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F�²��HGR½
½ ¼
��¯A²
I0³DÀ�²'°Dµ=JÚ��K5GML�°9²5L��7¯,�WµÁ¼ ²'�)L�°Á²HN$G<³9³
¼Â³ ²
I�±
G�Ov¼QPRL�²	°9µÁ�	��N$GAIÝ²'°Ê³9²	½
®�µ9¼
²	�
²�ISK5GR°TOv��¼VU#GR°TGR�,µ�L�°9²5W�½VG�P ³DX ¶�YÌ��Z[G�P\GR�,µ9¼
²	��²	��½QO�¼
�HG?�,µ9¼V]^NR�7µ9¼
²	���	��� °TG�NR²	¯	��¼¿µÁ¼ ²'�
²�I �HG$I_G"N�µ4³ ¼
��³D²'½ ¼Â��³6XQ`	¸�º&YÌ�����aL��
L^G?°bX ¶&Y��\P�²��HGR½j²�I � ½
¼ ��G?�7°Á½QOcGR½Â�	³Dµ9¼dN6NP²5P\L#²,³D¼ µeG
PRG<��¼
®�PfNR²	��³9¼Â³ÓµÁ¼ ��¯ ²
IÚ�gP �WµÁ°9¼Vh[NP²'�,µÁ�7¼
��¼
��¯���³iGRµA²�IÚ²	°9µ9À�²	µ9°Á²
L�¼dN\NP°TO�³DµÁ�	½
³�J�¼ µ9À
°Á�	����²
P�½QOý²	°Á¼QGR�,µeG<���	��¼Â³D²	µ9°Á²
L�O �&hHG<³AJÚ�'³ML�°Á²
L�²'³eG?���7����³9²
P\G]��®�P\GR°Á¼QN?�7½�°TG?³9®�½ µÁ³
IÝ²	°Üµ9À�G6JÚ��K5G*¼
�,µeGR°4�
NPµ9¼
²	�jJ�¼¿µÁÀ��kIÝ°TG�GlW�²	®��#���7°TOmJ�GR°TG*¯'¼VK5GR�0�

���ýµ9À�G.L�°TG?³eGR�,µ�L���L2GR°�J=G*®�³eG"µÁÀ�G.P�²��HG?½�¯'¼VK5GR�ý¼
�nX ¶�Y0�	���oG$h��
Pv¼
��G"µ9À�GlJÜ��K
G?³
��¼�U�°4�
N�µÁ¼ ²'� �7���pJÜ��K
G<³�¼ �,µeG?°Á�5N�µÁ¼ ²'�qJ�¼ µ9À �rIÝ°eG�GaW#²'®������	°eO'�Ú��¼
��N$GnG�s,®��WµÁ¼ ²'��³ ²
I
µ9À�GmP�²��HG?½Ê�7°TG ²�IÜµÁÀ�GýÀ�O�L^G?°eW�²	½
¼QNvµ�O�L2G µ9À�GR°TGmP ��O�²HN�NR®�°bJÜ��K
G?³6N?�7®�³eG?�tW�O�µÁÀ�G
��¼
³TNP°TGPµÁ¼Vu<�WµÁ¼ ²'��¼ ��µÁÀ�G)NR²
P\L�®�µTGR°�P�²���GR½
½ ¼
��¯����"³�� µTG?³Dµ.L�°Á²
W�½QG�PvJ�GkG$h��
Pv¼
��G]µÁÀ�G
²	��G�wÌ��¼QP\GR��³9¼
²	���	½xP�²��HGR½¬�yZtGv¯'¼VK5GsµÁÀ�GRG$hHL�½
¼QNR¼¿µlIÝ²	°TPs®�½
�cIÝ²	°�µ9À�G�³9²	½
®�µÁ¼ ²'��²�I%µ9À�¼Â³
L�°9²5W�½QG�P)�	����³9²	½QK
GT¼ µ ��®�P\GR°Á¼QN?�7½
½VO'�

�ÜÀ�GzL��
L^G?°%¼Â³ ²	°Á¯'�	��¼Qu�G?�v�	³{IÝ²	½
½ ²&J ³?�7��� ��G"N�µÁ¼ ²'� ¶�µ9À�G*²	��G�wÌ��¼VP\GR�#³D¼
²	���	½�NR�'³iG ¼Â³
NP²	�#³D¼Â�HGR°TG?�0�#��� �HG�N�µÁ¼ ²'� ºýµ9À�G)IÝ²	°TPs®�½Â�WµÁ¼ ²'��²�I µÁÀ�GRL�°9²5W�½QG�P ³"¼
��µ�JÚ²�w���¼QPRG?��³9¼ ²'���7½
NR�	³eGÚ¼
³ÿ¯'¼VK5GR�0�W­ ®�PRG?°9¼dNR�	½�°eG<³D®�½ µÁ³
�	°eG=L�°TG?³eGR�,µeG<�s¼
���HG�N�µÁ¼ ²'�s·#�	��G�NPµ9¼
²	� »DNR²	��NR½ ®���G?³
µ9À�G6L��
L^G?°?�
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�ÜÀ�G ¼
�'µTGR°4�
NPµ9¼
²	� ²�IyJÜ��K
G<³ J�¼¿µÁÀ �lIÝ°TG�GzW�²	®��#���7°TO´¼
� ²	��G$w���¼VP\G?��³D¼
²	�#�7½�N?�	³eGzNR�7�oW2G
�HG?³TNP°Á¼VW2G?�jW�OýµÁÀ�G6P�²���GR½
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











