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��ì�ì�ÒÈÆÓêO�£í´ÆÁ.��Ç8�¬gÑ�ÇAÅ�ì�ì3Á#ÇAÑ>ídc��£í ��ÒÈÒ,eéÅ���ê�í¥ÆÈÁ.��Ç&�	Ä¥Ñ�ÇAÖnÁ�Á	íic,Ì�Ã3Á	Å�����Ñ8� ����� ÇAÒÈÁ!g�ÒÊ
ë£��Ä´Ê�Æ�h��
\,ÑOí>Å�ÇqeéÁ.Ä¥Ö�Å�ÒÈ��í¥Ñ�íic�ÑõÇAÊ�ÇAí¥ÑOÖeÁ#e¶Ñ�w#Å��£í´ÆÁ.��Ç ������Ã3Á.Å������	Ä¥Ê êOÁ	����Æí¥ÆÈÁ	��Ç�eéÁ.Ä>�

h	ÑO��ÑOÄ2��Ò
n
ÕIg¶��ë	Ñ ��ÆÈÇAí¥Ä´ÆÃ�Å�í¥Ñ;�ÀeéÑ8Ñ8��Ã��.ê´ÉÀh	Ñ8Á	ÖnÑMí´Ä¥Ê1×

∂E

∂t
+ A

∂E

∂z
+ BE = G(I),

]^½�� Ï�`

g�c�ÑOÄ´Ñ
E = (E1, E2, . . . , En)T

� �¶Á	Å�������Ä´Ê�êMÁ.����Æí¥ÆÈÁ	��Ç ��Ä´Ñ���Ñ;Ç¥êOÄ¥ÆÈÃ3Ñ8� ÆÈ� ídc�Ñ;eéÁ	ÒÕ
ÒÁ!g�ÆÈ�8h;eéÁ.Ä¥Ö�×

Ei(t, Li) = E0
i , i = 1, . . . , n.

]^½�� ò�`
p ÆÓ�#h.Á	���	Ò�Ö|�£í´Ä¥Æbz

A
êMÁ.�.í´�	ÆÈ��Ç ��ÆÈÄ¥Ñ;ê�í´ÆÁ.�)êMÁ#ÇAÆÈ��Ñ8Ç>Á(e�g¶��ë	Ñ|ë	Ñ;ê�í¥Á.Ä´Ç

ki

�]Ð �£í´Ä¥Æbz
B��Ñ8Ç´êMÄ´ÆÃ3Ñ;Ç
��Ê�����ÖnÆÓêO��Ò���Æba3Ä2�	êMí¥ÆÈÁ	�nÆÈ�níic�Ñ&ÇAÊ�ÇAí¥ÑOÖ��

E0
i

��Ä´Ñ��	Ö�ì�ÒÆí¥Å���Ñ8Ç
Á(e3ídc�Ñ�Ñ¡z�í´ÑOÄ¥Õ
����Ò1Æ��êOÆÈ��ÑO�.í�ÑOÒÈÑ8ê�í´Ä¥Á.Ö|�#h	��ÑOí¥ÆÓê�g¶�;ë	Ñ;ÇO��xKe

E0
i = 0

eéÁ	Ä��	ÒÒ
i
Ì%gÂÑ���Ñ;��Ò$g�Æídc¨Á#Ç¥êOÆÒÈÒÈ��í¥Á.Ä

Ä¥Ñ�h	ÆÈÖ�Ñ.����c�Ññë	Ñ8êMí¥Á.Ä�Á(e�Ä´Ænh(c.í¥ÕIc������ ÇAÆÓ��Ñ8Ç
G
êMÁ	�#í´�	Æ��Ç�êMÁ.Ö�ì3Á.��ÑO�#í´Ç

