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x(n + 1) = f(x(n)).
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f2(x0) = f(f(x0)), f3(x0) = f(f(f(x0))).
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x(n + 1) = µx(n)(1 − x(n)),
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hµ(x) = µx(1 − x)
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hµ(x) = µx(1 − x),

sr(x) = r sin πx.
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f : R → R
�2�ö�

C1�4;���M������~�)�9�Ox
I1, . . . , Ip

�2�
p
x9���W«��9�����
M&=¤�����!xa�2�/;���x.�!x �����ë�R���9�/=H�0y©���Wq

p ≥ 2
7î�d�R�

J = ∪p
j=1

Ij

7�?��2�¥;�¦ ���Wq��9�
f(Ij) ⊃ J

�R�9�
1 ≤ j ≤ p

7�?
=ñ���í�9���¥;�¦³���mq��9�î�mq����°�����&�
M��~�����L�~���

λ > 1
�4;�M4ql�mq��~� |f ′(x)| ≥ λ

���~�
x ∈ J∩f−1(J)

7��d���
Λ = ∩∞

k=0
f−k(J)

7
¬�q����a�Wq��é�R��=W=
��yÔ� �gL����L�~�L�8¦³�R�������9�°�l�9�/=H�Nx�­é�¥®

Λ
���l�w¯
�9���L�9�í���R�§>°��®��mq������R� ���

u���������x9�§M�u��9�������í�D�
f
���0x.�R���������

Λ
>±M�®

f
���A�L�4u���=
��L	�NM2�/=m=H�Î���°�~�����������9�l�9�

Λ
7

( ÃöÄ�Æ	}�Ì°����Ã�Ç ¯!��ÃöÌ°ÃR¯
Λ1 = [0, 1

π
arcsin 1

r
] ∪ [1 − 1

π
arcsin 1

r
, 1]

PAÆ	Ç
Λ1 =

{x|sr(x)
��Ì5�
}

[0, 1]} § r > 1
VRv�� Æ,+o+�Ã)��Ç°Æ9£	Ã&¯!��Ã*� Æ	¢¤¢
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¯��
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sr(x) = r sin πx

�~��x
r >

√
π2 + 1

π
≈ 1.05

>
�mq����

inf{|s′r(x)||x ∈ Λ1} > 1.

té�°�?���&7 �$��Ã���Ã�Ç��
£9|~¯°�¤£	Ã Æ��
sr

��Ì5«.�
£	Ã?}� #Ï
s′r(x) = rπ cos πx

v�{ ¢¤Ì°Æ ¯���Ã�Ã?ÌD¯°�¤²³|9¯°Ã
s′′r (x) = −rπ2 sin πx < 0

�¤Ìl£~|~¢¤�¤��� Æ.Ç |	¢
¢
x ∈]0, 1[

v1��Æ�¯!��Ã�Ì°²³|~¢¤¢
Ã;Ì�¯l£~|~¢¤¡�ÃÎÆ��
|s′r(x)| Æ.} Λ1

Æ�Ä�Ä�¡�Ç2Ì¶+	��Ã�Ç�Ã
sr(x) = 1

vr��Æ.¢
£��¤}�« Ã��#¡�|9¯��
Æ.}

1 = sr(x) = r sinπx

+�Ã�«	ÃR¯
x0 =

1

π
arcsin

1

r

|~}��
x1 = 1 − 1

π
arcsin

1

r

P�Ì°Ã�Ã02î�
«�v
¥,V�vr2�Æ	Ç�¯���Ã;ÌDÃF�3Æ	�¤}.¯2Ì
+�Ã*��|�£	Ã

s′r(x0) = rπ cos
(

π · 1

π
arcsin

1

r

)

= π
√

r2 − 1,

s′r(x1) = rπ cos
(

π · (1 − 1

π
arcsin

1

r
)
)

= −π
√

r2 − 1.

