
· Á*Yê�	´	Â>�s�	Á

Jku, u ∈ D0(L0).
�*ÁG·
�O`

Y\[�Â&Sïµ'¶¸Æ�µ
S#·
�<Y¸Â�`	¶5��Y¸Â9�/Yê¶ê�	��Á#SïÂ>¶
µ�Q�Â>¶5��Yêµ	¶�k�Â"Yê¶ê�	��Á#SïÂ>¶
µ�Q�Â>¶5��Yêµ	¶Òµ
S ��·l]�Â;¶¸Â;�<Y¸· ��Y¸·
µ	�
Sï¶¸µ'Æ

u
Y¸µ
v

�	����µ�TiY5�P·
�
(
u, L0J

∗
kv +R∗

0v −
n∑

i=1

∂

∂xi
R∗

i v
)

L2(G)
+M

(
u, v; ∂G(y)

)
= 0,

| ��� }�~

kU[�Â>¶êÂ k�Â ��Â;��µ
YêÂ2T�¹
M

(
u, v; ∂G(y)

) T#µ'Ä������	¶¸¹vY¸Â;¶¸Æ»Á*kU[�·hb�[�¶êÂ;Á¸Ä�Ã^Y*Sï¶êµ	Æ~· �<YêÂUÅ
`	¶5��Y¸·
�O`eT�¹ Q��P¶\YêÁX·
��Y\[�Â»Â�giQ�¶¸Â9Á¸Á¸·
µ	� (

L0u, J
∗
kv

)
L2(G)

+
(
Ru, v

)
L2(G)

.
 �¹�b>µ	Æ Å

Q��P¶ê· �	` | ����¿�~��	���W| ��� }�~U¼OkòÂ`Á¸Â>Â*Y\[#��YUY\[�Â�Sïµ	Ã
Ã µ�k ·
�O` Â�_,Ä��PÃ
·lY ¹ÿ·
ÁUSïÄ�Ã^y#Ã Ã
Â;�

M
(
u, v; ∂G(y)

)
= 0.

| ��� �
~
 ò¹2V[�P¶ê¹,·
�O`�Y�[�ÂUSïÄ��	b1Y¸·
µ	�

u
k ·^Y�[�· �fY�[�Â7Ã
· Æ�·lY%µ
S Y�[�Â"Á¸Â1Y

D0(L)
µ'��Âdb>�	�ÿÁ#[�µ�k Y\[��
Y

| ��� �
~ò· Á&SïÄ�Ãly�Ã
Ã Â9�XSïµ'¶7�P��¹
u ∈ D0(L0)

·lS
�P��� µ	��Ã ¹ÿ·lS
v ∈ L2(G)

· Á Á¸Ä	b�[XY�[���Y

J∗
kv

∣∣∣
Γ

= 0, R∗
i v

∣∣∣
Γ

= 0, i = 0, . . . , n.
| ��� p<~

�1Â1Y¯Ä�ÁÒ��Â>��µ
Y¸Â"T�¹
G̃t bUµ
S©��b�Yêµ	¶mYêµ

Gt∪Ωt µ
SOY�[�Â���µ	Æ»�P·
�
G.

�7Â;¶¸Â�Y\[�ÂRV[�PÃ
Ä�Â
t

· Á
b�[�µ'Á¸Â>��ÁGµ*Y�[���Y

G̃t ·
Á
��bUµ'�IV	Â1g�Á¸Â1Yck ·lY\[�¶êÂ;Á\Q#Â'b�Y�Y¸µ�Y�[�ÂUV	Â'b�Yêµ	¶+y�Â>Ã �
<
Y�[�¶êµ	ÄO`�[�µ	ÄiY

Y\[�Â ÁGÂ�Y
G.
�úÂ1Y�Ä�Á7·
�<Y¸¶êµ���Ä	bUÂ

(∂G̃t)− =
{
x ∈ ∂G̃t|rν(x) < 0

}
,
kU[�Â>¶êÂ

ν(x)
· Á"�

Ä���·lYRV'Â�b�Yêµ	¶ µ�S Y\[�Â*Â1gIY¸Â;¶¸�#�PÃ���µ	¶êÆ��	ÃV����·
Æ ·
Ã �P¶êÃ ¹'¼
(∂G̃t)+ =