∂2u

∂t2
= b2 ∂2u

∂x2
, x ∈ (0, 1), t > 0,

∂u

∂x

∣

∣

∣

x=0

=







−µ(t), t ≤ T,

0, t > T,
∂u

∂x

∣

∣

∣

x=1

= 0,

u
∣

∣

t=0
=

∂u

∂t

∣

∣

∣

t=0

= 0.

- ¶��Q`/.

0zGR°TGlJ=GTÀ���K5G�µ9À�GlIÝ²'½ ½
²&J�¼ ��¯RNR²�G21mNP¼QGR�,µÁ³

T ≤
1

b
, µ ∈ C1[0, T ], µ(0) = µ′(0) = µ(T ) = µ′(T ) = 0,

∫ T

0

µ(τ) dτ = 0,

J�À�GR°TGAµÁÀ�G\L�°9¼QP\G´¼
����¼dNR�7µeG<³*��¼VU#GR°TGR�,µ9¼Â�WµÁ¼ ²'�0�43DG�]���G
f(t) = b

∫ t

0
µ(τ)dτ.

�ÜÀ�G�³D²
w
½ ®�µÁ¼ ²'� ²�IxL�°9²5W�½VG�P - ¶��V`5.Ú¼
³AG�hHL�°eG<³9³eG?�cW�Oýµ9À�GlIÝ²	°TPs®�½Â�	³ - ³eG�G76�¼
¯��4`5.98

u(t, x) = 0 in D0 =

{

0 ≤ t ≤
x

b

}

,

u(t, x) = f

(

t −
x

b

)

in D1 =

{

x

b
≤ t ≤ min

(

T +
x

b
,
2 − x

b

)}

,

u(t, x) = f

(

t −
x

b

)

+ f

(

t +
x − 2

b

)

in D2 =

{

2 − x

b
≤ t ≤ T +

x

b

}

,

u(t, x) = 0 in D3 =

{

T +
x

b
≤ t ≤

2 − x

b

}

, u(t, x) = f

(

t +
x − 2

b

)

in D4,

D4 =

{

max

(

2− x

b
, T +

x

b

)

≤ t ≤ min

(

T +
2 − x

b
,
2 + x

b

)}

,

u(t, x) = f

(

t +
x − 2

b

)

+ f

(

t −
2 + x

b

)

in D5 =

{

2 + x

b
≤ t ≤ T +

2 − x

b

}

,

�7����³D²�²'�0�
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

















∂2u

∂t2
= b2 ∂2u

∂x2
, x ∈ (0, 1) ∪ (1, d), t > 0,

∂u

∂x

∣

∣

∣

∣

x=0

=

{

−µ(t), t ≤ T,
0, t > T,

∂u

∂x

∣

∣

∣

∣

x=d

= 0,

[

u
∣

∣

x=1

]

=
[

b2
∂u

∂x

∣

∣

∣

x=1

]

= 0,

u
∣

∣

t=0
=

∂u

∂t

∣

∣

∣

t=0

= 0.

- ¶�� ¶ .

0zGR°TGvµ9À�GmNR²	��³DµÁ�	�,µ
b = b1

¼VI
x ∈ [0, 1), b = b2

¼VI
x ∈ (1, d], µ

¼Â³�µ9À�Gý³9�
PRG �'³
¼ �aP�²��HGR½ - ¶��Q`/. �7��� [

u
∣

∣

x=1

] �HGR��²7µeG<³ ��*Ó®�P\L�²�I
u

�7µ�µ9À�GkL#²'¼ �,µ"²
Iÿ��¼Â³TNP²	�,µÁ¼ ��®�¼ µ�O
x = 1

�W�ÜÀ�GÜ³9²	½
®�µ9¼
²	�´²�I�L�°Á²
W�½VG�P - ¶�� ¶ .xNR�	�kW2G=G�h�L�°eG<³9³eG?�6W�OlIÝ²'°eP´®�½
�'³ - ³iG�G 6�¼
¯��7¶ . 8

u(t, x) = 0 in D0 =
{

t ≤
x

b1

for x ≤ 1 and t ≤
1

b1

+
x − 1

b2

for x ≥ 1
}

,

u(t, x) = f
(

t −
x

b1

)

in D1 =
{ x

b1

≤ t ≤ min
(2 − x

b1

, T +
x

b1

)