( ÃA}�Ã�Ã?�Î¯°ÆÒÌ°|~¯°��Ì�� ÏÒ¯���ÃA�
}�Ã��#¡�|~¢¤�
¯ëÏ | s′r(x0,1) |= π
√

r2 − 1 > 1
v�2�Ç°Æ.²%�
¯<+�Ã*J�}��

r >

√
π2 + 1

π

v��$��Ã�Ç�Ã&� Æ	Ç�Ã����
r >

√
π2 + 1

π

¯���Ã?}

inf{|s′r(x)| | x ∈ Λ1} > 1.

¥
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r >

√
π2 + 1

π
> 1
>��mq���� �mq����°� ���.����� ���¥;��������

Λ ⊂ [0, 1]
�4;�M4q

�Wq��9�
sr : Λ → Λ

���í�#M4q��.�9���NMé�4;���M������9��7
té�°�?���&7 �$��ÃB� ¡�}�Ä�¯°�¤Æ	}

sr(x) = r sinπx
�¤Ì�|

C1
� ¡�}�Ä�¯��
Æ.},vr���
}�Ä�Ã

x0 =
1

π
arcsin

1

r
<

1

2
< x1 = 1 − 1

π
arcsin

1

rP�Ì°Ã�Ã)2î�¤«�v¤¥IVR§�¯���Ã�}

I1 = [0,
1

π
arcsin

1

r
]
|	}��

I2 = [1 − 1

π
arcsin

1

r
, 1]

|~Ç�Ã�¯�+�Æ�����Ìm¹�Æ.�
}#¯AÄR¢¤Æ.Ì°Ã?�ö 3Æ.¡�}���Ã?���¤}.¯�Ã�Ç�£9|~¢�Ì?v1w�Ã;ÌD����Ã;Ì
sr(Ij) ⊃ I1 ∪ I2

§
j = 1, 2

v
w�ÏºD
Ç�Æ��3Æ#ÌD�
¯°�¤Æ	}g¥Î¯!��Ã�Ç�Ã ��Ì |

λr = inf{|s′r(x)| | x ∈ Λ1} > 1
Ì°¡�Ä4� ¯���|~¯C� Æ	Ç

x ∈ (I1 ∪ I2) ∩ s−1
r (I1 ∪ I2)

+�Ã)��|�£	Ã |s′r(x)| ≥ λr

v��$��Ã?}  �Ï��$��Ã�Æ	Ç�Ã�² É

Λ = ∩∞
k=0s

−k
r (I1 ∪ I2)

�¤Ì |��é|~}#¯°Æ.Ç�Ì°ÃR¯;§�¯!��|9¯ ��Ì?§3�
¯ ��Ì�|	}��
}�J�}��
¯°Ã³ÌD¡� �ÌDÃR¯ Æ��Á¯���ÃlÇ�Ã?|	¢t}�¡�²í 3Ã�Ç2Ì�§j|	}��
sr :

Λ → Λ
��ÌéÄRÆ.}.¯��
}�¡�Æ	¡�Ì?v�wéÏ³�$��Ã?Æ	Ç�Ã�²%ÉA¯���Ã Ì°ÃR¯yÆ��i�3Ã�Ç��
Æ����¤Ä��3Æ	�¤}.¯2Ì�Æ��

sr

|	Ç°Ã���Ã�}�Ì°Ã
�
}

Λ
|~}��

sr

�¤Ì ¯°Æ��3Æ.¢
Æ.«	��Ä�|~¢¤¢¤ÏÒ¯°Ç2|~}�Ì°�
¯°�¤£	Ã�Æ	}
Λ
vO2�Ç�Æ	² �$��Ã?Æ	Ç�Ã�²Z¥��
¯
� Æ	¢¤¢
Æ/+�Ì5¯!��|9¯

sr

�¤Ì�Ä!��|~Æ~¯��¤Ä�Æ.}
Λ
v
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sr(x) = r sin πx
§
r >