{
x ∈ ∂G̃t|rν(x) > 0

}
. ò¹

Iv(x)
kòÂ`��Â;��µ
YêÂD� Ã
·
��Â`· �<YêÂ�`	¶5�PÃ

Iv(x) =

x∫

x̃

J∗
kv ds,

kU[�Â>¶êÂ`· �<YêÂ�`	¶5��Yê· µ'��· Á&SïÄ�Ãly�Ã
Ã Â9���PÃ
µ	�	`2Y�[�Â b>Ä�¶\V'Â
ρ,
Yêµ�kU[�·hb�[uY\[�Â-V'Â�b�Yêµ	¶Uy#Â>Ã �

<
· Á

Yê�P�	`	Â>�<Y9¼
x

�	���
x̃

�	¶¸Â`µ'�sY\[�·
Á:bUÄ�¶�V	Â��	���
x̃ ∈ (∂G̃t)−, x ∈ G̃t.

M�¶¸µ'Æ���Â�y���·lY¸·
µ	�
µ
S+Y\[�Â`·
�<Y¸Â�`'¶ê�	Ã

I
�P���ubUµ'����·lY¸·
µ	��Á-| ��� p�~ò·lYUSïµ	Ã
Ã µ�k7ÁRY�[���Y

J∗
kv

∣∣∣
(∂G̃t)

+
= 0, Iv

∣∣∣
(∂G̃t)

−

= 0, J∗
kv(x) =

∂

∂r
Iv(x).

| ��� ��~

� S¯·
� | ����¿�~"k�Â-b�[�µ�µ'Á¸Â
u

�'Á

u(x) =

{
Iv(x), x ∈ G̃t,

0, x ∈ Gt.

Y\[�Â;�®�'Á � ¶¸Â9ÁGÄ�ÃlYUkòÂ`µ�TiYê�	· �



½ �	¾ ���������
	P¥��U²[¦�
������ «�������¢��
n∑

i,j=1

∫

G̃t

Iv
∂

∂xj

(
aij

∂2

∂xi∂r
Iv

)
dx =

n∑

i=1

(
Iv,

∂

∂xi
R∗

i v

)

L2(G̃t)

−
(
Iv,R∗

0v
)

L2(G̃t)
.

| ��� z ¾�~
�1Â1Y�Ä�Á ·
��YêÂ�`'¶ê�
Y¸ÂjT�¹ Q��	¶#Y5Á�·
� Y�[�Â�Ã
Â1S YfQ��	¶#Y µ
Ss| ��� z ¾<~`Ä�Á¸·
�O` Y�[�Â���Á#Y¸¶êµ�`'¶ê�'��Á¸´,¹
Sïµ	¶êÆ�Ä�Ã ����M�µ'¶ Y�[�·
ÁtQ�Ä�¶\Q�µ'Á¸ÂXk�ÂXYê¶ê�	��Á#Sïµ	¶êÆ Y�[�Â Á¸ÄOT�·
�<Y¸Â�`	¶5�PÃ�Â1giQ�¶êÂ;ÁêÁG·
µ	� ·
�<Y¸µ Y�[�Â
Sïµ	Ã
Ã µ�k ·
�O`���·lV'Â>¶�`	Â;��Y&Sïµ'¶¸Æ

n∑

i,j=1

Iv
∂

∂xi

(
aij

∂2

∂xj∂r
Iv

)
=

n∑

i,j=1

∂

∂xi

(
aijIv

∂2

∂xj∂r
Iv

)
−

1

2

∂

∂r
Ψ0(v)−Ψ1(v),

| ��� z�z ~
kU[�Â>¶êÂ�kòÂ`��Â;��µ
YêÂ

Ψ0(v) =
n∑

i,j=1

aij
∂

∂xi
Iv

∂

∂xj
Iv,

Ψ1(v) = −
1

2

n∑

i,j=1

∂aij

∂r
Iv

∂

∂xj
Iv +

n∑

i,j,k=1

aij
∂rk
∂xj

∂

∂xi
Iv

∂

∂xk
Iv.