, x ≤ 1
}

,

u(t, x) = f
(

t −
x

b1

)

+
b1 − b2

b1 + b2

f
(

t +
x − 2

b1

)

in D2,

D2 =
{(2 − x

b1

≤ t ≤ T +
x

b1

)

, x ≤ 1},

u(t, x) =
2b

b1 + b2

f
(

t +
1 − x

b2

−
1

b1

)

in D3,
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D3 =
{ 1

b1

+
x − 1

b2

≤ t ≤ min
(

T +
1

b1

+
x − 1

b2

,
1

b1

+
2d − 1 − x

b2

)

, x ≥ 1
}

,

u(t, x) = 0,
¼ �

D4 =
{

T +
x

b1

≤ t ≤
2 − x

b1

, x ≤ 1
}

,

u(t, x) =
b1 − b2

b1 + b2

f
(

t +
x − 2

b1

)

, in D5,

D5 =
{

max
(

T +
x

b1

,
2 − x

b1

)

, min
(2 + x

b1

, T +
2 − x

b1

)

, x ≤ 1
}

,

�7����³D²�²'�0����� J�À��WµMIÝ²'½ ½
²&J ³�J=G]®�³eG�µ9À�GlIÝ®���N�µÁ¼ ²'�
µ(t) = −q sin3 ωt, q = const,

T = 2π/ω.

�A8 � �&� ���5� E� "�S;&#�E�?=;�% ' )[>�?+*$'!�, 

¾4GPµ�®�³�]#°Á³Dµ�G�h���P�¼ ��G"µÁÀ�G6JÚ��K5G?³Ê��¼�U�°4�
N�µÁ¼ ²'�jL�°9²5W�½VG�Pz¼Q� G	�HJ�À�GR� JÚ��K5G?³=L�°9²5L��7¯,�WµTG
¼ � µÁÀ�GA°TG�N�µ4�7��¯'®�½Â�7°zNP²5P\L#²,³D¼ µeG6L�½Â�WµTG

Ω = Ω1 + Ω2

- ³iG�G 6�¼ ¯#�#º�.�J�¼ µ9ÀaL�¼VG"N$G$w J�¼Â³iG
NP²	�#³Óµ4�7�,µ�G?½
�'³ÓµÁ¼QNR¼¿µ�O N4À#�7°4�
N�µTGR°Á¼
³Dµ9¼dNR³?��Z���K
G<³*�	°eGv¯
G?��GR°4�WµTG?�aW�O µÁÀ�G�¯	¼QK
GR� ��²	°TP �7½
�7��� µÁ�	��¯
G?�'µ ³Dµ9°4�7¼
��³Ü²	� ��³iP �	½ ½yL��	°Dµ

(−bε, bε)
²
Ij²'��GA³D¼Â�HG'���ÜÀ�G]²7µÁÀ�GR° ³9¼
��G?³��7°TG

�	³Á³D®�P\G<� µ9²nW2GmIÝ°TG�G��7��� µÁÀ�G���¼Â³eL�½
�5N$G�PRG?�,µ)K
G"N�µÁ²	°
u

�7��� ³Dµ9°4�7¼
��³
P11

�	���
P12À���K
G*µ9²\W2GlNR²	�,µ9¼
��®�²	®#³Ú�7µÜµ9À�G]��¼Â³eNR²	�,µ9¼
��®�¼ µ�Oý½ ¼
��G

x1 = a.
�ÜÀ�GlPv²��HG?½SNP²'��³9¼
³DµÁ³Ú²�I

µ9À�G6G"s'®#�Wµ9¼
²	�#³



















ρ
∂2u1

∂t2
= A1111

∂2u1

∂x2
1

+ A1212

∂2u1

∂x2
2

+ (A2211 + A1212)
∂2u2

∂x1∂x2

,

ρ
∂2u2

∂t2
= (A2211 + A1212)

∂2u1

∂x1∂x2

+ A1212

∂2u2

∂x2
1

+ A2222

∂2u2

∂x2
2

,

- º��Q`/.

t > 0, (x1, x2) ∈ Ω
³9®�W�*�G"N�µ�µÁ²´µÁÀ�GbNP²'����¼ µ9¼
²	��³
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A1111

∂u1

∂x1

+ A2211

∂u2

∂x2

=



















−B(t, x2) cosα, x1 = −a, x2 = [−bε, bε], t ≤ 1,

0, x1 = −a, x2 ∈ [−bε, bε], t > 1,

0, x1 = −a, x2 ∈ [−b, b] \ [−bε, bε], t > 0,

0, x1 = d, x2 ∈ [−b, b], t > 0,

A1212

(

∂u1

∂x2

+
∂u2

∂x1

)

=

{

−B(t, x2) sin α, x1 = −a, x2 ∈ [−bε, bε], t ≤ 1,

0, x1 = −a, x2 ∈ [−bε, bε], t > 1,

∂u1

∂x2

+
∂u2

∂x1

= 0, x ∈ ∂Ω \ {x1 = −a, x2 ∈ [−bε, bε]},
- º�� ¶�.

