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1, n = 2k, k ∈ Z,

−1, n = 2k + 1, k ∈ Z,
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ϕ(n) = 0, n ∈ Z.
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e−iωk/2n

χ(ω/2n),
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1
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̂f(ax± b) =
1
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e±iωb/af̂

(ω
a

)
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f (x) , g (x)
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〈f, g〉 ��� �=

∞∫

−∞

f (x) g (x)
L
x = 2π

∞∫

−∞

f̂ (ω) ĝ (ω)
L
ω = 2π

〈
f̂ , ĝ
〉
,
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〈ψn

k (x) , ψm
h (x)〉 = δnmδhk

®ñ¢L§.L 〈
ψn

k (x) , ψm
h (x)

〉
= δnmδhk
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δnm, δhk
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4π∫

2π

ξ`eimξ L ξ =
1

(−im)`+1

[
Γ (`+ 1, ξ)

]−2imπ

−4imπ
,
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Γ (`, ξ) ��� �=

∞∫

ξ
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[F (ξ)]

ξ1

ξ0
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F (ξ1)−F (ξ0)
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m ∈ Z
�
` ∈ N ∪ {0}

�%�L���
ξ ∈ [a, b] ⊂ R
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b∫

a

ξ`eimξ �
ξ =





−
`

im

b∫

a

ξ`−1eimξ �
ξ +

[
1

im
ξ`eimξ

]b

a

, ` ≥ 1

[
1

im
eimξ

]b

a

, ` = 0.
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4π∫

2π

ξ`eimξ �
ξ =

∑̀

k=1

(−1)`−k `! (2π)k
(
2k − 1

)

k! (im)`−k+1
, ` ≥ 1
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


4π∫

2π

ξ`eimξ L ξ = −
`

im

4π∫

2π

ξ`−1eimξ L ξ +

[
1

im
ξ`eimξ

]4π

2π

, ` ≥ 1

4π∫

2π

ξ`eimξ L ξ = 0 , ` = 0.
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I0 = 0 , I` =
−`

im
I`−1 +

[
1

im
ξ`eimξ

]4π

2π

, ` ≥ 1.
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I0 = 0, I1 =

[
1

im
ξ

]4π

2π

,

I2 = −
2

im

[
1

im
ξ

]4π

2π

+

[
1

im
ξ2
]4π

2π

,

I3 = −
3

im

{
−

2

im

[
1

im
ξ

]4π

2π

+

[
1

im
ξ2
]4π

2π

}
+

[
1

im
ξ3
]4π

2π
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I4 = −
4

im

{
−

3

im

{
−

2

im

[
1

im
ξ

]4π

2π

+

[
1

im
ξ2
]4π

2π

}
+

[
1

im
ξ3
]4π

2π

}

+

[
1

im
ξ4
]4π

2π

,
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I0 = 0, I1 =

[
ξ

im

]4π

2π

,

I2 =

[
−2 · 1

ξ

(im)2
+

ξ2

im

]4π

2π

,

I3 =

[
3 · 2 · 1

ξ

(im)3
− 3 ·

ξ2

(im)2
+

ξ3

im

]4π

2π

,

I4 =

[
−4 · 3 · 2 · 1

ξ

(im)4
+ 4 · 3

ξ2

(im)3
− 4

ξ3

(im)2
+

ξ4

im

]4π

2π

,

. . . . . . . . . . . . . . . . . .

I` =

[
∑̀

k=1

(−1)`−k `! ξk

k! (im)`−k+1

]4π

2π

.
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I` =

[
1

(im)`+1

∑̀

k=1

(−1)`−k `! (ξ/(im))
k

k!

]4π

2π

.
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I` =

[
∑̀

k=1

(−1)`−k `! (4π)k

k! (im)`−k+1

]
−

[
∑̀

k=1

(−1)`−k `! (2π)k

k! (im)`−k+1

]

=
∑̀

k=1

(−1)`−k `!
[
(4π)k − (2π)k

]

k! (im)`−k+1
=
∑̀

k=1

(−1)`−k `! (2π)k
(
2k − 1

)

k! (im)`−k+1
.
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−2π∫

−4π

ξ`e−imξ L ξ =
∑̀

k=1

(−1)k `! (2π)k
(
2k − 1

)

k! (im)`−k+1
, ` ≥ 1
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ξ`e−imξ L ξ = 0, ` = 0 .
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x ��� �=

sinπx

πx
.
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ϕ(x) ��� �=
sinπx

πx
=
eπix − e−πix

2πix
,

· A � ? »

´C¥ ¨�G#¢V¨DPÖ¥�7ì¨�G�©vL�¡
­
¢L¨ª©!L�¢	§.L¸´ªµ=¢L­
©	L�¡ §�´C¨¶¢	§�µO©6´Q®�¡ ¨�¡£´QÁ

ϕn
k (x) ��� �= 2n/2ϕ(2nx− k) = 2n/2 sinπ (2nx− k)

π (2nx− k)
=

= 2n/2 e
πi(2nx−k) − e−πi(2nx−k)

2πi (2nx− k)
.