 ò¹XV,·
¶\Y¸Ä�Â`µ�S+bUµ'����·lY¸·
µ	��Á-| ��� ��~
∫

G̃t

n∑

i,j=1

∂

∂xi

(
aijIv

∂2

∂xj∂r
Iv

)
dx = 0.

| ��� z ½�~

r��	´,·
�O`ÿ·
�<Y¸µ ��b�b>µ	Ä��<Y | ��� z�z ~ �	��� | ��� z ½�~U¼OY\[�Â�Â�_,Ä��
Y¸·
µ	� | ��� z ¾�~Ub;�P�sT�Â k ¶ê·^Y\Y¸Â;���	Á
Sïµ	Ã
Ã µ�k7Á;Ç

−

∫

∂G̃t

Ψ0(v)rν ds = 2

∫

G̃t

Ψ1(v) dx−2
(
Iv,R∗

0v
)

L2(G̃t)
+2

n∑

i=1

( ∂

∂xi
Iv,R∗

i v
)

L2(G̃t)
.

| ��� z'o ~
���uY\[�Â/Q�µ	·
�<Y

x ∈ Ωt b�[�µ�µ'Á¸Â�Y\[�Â�Ã µib>�	Ã¯���P¶\Y¸Â9ÁG· �P�ubUµ�µ'¶ê��·
���
Y¸ÂDÁ¸¹�Á#Y¸Â;Æ
{ν, τ2,

. . . , τn}.
���eY\[�· Á7Á¸¹�Á#Y¸Â;Æ Y\[�ÂD��Â>¶ê·lV[�
Y¸·aV	ÂX¶¸Â�Q�¶êÂ;Á¸Â>�<Yê�
Y¸·
µ	� · ÁRY¸¶êÄ�Â

∂

∂xi
Iv =

∂

∂ν
Iv νi +

∂

∂τ 2
Iv τ2

i + . . .+
∂

∂τn
Iv τn

i .

 òÄOY
∂

∂r
Iv =

∂

∂ν
Iv rν +

∂

∂τ 2
Iv rτ2 + . . .+

∂

∂τn
Iv rτn .

�7Â>�4bUÂ	¼

∂

∂xi
Iv =

νi

rν
J∗

k v+
(
τ2
i −

rτ2

rν
νi

) ∂

∂τ 2
Iv+ . . .+

(
τn
i −

rτn

rν
νi

) ∂

∂τn
Iv =

νi

rν
J∗

kv.

r&[,Ä#Á>¼

−

∫

Ωt

Ψ0(v)rν ds = −

∫

St

1

rν
(J∗

k v)
2
0(x; ν) ds > c1‖J

∗
kv‖

2
L2(Ωt).

| ��� z º<~
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! µ�k kòÂdb>µ	��Á¸·
��Â>¶
Ψ0(v)

µ	�
(∂G̃t)

+
.

�7Â;¶¸Â&Sïµ'¶ �PÃ
Æ µ,Á�Y%�	Ã Ã
x

· �fY�[�Â Ã µib;�PÃ����	¶#YêÂ;Á¸·
�	�
bUµ�µ	¶5��·
����YêÂ�Á¸¹�Á�YêÂ>Æ

{r, q2, . . . , qn}
Y\[�ÂD��Â>¶ê·lV[��Yê·lV'Â;Á�¶êÂ�Q�¶êÂ;Á¸Â>�<Yê�
Y¸·
µ	��·
ÁRYê¶¸Ä�Â

∂

∂xi
Iv =

∂

∂r
Ivri +

∂

∂q2
Ivq2i + . . .+

∂

∂qn
Ivqn

i =

n∑

k=2

qk
i

∂

∂qk
Iv.