I
eéÁ	Ä;g��;ë	Ñ;Ç

íic���í¨��Ä´Ñ ÆÈ��ÇAÊ���ê�c�Ä´Á	��ÆÓÇ¥ÖÁg�Æ ídc ÑOÒÈÑ8ê�í´Ä´Á	�rÃ3Ñ8��Ö �	���r�	Ä¥Ñ�Ñ�w#Å��	Ò�í¥Áoy8ÑOÄ¥ÁÂeéÁ	Ä|íic�Ñ
Á�íic�ÑOÄ�g¶��ë	Ñ8Ç8�
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É�Å�ÖnÑOÄ´ÆÓêO��Ò»Ö�ÑOíic�Á���Ç í´Á Ç¥Á	ÒÈë	Ñ ídc�ÑnÇAÊ�ÇAí¥Ñ8Ö¯]7½�� Ï(`MÌ�]^½�� ò�`�ÌN]^½�� Í(`�Êo]^½�� u�`&��Ä´Ñ�Ç¥ÆÖnÆÈÒÈ�	Ä
í¥ÁnÖnÑOíic�Á���Ç�ì�Ä´Á	ì3Á#ÇAÑ;�õÆÈ��j ò�Ì$Ë.l,eéÁ	Ä�Ç¥ÆÖ�Å�ÒÓ��í¥ÆÈÁ	� Á#e]í0gÂÁ	ÕIg¶��ë	Ñ���Z�ÔY\ �
\,ÑOí Å�Ç�Æ�#í¥Ä´Á���Å�êOÑ�Æ�z��Á.Ö|��ÆÈ�

Ω = {0 ≤ z ≤ L, −2π ≤ p ≤ 2π}
⋃
{t > 0}Å���ÆbeéÁ	Ä´ÖÌh.Ä¥ÆÓ��Ç8×

ωz = {zm : zm = mhz, m = 0, 1, . . . ,M, Mhz = L},

ωp = {pj : pj = hpj, j = −N, . . . ,−1, 0, 1, . . . , N, hpN = 2π},

ωt = {tl : tl = lht, l = 0, 1, . . .}.
p ÆÓÇ¥êOÄ¥ÑOí¥ÑqeéÅ���ê�í¥ÆÈÁ.��Ç���Ä´Ñ ��Ñ)r���Ñ8� Á.�ñíic�Ñ*h	Ä´ÆÓ�

ωt × ωz × ωp

Ì�íic�Ñ8Êñ��Ä´Ñ ��ÑO��Á�í¥Ñ;�ñÃ�Ê

El
m = E(tl, zm), Θl

m,j = Θ(tl, zm, pj).
¬gÑõ��ì�ì�Ä´ÁJz�ÆÈÖ|�£í´Ñ�íic�Ñõ��Æba3Ñ8Ä¥ÑO�#í¥ÆÓ��Ò�ì�Ä¥Á.Ã�ÒÑ8Ö�]^½�� Í(`MÌ�]^½�� Ï(`&Ã#Ê íic�ÑEeéÁ	ÒÈÒÁ!g�Æ�hmr���Æí¥ÑMÕ
��Æ	a1ÑOÄ´ÑO��êMÑ>Ç´ê�c�ÑOÖnÑ	×

Θl+1
m+1,j− 2Θl+1

m,j + Θl+1
m−1,j

h2
z

=Ψ

(
k −

Θl+1
m+1,j− Θl+1

m−1,j

2hz

)3

Re
(
Ẽl

m exp(iΘl+1
m,j)

)
,

]^u��ÈË.`

E
l+1
m − E

l
m

ht

+ AC
E

l+1
m − E

l+1
m±1

hz

+ B
E

l+1
m + E

l+1
m±1

2
= G(I),

]^u�� Í(`

I = Φ

N∑

j=0

cj

(
exp(−iΘl+1

m,j) + exp(−iΘl+1
m,−j)

)
,

g�c�ÑOÄ´Ñ
Ẽl

m = E(tl − αtm, zm)
Ì
α = hz/(htu)