A2211

∂u1

∂x1

+ A2222

∂u2

∂x2

= 0, x2 = ±b, x1 ∈ (−a, d),

u1

∣

∣

t=0
= u2

∣

∣

t=0
= 0, (x1, x2) ∈ Ω,

∂u1

∂t

∣

∣

∣

t=0

=
∂u2

∂t

∣

∣

∣

t=0

= 0, (x1, x2) ∈ Ω,

[

u1

]

=
[

u2

]

=

[

A1111

∂u1

∂x1

+ A2211

∂u2

∂x2

]

=

[

A1212

(

∂u1

∂x2

+
∂u2

∂x1

)]

= 0,

x1 = a, x2 ∈ (−b, b).

0zGR°TG
ρ

¼Â³Úµ9À�G6P �WµTGR°Á¼
�	½0�HGR�#³D¼ µ�O	¸

A1111 = 0.983C1111 + 2.91 · 10−4C2222 + 9.636 · 10−3(2C1122 + 4C1212),

A2222 = 2.91 · 10−4C1111 + 0.983C2222 + 9.636 · 10−3(2C1122 + 4C1212),

A2211 = 9.636 · 10−3(C1111 + C2222 − 4C1212) + 0.983C1122,
- º�� º�.

A1212 = 9.636 · 10−3(C1111 + C2222 − 2C1122) + 0.964C1212,

C1111 =
E1

1 − ν2
21E1

/

E2

, C2211 =
E1ν21

1 − ν2
21E1

/

E2

,

C2222 =
E2

1 − ν2
21E1

/

E2

, C1212 = G12,

J�À�GR°TG
G12

³9¼ ¯'��¼V]�G?³jµ9À�G ³DÀ�G<�7° P�²���®�½
®�³R¸
E1

�7���
E2

P\G?�	�RG?½
�'³ÓµÁ¼QNR¼¿µ�O6P�²���®�½
¼¬¸	�7���
ν21

¼Â³Úµ9À�G��ÿ²'¼
³Á³D²'�jNR²�G21mNP¼QGR�,µ?���Ê²�G 1mNR¼VG?�'µ4³
ρ, G12, E1, E2,

�7�#�
ν21

�7°TGT��¼�U#GR°TGR�,µ
¼ �

Ω1

�7���
Ω2

�����gJ�À��7µMIÝ²	½
½ ²&J ³�J�GT®�³iGTµÁÀ�GlIÝ®���NPµ9¼
²	�

B(t, x2) = η sin3 ωt
(

(bε)2 − x2
2

)2
, η = const > 0.

6�²	°TPs®�½
�'³ - º�� º�.Ü�	°eG�²
W�µ4�7¼
��G?�cIÝ°Á²
P�µÁÀ�GlG�s,®��7µ9¼
²	��³lX ¶�Y
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Aqqnm =

Θ
∫

−Θ

f(θ)αinαjmαsqαkq dθ Cijks , q = 1, 2,

2A12nm =

Θ
∫

−Θ

f(θ)αinαjm(αs1αk2 + αs2αk1) dθ Cijks ,

α11 = α22 = cos θ, α12 = −α21 = sin θ,

α13 = α23 = α31 = α32 = 0, α33 = 1, θ =
π

4
,

f(θ) = e−θ2/2σ2

(

2

θ
∫

0

e−x2/2σ2

dx

)

−1

.

�=O ®�³D¼
��¯RIÝ²	°TPs®�½
�'³

t = T t̃, x = Lx̃, uk = Lũk, T =
2π

ω
,

Ek = Ẽk · 1011 g

s2mm
, G12 = G̃12 · 1011 g

s2mm
J=GT¯
GRµ�µ9À�GA��¼VP\GR�#³D¼
²	��½QG?³Á³=IÝ²	°TP)²
I�� s�³?� - º��V`5.


















∂2u1

∂t2
= ξ
(

A1111

∂2u1

∂x2
1

+ A1212

∂2u1

∂x2
2

+
(

A2211 + A1212

) ∂2u2

∂x1∂x2

)

,

∂2u2

∂t2
= ξ
(

(

A2211 + A1212

) ∂u1

∂x1∂x2

+ A1212

∂2u2

∂x2
1

+ A2222

∂2u2

∂x2
2

)

,

- º�� · .