| ��� z ¿�~

$ b�bUµ'¶ê��· �O`/Y¸µ � ¶¸µ�Q#µ,ÁG·lY¸·
µ	� ½��	���jT�¹fV�· ¶\Y¸Ä�Â�µ
S�¶¸Â�Q�¶¸Â9ÁGÂ;�<Yê��Yê· µ'� | ��� z ¿�~ �	����Y�[�Â
S©��b�YUY�[���Y

rν > δ > 0,
Sïµ'¶

x ∈ (∂G̃t)
+
, (r,θ) = 0,

θ =
( n∑

k=2

qk
1

∂

∂qk
Iv, . . . ,

n∑

k=2

qk
n

∂

∂qk
Iv

)
,

kòÂ�[���V'Â

−

∫

(∂G̃t)
+

Ψ0(v)rν ds = −
n∑

k=2

∫

(∂G̃t)
+

rν(x)L0(x,θ) ds

> c2

n∑

k=2

∫

(∂G̃t)
+

( n∑

i=1

qk
i

∂

∂qk
Iv

)2

ds > c3

n∑

i=1

∫

(∂G̃t)
+

( ∂

∂xi
Iv

)2

ds.
| ��� z }�~

! µ�k kòÂX¶êÂ1Y¸Ä�¶¸�uT���b5´�Y¸µ»Â'_'Ä#��Y¸·
µ	� | ��� z ¿�~U�iPzÂ�Â;Á#Y¸·
Æ��
Y¸Â`·lYêÁ Ã
Â1S Y:Q��P¶\Y&Sï¶¸µ'Æ T�Â>Ã
µ�k
Ä�ÁG·
�O`3Y\[�Â7���PÄ	b�[�¹,Å� òÄ��,¹,�P´'µ�V�Á¸´�¹ · ��Â�_,Ä��PÃ
·lY ¹	��r&[�Â>� · �Dµ'¶ê��Â>¶mYêµ���QOQ�Ã
¹*Y\[�Â ��¶¸µ'��Ä�µ	Ã
· ��Â'_,Ä��PÃ
·^Y ¹'¼��PÃ
µ	�O`fk ·lY\[®·
��YêÂ�`'¶ê�	Ã

Iv,
kòÂX·
��Yê¶¸µ���Ä4bUÂ*Y\[�Â`·
�<Y¸Â�`	¶5�PÃ

Îv(x) =

x̂∫

x

J∗
kv ds,

kU[�Â>¶êÂÜ· �<Y¸Â�`	¶5��Yê· µ'�D·
Á+SïÄ�Ã^y�Ã
Ã
Â;���PÃ
µ	�O`:Y\[�ÂÜÁê�PÆ�ÂÜÃ
· ��Â9Á
�	Á¯·
�
Iv.

�"Â>¶êÂ
x̂ ∈ (∂G̃t)

+
.

� Y
Sïµ	Ã
Ã µ�k7Á�Sï¶êµ	Æ Y\[�Â"��Â1y#��·^Yê· µ'��Á µ�S

I
�	���

Î
Y�[���YcY�[�Â>¹��P¶êÂ3b>µ	����Â'b�YêÂ;�tT�¹ Y�[�Â"¶êÂ>Ã ��Yê· µ'�

Iv(x) + Î(x) = Îv(x̃).

M�¶êµ	Æ | ��� z ¿�~�T�¹�V�· ¶\Y¸Ä�ÂXµ�S�| ��� z º<~ò�P�#�W| ��� z }�~ò�P�#���
S Y¸Â>¶&Y�[�Â`ÁGÄ	T�Á�Yê·^YêÄiY¸·
µ	� µ
S
I
Sïµ	¶

Î
kòÂXµ�TiYê�	· �vY\[�Â`·
��Â'_'Ä#�PÃ
·^Y ¹

c1‖J
∗
kv‖

2
L2(St) + c3

n∑

i=1

∫

(∂G̃t)
−

( ∂

∂xi
Îv

)2

(x̃)β(x̃) ds
| ��� z ��~

6

∣∣∣
n∑

i=1

( ∂

∂xi
Îv(x̃) −

∂

∂xi
Îv(x), R∗

i v
)

L2(G̃t)

−
(
Îv(x̃) − Îv(x), R∗

0v
)

L2(G̃t)
−

∫

G̃t

Ψ1(v) dx
∣∣∣.
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M�Ä��	b1Y¸·
µ	�

β(x̃)
¶¸Â9ÁGÄ�Ã^YêÂ;�tSï¶êµ	Æ Y\[�Â"Á¸ÄOT�Á#Y¸·lY¸ÄOY¸·
µ	�ÿµ�S Y\[�Â7·
�<Y¸Â�`	¶5��Y¸·
µ	�»��µ'Æ»�P·
�ÿ�P����·lY

·
Á Â9�	Á¸¹fY¸µ�Q�¶êµ�V	Â3Y\[��
Y
β(x̃) > c̃ > 0.$ Ã
µ	�O`fk ·lY\[ | ��� z �
~"kòÂ-b>µ	��Á¸·
��Â>¶RY\[�Â`·
��Â'_'Ä#�PÃ
·^Y ¹

1

2

∫

(∂G̃t)
−

(Îv)2(x̃)νr(x̂)β1(x̃) ds =

∫

G̃t

J∗
kv(x)

[
Îv(x̃) − Îv(x)

]
dx,

| ��� z p�~

kU[�·ab�[®¶êÂ;Á¸Ä�ÃlYêÁRSï¶êµ	Æ Y�[�Â`¶¸Â;Ã
�
Y¸·
µ	�

1

2

∂

∂r
(Iv)2(x) = J∗

kv(x)Iv(x)

T,¹�· �<Y¸Â�`	¶5��Yê· �O` ·lYDµ�V	Â>¶*Y�[�ÂÿÁGÄ	T���µ'Æ»�P·
�
G̃t.

�"Â>¶êÂ»�PÃ ÁGµ
β1(x̃) > c̃ > 0

Sïµ'¶DÁGµ'Æ�Â
bUµ	�#Á�Y5�P�<Y

c̃.
M�¶¸µ'Æ | ��� z p�~�Y\[�Â`· ��Â'_,Ä��PÃ
·^Y ¹

c4‖Îv‖
2

L2

(
(∂G̃t)

−

) 6 c5

∫

∂G̃t

J∗
kv(x)

[
Îv(x̃) − Îv(x)

]
dx.

| ��� z ��~

� S+k�Â`ÁGÄ�Æ)· ��Â'_,Ä��PÃ
·^Yê· Â9Á-| ��� z �
~��P����| ��� z ��~U¼ikòÂXµ�TOYê�P·
�®� ��µ	��ÅØ��Â�`,��Yê·lV'Â"Â1giQ�¶êÂ;ÁêÁ¸· µ'�
· �vY\[�Â`Ã
Â1S YdQ#�P¶\Y�µ�S Y\[�Â`µ�TiY5�P·
��Â;��· ��Â�_,Ä��PÃ
·lY ¹	�����®µ	¶5��Â>¶"Y¸µ�Â;Á#Y¸·
Æ»��YêÂ:Y�[�Â`¶ê·l`�[�Y&Q��	¶#Y
kòÂX�
QOQ�Ã ¹tY\[�ÂD���	Ä	b�[�¹,ÅØ �Ä���¹'�	´	µ�V�Á¸´,¹`·
��Â'_'Ä#�PÃ
·^Y ¹'���"Â>¶êÂ3k�Â��	Ã
Á¸µ�Ä#ÁGÂ:Y\[�Â�Â;Á#Y¸·
Æ»��YêÂ;Á
nlz ¾�q

‖R∗
i v‖

2
L2(G̃t)

6 c5‖v‖L2(G̃t) (i = 0, 1, . . . , n).
$ Á7� ¶êÂ;Á¸Ä�Ã^YUk�ÂXµ�TiY5�P·
�

‖J∗
kv‖L2

(
Ωt

) + ‖Îv‖
L2

(
(∂G̃t)

−

) +

n∑

i=1

∥∥∥
∂

∂xi
Îv

∥∥∥
L2

(
(∂G̃t)

−

)

≤ c6(ε0)

[∫

G̃t

{(
Îv

)2
+

n∑

i=1

( ∂

∂xi
Îv

)2}1/2

(x̃) dx

+ ‖J∗
kv‖L2(G̃t) + ‖Îv‖L2(G̃t) +

n∑

i=1

∥∥∥
∂

∂xi
Îv

∥∥∥
L2(G̃t)