�Y¬gÑ�í2��É	Ñ�íic�Ñ ÆÈ�.í´Ñ)h.ÑOÄõì���Ä¥íõÁ#e
α
��¬Çc�ÑO�

tl − αtm < 0
gÂÑõ�.Ç¥Ç¥Å�ÖnÑníic���í

Ẽ = E(0, zm)
�
cj

��Ä´Ñ|êOÁ�Ñ¡¾õêOÆÑ8�.í´Ç Á#e
w.Å��	��Ä2�£í´Å�Ä¥Ñ�eéÁ	Ä´Ö�Å�ÒÓ�n�����mgÂÑ>Å�Ç¥Ñ�íic�Ñ í´Ä´�	ì3Ñ)y8Á	ÆÓ����Ò1Ä´Å�ÒÈÑqeéÁ	Ä���ì�ì�Ä¥ÁJz�ÆÖ|��í¥ÆÈÁ	�¨Á(e]íic�Ñ
Æ�#í¥Ñ)h.Ä´�	ÒN�

��c�Ñ�êMÁ.�#ë	Ñ;ê�í¥ÆÈÁ	��í¥Ñ8Ä¥ÖyÆÓÇ&��ì�ì�Ä¥ÁJz�ÆÖ|��í¥Ñ8� Ã�Êñíic�Ñ�Å�ì�g�ÆÈ��� r���Æí´ÑMÕI��Æ	a1ÑOÄ´ÑO��êOÑÍeéÁ	Ä¥Õ
Ö�Å�ÒÈ�

C
E

l+1
m − E

l+1
m±1

hz

�!¬gÑ�ê�c�Á�Á.Ç¥Ñ¶�&ì�Ä´Á	ì3ÑOÄ»Ä¥Ænh(c#í�Á.Ä�ÒÈÑ¡eíNr���Æí¥ÑMÕ¯��Æba3Ñ8Ä¥Ñ8��êMÑ���ÑOÄ´ÆÈë£�£Õ
í¥ÆÈë	Ñ�g�ÆíicõÄ´Ñ8Ç¥ì3Ñ8êMí
í¥Á

z
ÆÈ�¨��ÑOì3ÑO����ÑO��êOÑ Á#e1ídc�Ñ@g¶��ë	Ñ�Ç¥ì�Ä´Ñ8�	�n��ÆÄ´Ñ8êMí¥ÆÈÁ	�,��Î ÑOÄ´Ñ

C
ÆÓÇ �

��ÆÈ�(h	Á.����Ò3Ön��í¥Ä´Æ	zfg�Æíic êOÁ�Ñ¡¾õêOÆÑ8�.í´Ç¶Ñ�w#Å��	Ò�í´Á>Ï�Ð�Ë�Ï�Á.Ä*Ï2Õ2Ë�Ï�Ì#êMÁ	Ä´Ä´Ñ8Ç¥ì3Á	����ÆÈ�8h í¥Á�íic�Ñ
ÒÑ)eí Á	Ä>Ä¥Ænh(c#í"r���Æ í´ÑMÕ¯��Æba3Ñ8Ä¥Ñ8��êMÑõ��ÑOÄ´Æë��£í´Æë	Ñ�Ä´Ñ8Ç¥ì3Ñ8êMí¥ÆÈë	ÑOÒÈÊ eéÁ.Ä>Ñ8�	ê�cÂg¶�;ë	Ñ|��Önì�ÒÈÆí¥Å���Ñ
E1, E2, . . . , En

]NÇ¥ÑOÑ�Ñ	� h���]¬Í��ÈË.`~`M�$\åÑMí�êOÁ	��Ç¥ÆÓ��ÑOÄ�ídc�Ñ�Ñ)z���Önì�ÒÈÑ Á(e»í0gÂÁ	ÕIg¶��ë	Ñ ��Z�ÔY\
Ì
g�c�ÑO�Âg¶�;ë	Ñ�g�Æ ídcz�	Önì�ÒÆí´Å���Ñ