J�¼¿µÁÀ
ξ =

T 2

ρL2
· 1014.

0zGR°TGýµÁÀ�GgNP²	�#³Óµ4�7�,µÁ³
A1111, A2222, A1212,

�7���
A2211

�	°eG
G$hHL�°TG?³Á³iG<�6W�O.IÝ²'°eP´®�½Â�	³ - º�� º�.SJ�¼ µ9À

E1, E2,
�7�#�

G12

°TG�L�½
�5N$G?�lW�O
Ẽ1, Ẽ2,

�7���
G̃12,°eG<³iL2G�NPµ9¼QK
GR½QO	� 6�²'°Ê³9¼VP\L�½
¼dNP¼ µ�O�µ9À�G*µ9¼
½
��G*¼Â³%²5P�¼¿µ9µeG?� ¼ ��� s�³R� - º�� · .����ÜÀ�G.IÝ²	°TPs®�½Â�WµÁ¼ ²'�

²�I]µ9À�G[JÜ��K
G<³ý¼
�'µTGR°4�
NPµ9¼
²	� J�¼ µ9À � IÝ°eG�GnW�²	®��#���7°TO IÝ²'½ ½
²&J ³cIÝ°9²5P - º��Q`/.�� - º�� · .\W�O
³iGRµDµ9¼
��¯

d = a.

�z8�� B& "�4>^EiC�% '
	 �,#�B&'�< #

Z[GM]#°Á³Dµ%³D²'½VK5GÚµ9À�G�²'��G$w���¼QPRG?��³9¼ ²'���7½HP�²��HGR½¬� 6�²	°%³9²	½QK�¼ ��¯T²
I#µÁÀ�GzL�°Á²
W�½QG�P - ¶�� ¶ .jµÁÀ�G
G$hHL�½
¼QNR¼¿µA��¼VU2G?°eG?��N$G�³TN4À�G�P\G\JÚ�'³*�
L�L�½
¼VG<� - ³iG�GjX ·�YÌ¸yL�L0�0º'º'¶���º'»'»��7���nL0�9`���`/.*�7���
µ9À�GlIÝ²'½ ½
²&J�¼ ��¯RNR²	��³DµÁ�	�'µ4³AJ=G?°eGT®�³eG?��8

a = 1.5, q = 20, ω = 300, T = 2π/ω, b1 = 20, b2 = 5 and b2 = 30.

­ ®�P\GR°Á¼dNR�7½j°eG<³D®�½¿µ4³"�7°TGbG�h�À�¼VW�¼ µeG<��¼
� 6�¼ ¯,³R�#· �7��� »������ 6j¼
¯���·
(b1 = 20, b2 = 5)JÚ��K5G?³M`��7��� ·kG$h�À�¼QW�¼ µ%µÁÀ�G*²'°9¼
¯	¼
���	½�JÜ��K
G?³?¸
JÜ��K
G<³%¶�¸�ºs�	��� »s�7°TG"°TG
��G"N�µeG<�oJÜ��K
G?³

�7���jIÝ®���NPµ9¼
²	�
u(t, x)

¼
³ ��²	����GR¯'�7µ9¼QK
G'����� 6�¼
¯��#»
(b1 = 20, b2 = 30)

JÜ��K
G<³.`A�	���
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����� �^/$(�� "�@ C B � U I S C \��
u

�Â\RU S'UÓ\"! ^ B �
& ;�% ; (9� F VÓC b1 = 20, b2 = 5.

����� �^/$(���"�@ C B � U I S C \��
u

�Â\?UÿS'UÓ\"! ^ B �
& ;�% ; ( � F VÓC b1 = 20, b2 = 30.

¶ý�7°TGs²'°9¼
¯	¼
���	½SJÜ��K
G?³DJ�À�¼
½VG�º�¸�·��	��� » �7°TGs°TG
��G"N�µTG?�aJÜ��K
G<³R� 6�²	°�JÜ��K
G?³*º �	����·
IÝ®���N�µÁ¼ ²'�

u(x, t)
¼Â³���²'��L#²,³D¼ µ9¼QK
G'�

� ² ¯
GPµvµ9À�G���®�P\G?°9¼dNR�	½Ú³9²	½
®�µ9¼
²	� µ9²tL�°9²5W�½QG�P - º�� · .�¸ - º�� ¶�.6J�G�®#³iG�µ9À�Gj]���¼ µeG�w
��¼�U#GR°TGR�^N$G]³eN4À�G�P\GoX ·�Y¬�#�HGPµ

tk = kτ, 0 ≤ k ≤ M, τ = T/M,

x1i = −a + ih1, 0 ≤ i ≤ N1, h1 = (d + a)/N1, N t
1 = 2a/h1,

x2j = −b + jh2, 0 ≤ j ≤ N2, h2 = 2b/N2.
�"³Á³D®�P\G�µ9À#�Wµ

ūk
ij = u1(tk , x1i, x2j)