]
+ ε0‖v‖L2(G̃t),

| ��� ½	¾�~

kU[�Â>¶êÂ
c6(ε0)

· �	b>¶¸Â9�	Á¸Â;Á · �IV'Â>¶5ÁGÂ;Ã ¹ZQ�¶êµ�Q�µ	¶\Y¸·
µ	���	ÃcYêµ
ε0 > 0.

r&[�Âey�¶5Á�YtY¸Â;¶¸Æ»Á�µ
S
| ����½P¾<~Rb>�P�eT�Â`Â;Á#Y¸·
Æ��
Y¸Â9� �'Á"Sïµ	Ã
Ã µ�k7Á

∫

Q̃t

{(
Îv

)2
+

n∑

i=1

( ∂

∂xi
Îv

)2}1/2

(x̃) dx

6 c7 τ

[
‖Îv‖

L2

(
(∂G̃t)

−

) +

n∑

i=1

∥∥∥
∂

∂xi
Îv

∥∥∥
L2

(
(∂G̃t)

−

)
]
,

kU[�Â>¶êÂ
τ

��Â'bU¶êÂ;�	Á¸Â;Á��'Á Y�[�Â���µ	Æ»�	· � µ
S
G̃t µ	� Y\[�Â�Ã
·
��Â;Á

ρ
��Â'bU¶êÂ;�'ÁGÂ9Á>¼¯·V� Â	�

Ωt · Á
b�[�µ'Á¸Â>�®ÁGµtY�[���Y Ã
· ��Â9Á

ρ
µ�S Y\[�ÂD��µ	Æ»�P·
�

G̃t
�P¶êÂ`Á#[�µ	¶\YÜÂ;��µ	Ä	`�[1�#�"[�µ�µ,ÁGÂ

τ0
Á¸µ2Y�[���Y



� ¤[¦9JI��²���¥H	 �>£ ¢���� 	P¥ ¤��
¨±ª�¢5¤[¥��D²HG�¢>¥��I	[£K¨KJ*�
	��!	��X¬B��¢D«|¢IJI	[ª
���Ü¥��'¢U¥ ½ � o

2c7c6(ε0)τ0 6 1, 4T 1/2ε0e
2c6(ε0)τ0 6 1,

| ��� ½ z ~
kU[�Â>¶êÂ

T
·
Á�Æ»��g�·
Æ�Ä�Æ Ã
Â>�O`�Y\[zµ
S%Ã
· ��Â;Á

ρ
Y�[�¶êµ	ÄO`�[�µ	ÄiY*Y\[�Â ��µ'Æ»�P·
�

G̃i0 . !
µ�k Sïµ	¶

�PÃ
Ã
0 6 τ 6 τ0

Y\[�Â�Sïµ'Ã Ã
µ�k · �	` ·
��Â'_'Ä#�PÃ
·^Y ¹ÿ· Á&V[�PÃ
·
�

w(t) 6 2c6(ε0)

x̂∫

x̃

w(x) ds + 2ε0‖v‖L2(G̃t)

| ��� ½'½�~

T,¹XV,·
¶\Y¸Ä�Â`µ�S-| ����½ z ~%�	���vY\[�Â�S©��b�Y&Y\[��
Y

w(t) 6 ‖J∗
kv‖L2

(
Ωt

) + ‖Îv‖L2(Ωt) +

n∑

i=1

∥∥∥
∂

∂xi
Îv

∥∥∥
L2

(
(∂G̃t)

−

),

kU[�Â>¶êÂ

w(t) = ‖J∗
kv‖L2(Ωt) + ‖Îv‖L2(Ωt) +

n∑

i=1

∥∥∥
∂

∂xi
Îv

∥∥∥
L2(Ωt)

.