E1
h	Á�Ñ8Ç@eéÄ¥Á.Ö`ídc�ÑnÒÑ)eí>Ã3Á	Å�������Ä´Ê í¥Á íic�ÑnÄ´Æbh�c.í Á	��Ñ

�����
E2

h	Á�Ñ;Ç�Æ�fÁ	ì�ì3Á.Ç¥Æ í´Ñn��ÆÈÄ´Ñ8ê�í´ÆÁ.�}]éíic���í ÆÓÇ
A11 > 0, A22 < 0

`M�å��c�ÑO�)ÇAÊ�ÇAí¥Ñ8Ö
]«u�� Í�`4c��	Ç¶ídc�Ñ"eéÁ	ÒÈÒÁ!g�ÆÈ�8h;eéÁ.Ä¥Ö�×

El+1
1,m − El

1,m

ht

+ A11

El+1
1,m − El+1

1,m−1

hz

+ B11

El+1
1,m + El+1

1,m−1

2

+ B12

El+1
2,m + El+1

2,m−1

2
= I,
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El+1
2,m − El

2,m

ht

− A22

El+1
2,m − El+1

2,m+1

hz

+ B21

El+1
1,m + El+1

1,m+1

2

+ B22

El+1
2,m + El+1

2,m+1

2
= 0.

x¯�#ë	Ñ;Ç�í´Ænh.�£í´ÆÁ.�¨Á(e�ÇAí´��Ã�ÆÒÈÆ í�ÊõÁ(e���Æba1ÑOÄ´ÑO��êMÑ>Ç´êdc�ÑOÖnÑ5]«u��ÈË.`¯Õ�]^u�� Í(` ÆÓÇ���ë	ÑOÄ´Êõ��Æb¾õêMÅ�Òí
ì�Ä¥Á.Ã�ÒÈÑOÖ�Ì�ídc#Å�Ç4gÂÑ Ä´Ñ8ÇAí¥Ä´ÆÓê�í Á.Å�Ä´Ç¥ÑOÒÈë	Ñ8Ç�í¥Á�Ö|��Ä´É�ídc��£íÂíic�Ñ&ÒÆÈ��Ñ;��Ä´Æby8Ñ8�nì�Ä´Á	Ã�ÒÈÑOÖ ÆÓÇ Á	Ã�Õ
ë#ÆÈÁ.Å�ÇAÒÈÊ�ÇAí´�	Ã�ÒÈÑ�g�Æíic|Ä¥Ñ;ÇAì3Ñ;ê�í»í´Á>Æ��Æ í´ÆÈ�	Ò�êOÁ	����Æí¥ÆÈÁ	��Ç��	����Ä´Ænh(c.í¥ÕIc�������Ç¥ÆÈ��Ñ;ÇO�.�#í2��Ã�ÆÈÒÈÆ í�Ê
Á#e]íic�Ñ"eéÅ�ÒÒ]Ç¥Ê�ÇAí¥Ñ8ÖÑ]^u��ÈË.`¯Õ�]^u�� Í(`Yg¶�.Ç�êMÁ	�8r�Ä¥ÖnÑ8�ñÆÈ� Ö|�	�#Êõ��Å�ÖnÑOÄ´ÆÈê8��Ò Ñ)z�ì�Ñ8Ä¥ÆÈÖnÑO�#í´Ç8�

ÔYw#Å���í¥ÆÈÁ	�³]«u��ËJ`�ÆÓÇ�ÇAÁ.Òë	Ñ;�zÃ#ÊgÅ�ÇAÆÈ�8h�íic�ÑÀÒ
ÆÈê8��Ä2�gí�Ê�ì�Ñ¨Æ í´ÑOÄ2�£í¥ÆÈë	Ñ|ì�Ä´Á�êOÑ8Ç´Ç>�	Ç Æ í
g¶�	Ç�ì�Ä´Á	ì3Á#ÇAÑ;�õÆÈ�Âj ÏJl]�����¨ídc�Ñ>�#Å�Ö�Ã3ÑOÄ�Á#e�Ä´Ñ�w#Å�ÆÈÄ¥Ñ;�¨Æ����ÑOÄ�Æ í´ÑOÄ2�£í¥ÆÈÁ	��Ç¶ÆÓÇ�Ç¥Ö|��ÒÈÒN�
¬zÑ ��Á	í¥Ñ�íic���í�íic�Ñ>ì�Ä¥Á.ì3Á.Ç¥Ñ8�¨��Ònh	Á.Ä¥Æídc�Öd�	ÒÒÈÁ!g�ÇÂÅ�Ç¶í´Á�Å�ÇAÑ ì���Ä2��ÒÈÒÈÑOÒ1ì�Ä¥Á�êMÑ8Ç´Ç¥Æ�8h��

��c�Ñ�Ö|�	Æ�5g¶Á	Ä´É�êOÁ	�.í´ÑO�#í ÆÓÇ
íic�Ñ&êOÁ	Önì�Å�í2�£í¥ÆÈÁ	�|Á(e
Θl+1

m+1,j

ÆÈ�Ó]^u��ÈË.`M�#��ÆÈ��êMÑ&�	ÒÒ3êO��ÒÓêMÅ�Õ
ÒÈ��í¥ÆÈÁ	��Ç �	Ä¥Ñ ÆÈ����ÑOì3Ñ8����Ñ8�.íqg�Æ ídc Ä´Ñ8Ç¥ì3Ñ8ê�í í¥Á

j
Ì3Ç¥Á¨��ÒÈÒ

Θl+1
m+1,j

êO��� Ã3Ñ�êOÁ	Önì�Å�í´Ñ8��ÆÈ�
ì���Ä2��ÒÈÒÑ8Ò]Á	�gÇAí´�	������Ä2����Ð>ÒZêMÁ	Önì�Å�í´ÆÈ�8h Ç¥Ê�ÇAí¥Ñ8Ö�Ì$g�c�ÑOÄ´Ñ�ì�Ä´Á�êMÑ;Ç¥Ç¥Á	Ä´Ç�Å�Ç¥Ñ��ñÇic���Ä´Ñ8�
Ö�Ñ8ÖnÁ	Ä´Ê	�
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��c�ÑOÄ´Ñ¶��Ä´ÑÂ� ÒÁ	í�Á#e���Æ	a1ÑOÄ´ÑO�#í�êMÁ	Önì�Å�í´ÑOÄ»êOÁ���Ñ;Ç,eéÁ.Ä�Ö�Á���ÑOÒÈÒÆÈ�8hqZ�ÔY\©j î!l¬�£��c�Ñ�Ç¥Å�êOêMÑ;Ç¥ÇAÕ
eéÅ�Ò,Z]Ô4\gÁ.ì3ÑOÄ2�£í¥ÆÈÁ	�¨��Ñ8ì3ÑO����Ç�Á	�ñ��ÒÈ�	Äih.Ñ �#Å�Ö�Ã3Ñ8Ä�Á#e]Æ��ì�Å�í�ì���Ä2��ÖnÑMí´ÑOÄ2ÇO��xIí�ÆÈÇ�êMÒÈÑ8�	Ä
íic���í�Á.��ÒÊñêOÁ	Önì�Å�í´ÑOÄ ÇAÆÈÖ�Å�ÒÓ�£í´ÆÁ.��Ç��	ÒÈÒÁ!gvÅ�Ç�í¥Áõê�c�Á�Á#ÇAÑ�íic�Ñ Á	ì�í¥ÆÈÖn�	ÒåÇAÑOí�Á#e»ì��	Ä´�	Ö�Õ
ÑMí¥Ñ8Ä´Ç�Æ�gÁ.Ä´��ÑOÄ í´Á Á	Ã�í2��ÆÈ� íic�Ñ�h	Ä´Ñ8��í¥ÑOÄ&Ä2�	��ÆÈ��í¥ÆÈÁ	� Á.Å�í¥ì�Å�í8��x¯�Øj î!l �ñêMÁ.Ö�ì���Ä´ÆÈÇ¥Á	� Á#e
��Æ	a1ÑOÄ´ÑO�#í>Ñ¡z�ÆÓÇ�í´Æ�8h Z�ÔY\�êMÁ���Ñ�g�ÆíiczÄ´Ñ8Ç¥ì3Ñ8ê�í�í´Á���ÆÈÖ�Ñ8��Ç¥ÆÁ.����ÒÈÆ í�Ê.Ì3í¥ÆÈÖnÑMÕI��ÑOì3ÑO����ÑO�.í2Ç
Á#e>Ç¥ÆÖ�Å�ÒÈ��í¥ÆÈÁ	�,Ì�í�Ê�ì3Ñ Á#e ÖnÁ���Ñ8Ò�eéÁ	Äñ��Ñ8Ç´êMÄ´Æì�í´ÆÁ.�rÁ(e ì���Ä¥í¥ÆÓêMÒÈÑ�Ã3Ñ8�	ÖjÆÓÇ|ì�Ä¥Ñ;ÇAÑO�#í¥Ñ;� �
xIí>ÆÓÇ>Çic�ÁJg��gíic���í � Ã3Ñ8��ÖX��Ñ8Ç´êMÄ´ÆÈì�í¥ÆÈÁ	�gÃ�Ê�êOÁ	ÒÈÒÑ;ê�í¥ÆÈë	Ñ�ë���Ä´ÆÈ�	Ã�ÒÈÑ8Ç��	ÒÒÈÁJg�Ç&ídc�ÑEe¼�	ÇAí¥ÑOÄ
Æ�#í¥Ñ)h.Ä´��í¥ÆÈÁ	�ñÆÈ�ñí´ÆÈÖ�Ñ ídc���� íic�Ñ>ÖnÑMídc�Á�� Á#e
µ�¡�¢�ªN«¼¤O³�)Ù¯«©ÙGÚ
�O³³E�
Û Á	Önì�Å�í¥ÑOÄ>êOÁ���Ñ��&�q\ Û íic���í ÖnÑ8�	��Ç&�&�q\åÅ�Ö�Ñ Û Á���Ñ;g¶�.Ç���Ñ8ë	ÑOÒÈÁ	ì3Ñ;� Á	��íic�Ñ