�	���
¯̄uk

ij = u2(tk, x1i, x2j)
�7�#��½QGPµ

A1 = ξA1111, A2 = ξA1212, A3 = ξ(A2211 + A1212), A4 = ξA2222.
�ÜÀ�GzG$hHL�½
¼dNP¼ µÊ��¼VU2G?°eG?��N$G"³TN4À�G�PRG�¼Â³ ®#³iG<�vµ9²A��L�L�°9²�h�¼QP �WµeGÚµÁÀ�G*��¼VU#GR°TGR�,µ9¼Â�7½�L�°9²5W�½VG�P

ūk+1

ij = b11(ū
k
i+1,j − ūk

ij) − b12(ū
k
i,j − ūk

i−1,j) + b13(ū
k
i,j−1 − 2ūk

ij + ūk
i−1,j)

+ b14(¯̄u
k
i+1,j+1 − ¯̄uk

i+1,j−1) − b15(¯̄u
k
i−1,j+1 − ¯̄uk

i−1,j−1) + 2ūk
ij − ūk−1

ij ,

¯̄uk+1

ij = b14(ū
k
i+1,j+1− ūk

i+1,j−1) − b15(ū
k
i−1,j+1− ūk

i−1,j−1) + b21(¯̄u
k
i+1,j− ¯̄uk

i,j)

− b22(¯̄u
k
i+1,j − ¯̄ui+1,j) + b23(¯̄u

k
i,j−1 − 2¯̄uk

i,j + ¯̄uk
i,j+1) + 2¯̄uk

i,j − ¯̄uk−1

i,j .

�ÜÀ�GMNP²	�#³Óµ4�7�,µÁ³
Ai (i = 1, . . . , 4)

¼ �
Ω1

�	���
Ω2

�	°eG���¼VU2G?°eG?�,µ?�7¾4GRµ
A−

i

�7���
A+

iW^G
µÁÀ�G
Ai

KW�7½
®�G?³0¼ �
Ω1

�	���
Ω2,

°eG<³iL2G�NPµ9¼QK
GR½QO	�P�j²�µ4�7±
G
¼
�,µ9² �5N�NP²'®��,µ�µ9À�G=NP²	�,µÁ¼ ��®�¼ µ�O
NP²	�#��¼¿µÁ¼ ²'��³]�Wµ]µÁÀ�G ½
¼ ��G

x1 = a, x2 ∈ (−b, b)
J�G\N4À�²,²,³iGvµÁÀ�GmNP²�G 1mNR¼VG?�'µ4³

bij
�	³

IÝ²	½
½ ²&J ³�8

b11 = b12 = A−

1

τ2

h2
1

, b13 = A−

2

τ2

h2
2

, b14 = b15 = A−

3

τ2

4h1h2

,

b21 = b22 = A−

2

τ2

h2
1

, b23 = A−

4

τ2

h2
1

, if i = 1, 2, . . . , N t
1,

b11 =
A+

1 + A+

1

2

τ2

h2
1

, b12 = A−

1

τ2

h2
1

, b13 = A−

2

τ2

h2
2

, b14 =
A−

3 + A+

3

2

τ2

4h1h2

,
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b15 = A−

3

τ2

4h1h2

, b21 =
A−

2 + A+

2

2

τ2

h2
1

, b22 = A−

4

τ2

h2
2

, b23 = A−

4

τ2

h2
2

, if i = N t
1,

b11 = A+

1

τ2

h2
1

, b12 =
A−

1 + A+

1

2

τ2

h2
1

, b13 = A+

2

τ2

h2
2

, b14 = A+

3

τ2

4h1h2

,

b15 =
A−

3 τ2

4h1h2

, b21 = A+

2

τ2

h2
1

, b22 =
A−

2 + A+

2

2

τ2

h2
1

, b23 = A+

4

τ2

h2
2

if i = N t
1 + 1,

b11 = b12 = A+

1

τ2

h2
1

, b13 = A+

2

τ2

h2
1

, b14 = b15 = A+

3

τ2

4h1h2

,

b21 = b22 = A+
2

τ2

h2
1

, b23 = A+
4

τ2

h2
2

, if i = N t
1 + 2, . . . , N1 − 1.

3"¼Â³eNR°eGRµ9¼QuR¼
��¯vµ9À�G6W�²	®������7°TOmNP²'����¼ µ9¼
²	��³AJ�G]¯
GRµ

A1111

ūk
1j − ūk

0j

h1

+ A2211

¯̄uk
0,j+1 − ¯̄uk

0,j−1

2h2

= µk
j cosα,

A1212

¯̄uk
0,j+1 − ¯̄uk

0,j−1

2h2

+
ūk

1,j − ūk
0,j

h1

= µk
j sin α

- ·��Q`/.