$ QOQ�Ã
¹�· �	`fY\[�Â ��¶êµ	��Ä�µ'Ã�·
��Â'_'Ä#�PÃ
·^Y ¹�Yêµ�· ��Â'_,Ä��PÃ
·^Y ¹Z| ��� ½'½�~�kòÂ`µ�TiYê�	· �

w(t) 6 ε0e
2c6(ε0)τ0‖v‖L2(G̃t)

µ	¶&Sïµ	¶
G̃t0 ⊂ G̃t0

1

T 1/2
‖J∗

kv‖L2(G̃t0 ) 6 ‖J∗
kv‖L2(Ωt) 6

1

4T 1/2
‖v‖L2(G̃t0 ).

| ��� ½ o ~
� S kòÂ*Q��'Á¸Á�Y¸µ2Y\[�Â�Ã
· Æ�·lY&kU[�Â>�

k → ∞
·
��| ����½ o ~U¼�k�Â3[#��V	Â

‖v‖
L2(G̃t0 )

6 0,
·³� Â'�

v = 0
·
�
L2(G

t0).
�òµ'�<Y¸·
�,Ä�· �O`eY�[�·
Á�Q�¶¸µibUÂ9Á¸Á:SïÄ�¶\Y\[�Â>¶9¼ · �Wy���·lY¸Â»��Ä�Æ2T#Â;¶`µ
S�Á#Y¸Â�Q�Á

kòÂ:Q�¶¸µ�V'ÂUY\[#��Y
v = 0

· ��ÄOQOQ�Â>¶UbUµ'�IV	Â1g�µ�V	Â;¶
<

Á¸Â1Y
G̃i0 .

À�µ�V�·
�O`-SïÄ�¶\Y\[�Â;¶RSï¶¸µ'Æ Y�[�Â
Y¸µ�Q���µ�k �<kÜ�P¶5��ÁÜ·
�uy���·lY¸ÂD��Ä�Æ2T#Â;¶"µ�S
Á#Y¸Â�Q�Ádk�ÂDÁ\[�µ�k Y�[���Y

v = 0
Y�[�¶¸µ'ÄO`�[�µ	ÄiYUY�[�Â

kU[�µ	Ã
Â`��µ	Æ»�P·
�
G.�1Â1Y Ä�Á7¶¸Â�Y¸Ä�¶ê�vT#��b5´�Yêµu| ����½�~U�iPzÂ-[���V'Â*Y\[�Â`¶êÂ>Ã ��Yê· µ'�

(
l0u, v0

)
H1(Ω0)

+
(
l1u, v1

)
L2(Ω0)

= 0, u ∈ D(L).
| ����½[ºI~

��· �4bUÂ
l0

�P�#�
l1

�P¶êÂÿÃ ·
��Â9�P¶êÃ ¹s·
����Â�Q�Â>�#��Â>�<Y»�P���wÁGÂ�YêÁ
{l0u}

¼
{l1u}

�	¶¸Â ��Â>��Á¸Â ·
�
H1(Ω0))

�P�#�
L2(Ω

0))
¼
¶êÂ;Á\Q#Â'b�Yê·lV'Â>Ã
¹	¼Ò·^S

u
¶êÄ���Á2Y�[�¶¸µ'ÄO`�[ Y\[�ÂukU[�µ'Ã Â®Á¸Â1Y

D(L),Y\[�Â;��Â'_,Ä��PÃ
·^Y ¹ | ����½[ºI~*· ÆfQ�Ã
· Â9Á*Y\[��
Y
v0 = 0

·
�
H1(Ω0))

�	���
v1 = 0

· �
L2(Ω

0).r&[,Ä#ÁÜ·^Y7· ÁUQ�¶êµ�V	Â9��Y\[#��Y"��Â;��ÁG·lY ¹ÿµ�S
R(L0)

· Á ·
�
H

�
���jY\[�Â:`'Â>��Â;¶ê�	Ã?b;�	Á¸ÂdY\[�Â3S©��b�YRY\[��
YÜ��Â;��Á¸·^Y ¹»µ�S

R(L)
· Áò·
�

H
b>�	�jT#Â�Q�¶êµ�V	Â9�fT�¹

bUµ	�<Yê· ��Ä�·
�O`»�PÃ
µ	�O`2Y\[�Â-Q��P¶5�PÆ�Â1YêÂ>¶ n ��qØ�
�

� �� H� H#� F3M@� 
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