√
π2+1

π

§~|	}��0+�Ã5��Æ�}�Æ~¯���}�Æ,+ ¯���|9¯©Ã&%�|.Ä�¯°¢¤Ï ¯!���¤Ì_� ¡�}�Ä�¯��
Æ.}l�¤Ì©Ä�Æ	}�Ì°�¤��Ã�Ç�Ã?�jv,(`��|9¯
��Ì�|��3Æ#Ì°Ì°�
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¢¤�
¯ëÏÒ¯���|9¯����_+�ÃA²³|��	ÃA|�����Ç°Æ,%��
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sr Ä.Å Ç2|������¤Ä?ÌyÆ��
sr

|~}��
hµ

|	Ç°Ã Ì°�
² �¤¢�|~Ç)P�ÌDÃ?Ã*2î�¤«�vj¥ �¤}�Ä�|.ÌDÃ
r = µ

4

VRv����¤}�Ä�Ã)�#¡�|	��Ç2|9¯��¤Ä�� ¡�}�ÄR¯°�¤Æ	}
��Ìî² Æ	Ç�ÃéÌ°�¤²���¢
Ã.§�¯���Ã?Ç°Ã8� Æ	Ç�Ã��
¯©�¤Ì_���¤«��.�3Æ#Ì°Ì°�
 ��
¢¤�Û¯�Ï ¯!��|9¯�+�Ãy²³|��	Ãy|�����Ç°Æ,%��
²³|~¯°�¤Æ	}
+5�
¯��~�#¡�|	��Ç2|9¯��¤Ä�²³|��,v#u��d¯�����Ì$�#¡�|	��Ç�|~¯°��Ä�² |�����Ì

hµ = µx(1− x)
§
µ > 4

§#¯���Ã?}
+�ÃF�#}�Æ,+ ¯���|~¯5¯!��Ã�Ç�ÃAÃ8%���ÌD¯�Ì�|³Ì°¡� �Ì°ÃR¯

Λh ⊂ [0, 1]
Ì°¡�Ä4� ¯���|9¯

hµ : Λh → Λh

��Ì
Ä4��|~Æ	¯°��ÄCP�S 5 §�¬,UmV�v�{�¢�Ì°Æl¯!��Ã�Ç�ÃAÃ&%��¤ÌD¯�Ì�|³ÌD¡� �ÌDÃ�¯

Λs ⊂ [0, 1]
ÌD¡�Ä4� ¯���|9¯

sr : Λs →
Λs

��Ì5Ä4��|~Æ	¯°��Ä~v�wé¡�¯
Λh 6= Λs

PW� Æ	Ç�Ã&%�|~²C��¢¤Ã	§����
r =

µ

4

¯!��Ã�}

x0 =
1

π
arcsin

1

r
, x1 = 1 − 1

π
arcsin

1

r 3Ã�¢¤Æ	}�«�¯�Æ
Λs

 �¡�¯�}�Æ~¯5¯°Æ
Λh

VRv
É�v5�$��Ã*� ¡�}�Ä�¯��¤Æ	}

sr(x) = r sin πx
§
x ∈ [0, 1]

§���|.Ìé¯���Ã*� Æ.¢
¢¤Æ/+5�
}�«C��Ç�Æ��3Ã�Ç°¯°�¤Ã?Ì?´
P�¥,V��
¯��¤Ì�ÌD² Æ�Æ	¯�� � ¡�}�Ä�¯��¤Æ	}�|~}��

sr : [0, 1] → R
§

P�É�V��
¯<��|	Ìy²³|�%��¤²í¡�²À�3Æ	�¤}.¯
xm =

1

2

|~}��
s′′r
(1

2

)

= −rπ2 6= 0
§

P 5 V��
¯��¤Ì5² Æ	}�Æ	¯°Æ	}�Ã��¤}�Ì°Ã�«.²lÃ?}.¯2Ì
[0, xm[

|~}��
]xm, 1]

§
P ÈRV��
¯<��|	Ìy}�Ã�«.|~¯°�¤£	Ã&¯!��Ã0��Ä!�R+é|~Ç!"A��Ã�Ç��
£~|9¯��
£	Ã.§���v Ã.v
§ ∀x ∈ [0, 1] \ {xm}

Ssr
(x) =

s′′′r (x)

s′r(x)
− 3

2

(

s′′r (x)

s′r(x)

)2

= −π2

(

1 +
3

2

(

sin πx

cosπx

)2
)

< 0.
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sr
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¯y�¤ÌyÌ°�
² �¤¢¤|	Ç
¯°Æ

hµ

v
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hµ(x) = µx(1 − x)
§
µ > 4

§3|	}���¢¤ÃR¯
Λh ⊂ [0, 1]