J�À�GR°TG

µk
j =

{

B(tk, x2j),
¼VI

tk ≤ 1,
�7�#�

− bε ≤ x2 ≤ bε,

0
²	µ9À�G?°eJ�¼Â³eG

;

A1111

ūN1,j − ūN1−1,j

h1

+ A2211

¯̄uN1,j+1 − ¯̄uN1,j−1

2h2

= 0,
- ·�� ¶ .

ūN1,j+1 − ūN1,j−1

2h2

+
¯̄uN1,j − ¯̄uN1−1,j−1

h1

= 0, if j = 1, 2, . . . , N2 − 1,

A2211

ūi+1,0 − ūi−1,0

2h1

+ A2222

¯̄ui,1 − ¯̄ui,0

h2

= 0,
- ·�� º�.

ūi,1 − ūi,0

h2

+
¯̄ui+1,0 − ¯̄ui−1,0

2h1

= 0,

A2211

ūi+1,N2
− ūi−1,N2

2h1

+ A2222

¯̄ui,N2
− ¯̄ui,N2−1

h2

= 0,
- ·�� · .

ūi,N2
− ūi,N2−1

h2

+
¯̄ui+1,N2

− ¯̄ui−1,N2

2h1

= 0, if i = 1, 2, . . . , N1 − 1.

� ² �HGRµeGR°TP�¼ ��G

ūk+1

0,0 , ¯̄uk+1

0,0 , ūk+1

0,N2
, ¯̄uk+1

0,N2
, ūk+1

N1,0, ¯̄uk+1

N1,0, ūk+1

N1,N2
, ¯̄uk+1

N1,N2
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&ÝI ( & !�(

�������^/$(�� "�@ C B � U I S C \��
|u|

%
ξ1 = 0.2, ξ2 = 0.4, t = 2. &ÝI ( α = 0;

& ! ( α = π/6.

&ÝI ( & !�(

�������^/$(���"�@ C B � U I S C \��
|u|

%
ξ1 = 0.3, ξ2 = 0.032, t = 2. &ÝI ( α = 0;

& ! ( α = π/6.

&ÝI ( & ! (

�������^/$(�� " J 
 \ ^HFHE B 
 \��
|u|. ξ1 = 0.3, ξ2 = 0.032, t = 2. &ÝI ( α = 0;

& !�( α = π/6.

J=G ®#³iGzKW�	½ ®�G<³ IÝ°Á²
P
k

µ9À �	���
(k +1)

µ9À�µ9¼QP\G ½Â��O
GR°4³�µ9À#�WµÚ�	°eG �	½ °TG?�'�HO´��GPµeG?°eP�¼
��G?��8

ūk+1
0,0 =

ūk
0,0 + ūk

0,1 + ūk
1,0 + ūk+1

1,1

4
, ¯̄uk+1

0,N2
=

¯̄uk
0,N2

+ ¯̄uk
0,N2−1+ ¯̄uk

1,N2
+ ¯̄uk+1

1,N2−1

4
.

�ÜÀ�G]��¼
³TNP°TGPµÁ¼Vu�G?��¼ ��¼¿µÁ¼
�	½SNP²'����¼ µ9¼
²	��³��	°eG�µ9À�GlIÝ²	½
½ ²&J�¼
��¯
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ū0
ij = 0, ¯̄u0

ij = 0, ū1
ij = ū0

ij , ¯̄u1
ij = ¯̄u0

ij ,
- ·�� » .

i = 0, 1, . . . , N1, j = 0, 1, . . . , N2.

�ÜÀ�¼
³*�7½
½ ²&J ³"®�³�µÁ²�³9²	½QK
GlIÝ²'®�°*³eO�³ÓµTG�P ³"²
I
½ ¼
��G?�	°DG"s'®#�Wµ9¼
²	�#³ - ·#�V`5.�¸ - ·�� ¶ .P¸ - ·�� º�.
�7��� - ·#� · .Ê³eG�L#�7°4�WµeG?½VOý�	��� ³D²RG?³Á³eGR�,µ9¼Â�7½
½VO °eG<��®�N$G �Ê�%��µÁ¼VP\G'���ÜÀ�GlP �Wµ9°Á¼Vh ²�I G?�
N4À
³D®�N4À´³iO�³DµeG�P NR²	��³9¼
³DµÁ³j²�IHIÝ²'®�°ÿ��¼�U#GR°TGR�,µÁ½VO]½
²HNR�WµTG?�6W�½ ²HN4±�³R�<�SJÚ²DW�½ ²HN4±�³j�	°eGÊ��¼
�	¯	²'���7½
P��7µ9°Á¼�hHG<³��7��� µ9À�G]²	µ9À�G?°Üµ�JÊ²�²'��G?³��	°eG�²�I�µ�JÊ² ��¼Â�7¯'²	���	½�µ�O�L2G	�

�ÜÀ�G%½
²HNR�7½���L�L�°9²�h�¼QP �Wµ9¼
²	�lG?°9°Á²	°SIÝ²	°�¼ ����GR° L#²'¼ �,µÁ³j²�I
Ω1∪Ω2

¼
³
O(τ2+h2

1+h2
2).�ÜÀ�GA��¼Â³eNR°eGRµeG6W�²	®������7°TOjNP²'����¼ µ9¼
²	��³"�7°TG�¯'¼VK5GR� J�¼¿µÁÀ µ9À�G´�
N�NR®�°4�
N$O

O(h1 + h2
2)

�Wµ
µ9À�G*½ ¼
��G?³

x1 = −a
�	���

x1 = d
�7���

O(h2
1 +h2)

�Wµ
x2 = ±b,

°eG<³iL2G�NPµ9¼QK
G?½VO'�	�Úµ%µÁÀ�G
½ ¼
��G

x1 = a
J=GTÀ���K5G µÁÀ�G]½ ²HN?�7½���L�L�°9²�h�¼QP��7µ9¼
²	�ý²
I µÁÀ�G]³iG"NP²	�#�ý²	°4�HG?°�J�¼ µ9À�°TG?³eL^G"N�µ

µ9²
t

�7���
x2.

�ÜÀ�GA��¼�U#GR°TGR��N�GA³DÀ�G�P\G]¼
³"³Óµ4��W�½QG]¼�I�µ9À�GA¯	°Á¼
�jL��	°Á�
PRGRµeG?°Á³
h1, h2,

�7���
τ

³Á�WµÁ¼
³iI_OýµÁÀ�GT¼ ��G"s,®��7½
¼¿µ�O

τ =
min(h1, h2)

√

4 maxi=1,...,4

(

A−

i , A+

i

)

.

Z[G6L2GR°eIÝ²	°TP\G?��³iG�K
GR°4�7½#G�h�L2GR°Á¼QPRG?�,µÁ³AJ�¼ µ9À���¼VU2G?°eG?�'µzKW�	½ ®�G<³Ü²�I
τ, h1,

�	���
h2.

�ÜÀ�G
°eG<³D®�½ µÁ³AL�°eG<³iG?�'µTG?��¼ ��µÁÀ�¼
³"³iG"N�µ9¼
²	� �7°TGlNP²
P\L�®�µeG?� J�¼ µ9À

a = 0.5, d = 1, b = 2, h1 = 0.01, h1 = 0.02, τ = 0.005.

�ÜÀ�GT�,®�PRG?°9¼dNR�	½^G�hHL^G?°9¼QP\GR�,µÁ³�IÝ²'°Ü��¼�U#GR°TGR�,µMKW�7½
®�G?³Ú²�I
τ, h1,

�	���
h2

³DÀ�²&J µ9À��7µÚµÁÀ�G
�,®�PRG?°9¼dNR�	½0³D²'½ ®�µ9¼
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T = 10−5 s, L = 200 mm, ρ = 7.9 · 10−3 g/mm
3
, η = 1000, ε = 0.1,

Ẽ1 = 2.3, Ẽ2 = 1.9, G̃12 = 0.8, ξ1 = 0.3, ξ2 = 0.032

�7���
ξ1 = 0.2, ξ2 = 0.4.
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³zL�°eG<³iG?�,µeG?�jIÝ²'°

ξ1 =
0.2, ξ2 = 0.4, α = 0,

�	���
t = 2.
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¯��(� - W .s°eG�L�°eG<³iG?�,µÁ³]µÁÀ�G�¯	°4��L�À ²
I
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IÝ²	°
ξ1 = 0.2, ξ2 = 0.4, α = π/6,

�7���
t = 2.
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div u 6= 0
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div u = 0
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¼Â³*°TG�L�°eG<³iG?�'µTG?�gIÝ²'°
t = 2,

ξ1 = 0.3, ξ2 = 0.032, α = 0,
�7���

α = π/6,
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IÝ°eG�GzW#²'®������	°eO -
x1 = d = a

. IÝ²	°
α = 0, ξ = 0.032,

�7���
t = 4, 4.25, 4.5, 4.75, 5�7���

5.25,
°eG<³iL2G�NPµ9¼QK
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%
ξ = 0.032, &ÝI ( t = 4;

& ! ( t = 4.25; &¢= ( t = 4.5;&_� ( t = 4.75; & B)( t = 5;
& � ( t = 5.25.
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