Ã��	Ç¥ÆÈÇ¶Á#e]Ö�Å�Ò í´Æì�ÒÑ*Z�Á	Ä¥í¥Ä2���¨êOÁ���Ñ8Ç8Ì�êOÄ¥Ñ;�£í´Ñ8�õÆ�gË;î	î�ËGÊ�Í�Î�Î.Ï Ê	Ñ;��Ä2ÇO����c�ÆÓÇ�êMÁ���Ñ&ÆÈÖ�ì�ÒÑOÕ
Ö�Ñ8�.í2Ç���Æba3ÑOÄ´ÑO�#í�h	Ñ8Á	ÖnÑMí´Ä¥ÆÈÑ8Ç¶Á(e]í1g¶Á�Õ �	���¨íic�Ä¥Ñ8ÑMÕIg��;ë	Ñ��qZ�ÔY\Ç]¼ÆN� Ñ	�

n = 2
Á.Ä

n = 3
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n = 6

�
��c�Ñ�Ã3Ñ8��ÖwÆÈÇ�ÖnÁ���Ñ8ÒÒÈÑ8��Ã#Ê���ë	ÑOÄ2�#h	ÆÈ�8h&Á£ë	Ñ8Ä»ÆÈ��Æí¥ÆÓ��Ò�ìc��	Ç¥Ñ8Ç»Á(e3ÑOÒÈÑ8êMí¥Ä´Á	��Ç�ídc��£í
ÖnÑ;����Ç
Ã#Ê�êMÁ	ÒÈÒÈÑ8ê�í´Æë	Ñ ë£�	Ä¥ÆÓ��Ã�ÒÈÑ8Ç8�8p&ÆÖnÑ8��ÇAÆÈÁ	����ÒÈÆ í�ÊñÆÓÇ&Í#pÝ]éÁ.��Ñ�ÇAì���í¥ÆÓ��Ò]êMÁ�Á.Ä´��ÆÈ����í¥Ñ>�	����Á	��Ñ
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