�¤Ì&|�Ì°ÃR¯&�¤}�+	����Ä!�
hµ

��Ì
Ä4��|~Æ	¯°��Ä~v;uL¯î��Ì-��}�Æ/+5}A¯!��|9¯Ô�'�

x /∈ Λh

¯���Ã�}í¯���Ãé¢
�¤² �Û¯ÔÆ��
hn

µ(x)
��ÌtÃ��#¡�|	¢.¯°Æ&² �¤}#¡�Ì
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¯ëÏ�|	Ì
n
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sr(x) = r sin πx
§
r >

√
π2+1

π

§
|~}��Ò¢
Ã�¯

Λs ⊂ [0, 1]
�¤Ìy|�Ì°ÃR¯y�
} +	����Ä!�

hr

��ÌéÄ4��|~Æ	¯°��Ä~v����
}�Ä�Ã |r sin πx| ≤ 1
¯���Ã�}

���
x /∈ Λs

¯!��Ã�}�¯���Ã�¢¤�
² �
¯ Æ��
sn

r (x)
�¤Ì5}�Æ~¯��¤}�J�}��
¯�Ï |	Ì

n
«.Æ�Ã?Ìé¯�Æ �¤}�J�}��Û¯�Ï	v3�$���¤Ì

��Ì5|l£	Ã?Ç°ÏÒ�¤}.¯°Ã?Ç°Ã;Ì�¯��
}�«³���'�1Ã�Ç�Ã�}�Ä�Ã	v
2�Æ	Ç5Ã&%�|~²C��¢¤Ã	§�+�ÃAÄ�Æ	}�Ì°�¤��Ã�Ç$�3Æ.�
}#¯

xm =
1

2

v�u��
r ∈ N

¯!��Ã�}

sr

(1

2

)

= r > 1, s2
r

(1

2

)

= r sin πr = 0, sk
r

(1

2

)

= 0, k ≥ 2,

��v Ã	v¤§
xm

�¤ÌAÃ�£	Ã?}.¯°¡�|~¢¤¢
Ï�J�%�Ã?�w�3Æ.�
}#¯�|	}��
xm

Ç�ÃR¯°¡�Ç�}�Ì�¯�Æ ¯���Ã³�¤}.¯�Ã�Ç�£9|	¢
[0, 1]

¡�}���Ã�Ç
�Û¯�Ã�Ç2|9¯��
Æ.}ÎÆ��

sr

v�u��
r = m

2

§
m ∈ N

|~}��
m
��Ì5|~} Æ����Î}#¡�²í 3Ã?Ç5¯���Ã?}

sr

(1

2

)

=
m

2
, s2

r

(1

2

)

=
m

2
sin

πm

2
=











m

2
, m = 1 + 4l, l ∈ N,

−m

2
, m = 3 + 4l, l ∈ N,

s3
r

(1

2

)

=
m

2
.
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r =
1 + 4l

2

§
l ∈ N

§#¯���Ã�}
xm =

1

2

�¤ÌéÃ?£	Ã�}.¯�¡�|~¢¤¢¤Ï³|FJ�%�Ã;�E�3Æ.�
}#¯y �¡�¯
�Û¯ ��Æ�Ã?Ìy}�Æ~¯� 3Ã�¢¤Æ	}�«l¯°Æ

[0, 1]
v�u��

r =
3 + 4l

2

§
l ∈ N

§�¯!��Ã�}
xm =

1

2

��Ì5Ã�£	Ã�}#¯°¡�|	¢
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Æ����¤Ä1�3Æ.�
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v
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x1, x2 ∈ [0, 1]

ÌD¡�Ä4�Î¯!��|9¯

sr(x1) = sr(x2) = 2, s2
r(x1) = s2

r(x2) = r sin rπ = 0,
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x1
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x2
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[0, 1]
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y ∈]1, 2]
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x3
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[0, 1]
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sr(x3) = sr(x4) = y, s2
r(x3) = s2

r(x4) ∈ [−r, 0].
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sr([−1, 0]) = [−r, 0]
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sr([−2,−1]) = [0, r]
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