· A � A »



� �V�#�����O�º� �V� � �=�����Q� �Q���P�³�Û�S�����V�#���L��� �L���Q� �Q� � C!?<A

-
Π
�������
2

ΠΠ
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x
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jsHxL

ΨsHxL

�������N�U���
	 J	B,H=D,D [ D�÷�;�H=]GEGD,ÿ ü 
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ψ(x).
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ψ(x) ��� �=
sinπ(x − 1

2 ) − sin 2π(x− 1
2 )

π(x − 1
2 )

· A � ° »
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ψ(x) =
e−2 i π x

(
−i+ ei π x + e3 i π x + i e4 i π x

)

(π − 2π x)
.
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ψ(x) = ϕ
(
x−

1

2

)
− 2ϕ (2x− 1)

¢L§.L�¨�G�©vL�¡ ­£¢V¨¶©	L¸¢L§.L ´¶µQ¢L­
©	L�¡
§�´Û¨4¢L§�µQ©=´
ψn

k (x) ��� �= 2n/2ψ(2nx− k)
¢<7¶©

ψn
k (x) ��� �= 2n/2 sinπ

(
2nx− k − 1

2

)
− sin 2π

(
2nx− k − 1

2

)

π
(
2nx− k − 1

2

) .
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ϕ̂(ω) =
1

2π
χ(ω + 3π)
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ϕ̂(ω) =





1/(2π), −π ≤ ω < π,

0,
©Q­£´C©	KDG�©�7¶©

,
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ψ̂(ω) = −e−iω/2 [χ(2ω) + χ(−2ω)]
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ψ̂(ω) =




−e−iω/2, π ≤ |ω| < 2π,

0,
©Q­£´C©	KDG�©�7¶©

.
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ψ̂n
k (ω) =

2−n/2

2π
e−iωk/2n

ψ̂(ω/2n)
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ψ̂n
k (ω) = −

2−n/2

2π
e−iω(k+1/2)/2n [

χ(ω/2n−1) + χ(−ω/2n−1)
]
.
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ϕ̂n
k (ω) =

2−n/2

2π
e−iωk/2n

χ(ω/2n + 3π) .
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〈ψn
k (x) , ψm

h (x)〉 = δnmδhk

δnm, δhk
�4�O���
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〈ψn
k (x) , ψm

h (x)〉 = 2π
〈
ψ̂n

k (ω) , ψ̂m
h (ω)

〉

= 2π

∞∫

−∞

2−n/2

2π
e−iω(k+1/2)/2n [

χ(ω/2n−1) + χ(−ω/2n−1)
]

×
2−m/2

2π
eiω(h+1/2)/2m [

χ(ω/2m−1) + χ(−ω/2m−1)
] L

ω

=
2−(n+m)/2

2π

∞∫

−∞

e−iω(k+1/2)/2n+iω(h+1/2)/2m

×
[
χ(ω/2n−1)+χ(−ω/2n−1)

][
χ(ω/2m−1)+χ(−ω/2m−1)

] L
ω
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〈ψn
k (x) , ψn

h (x)〉 =
2−n

2π

∞∫

−∞

e−iω(h−k)/2n [
χ(ω/2n−1) + χ(−ω/2n−1)

] L
ω
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ξ = ω/2n−1

〈ψn
k (x) , ψn

h (x)〉 =
1

4π




−2π∫

−4π

e−2i(h−k)ξ L ξ +

4π∫

2π

e−2i(h−k)ξ L ξ

 .
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〈ψn
k (x) , ψn

k (x)〉 = 1 .
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2π

e−2i(h−k)ξ L ξ =
i

2(h− k)

(
e−4iπ(h−k) − e−8iπ(h−k)

)
= 0 ,
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k (x)
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〈
ϕ0

k (x) , ϕ0
h (x)

〉
= δkh ,
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〈ϕn
k (x) , ϕm
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=
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h (x)〉 = δkh .

� G�©Q§
m 6= n

®�­ ©Q¨"´ª¢�¼
m < n

®�K�©XG�¢F8	©

〈ϕn
k (x) , ϕm
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2 − 2

3 −1 −2 0 2
− 2

7 − 1
3 − 2

5 − 1
2 − 2

3 −1 −2 0
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kh
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0 ≤

n = m ≤ 3
Á

γ(2)00
00 =

−7π2

3
, γ(2)11

kh =

(
−28 π2

3 −8

−8 −28 π2

3

)
,

γ(2)22
kh =




−112 π2

3 −32 −8 − 32
9

−32 −112 π2

3 −32 −8

−8 −32 −112 π2

3 −32

− 32
9 −8 −32 −112 π2

3
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γ(2)33
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


−448 π2

3 −128 −32 − 128
9 −8 − 128

25 − 32
9 − 128

49

−128 −448π2

3 −128 −32 − 128
9 −8 − 128

25 − 32
9

−32 −128 −448π2

3 −128 −32 − 128
9 −8 − 128

25

− 128
9 −32 −128 −448π2

3 −128 −32 − 128
9 −8

−8 − 128
9 −32 −128 −448π2

3 −128 −32 − 128
9

− 128
25 −8 − 128

9 −32 −128 −448 π2

3 −128 −32

− 32
9 − 128

25 −8 − 128
9 −32 −128 −448π2

3 −128

− 128
49 − 32

9 − 128
25 −8 − 128

9 −32 −128 −448π2

3


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(` = 3)
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γ(1)nm
kh

®�¢V¨ä¨�G�©�­ ¥�K�©�7�´ªµ=¢L­
©=´
0 ≤ n =

m ≤ 2
Á

γ(3)00
kh = 0, γ(3)11

kh =

(
0 48 − 56π2

−48 + 56π2 0

)
,

γ(3)22
kh =




0 −64
(
−6+7π2

)
48− 224π2 −64(−2+21 π2)

9
64
(
−6 + 7π2

)
0 −64

(
−6+7π2

)
48 − 224π2

−48 + 224π2 64
(
−6 + 7π2

)
0 −64

(
−6 + 7π2

)
64(−2+21π2)

9 −48 + 224π2 64
(
−6 + 7π2

)
0


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

γ(`)nn

kh = γ(`)nn
hk , ` = 2M ∈ Z,

γ(`)nn
kh = −γ(`)nn

hk , ` = 2M + 1 ∈ Z.
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