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Abstract. A time law of small vibrations of the center of pressure (COP) of hu-
mans in standing position (human posture) provides a useful information about
the physical and health condition of an individual. In this work controlled inverted
pendulum (CIP) model with a single degree of freedom (DOF) is used in order
to simulate the vibration of COP of a human body in anterio-posteriori (forward-
backward) direction during still standing. A method for identification of the CIP
model parameters is based on numerical computation of the sensitivities of the
penalty-type error function to small variations of model parameters. The approach
is applicable to structural models with any number of DOF and any structural com-
plexity. Numerical example demonstrates the model parameter identification results
providing nearly the best match of the model behaviour to the real experimental
record of COP position.

Key words: controlled inverted pendulum, human posture, optimal control, sen-
sitivity functions

1. Introduction

The time law of small vibrations of the center of pressure (COP) of humans in
standing position (human posture) may provide useful information about the
physical and health condition of an individual. One of the most popular ways
to measure standing stability is to register movements of COP on the base of
support. The resulting figure is called a stabilogram. COP signal represents
a collective outcome of all systems that are responsible for maintaining body
upright.

Different models are used in order to explain this, at the first glance, quite
chaotic signal (see Fig. 1): pinned polymer [?], auto regressive [?] or fuzzy logic
[?] models. Nevertheless most of them fail to identify the vibration law of COP
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Figure 1. Movement of COP on a base of support.

in physiologically meaningful terms and are not very popular in the clinical
context so far. One of the most popular models is the controlled inverted pen-
dulum (CIP) model which represents movements of COP in anterio-posteriori
(forward-backward) direction during still standing.

G. Morasso and M.Schieppati in [?] related control of the inverted pen-
dulum with two control mechanisms: open-loop control mechanism used over
short-term period and closed-loop control mechanism used over long-term
period. While R. Peterka in [?] demonstrated that the modeling results con-
sistent with experimental data may be obtained using only one closed-loop
control mechanism for both - long and short term - periods. In both cases CIP
model parameters were selected empirically by comparing the computed and
experimental data [?, 2, ?].

The formal method for CIP model and its’ closed-loop control parameters
identification is presented in [?]. The method employs the optimum control
technique [?]. This paper is an extended version of [?]. It presents the proof
of the general case of the control parameters identification method.

2. Methods

2.1. Controlled inverted pendulum model and error function
formulation

In CIP model (Fig. 2) human body is represented as a rigid body with the cen-
ter of mass (COM) oscillating around the ankle joint. The dynamic equation
of such a system is obtained on the base of the angular momentum principle
by making assumptions that the posture deviates away from upright position
due to some physiological factors (e.g. breathing), as well as due to the torque
generated by the gravity force. The influence of such factors in the CIP model
is represented as the cumulative disturbance torque Ty(t).
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Figure 2. Controlled Inverted Pendulum (CIP) model of a human posture.

According to [?] the cumulative disturbance torque may be represented
as low-filtered Gaussian noise. In order to counteract the disturbance torque
human body produces the corrective torque T.(t). The corrective torque is
assumed to be a linear function of the sway angle, angular velocity and the
time integral of the sway angle. In [?] it has been referred to as proportional,
integral and differential (PID) controller. Finally the single DOF CIP model
is described as

Ti(t) — mghu(t) = Ty(t) — Te(t), (2.1)

where: m is body mass, I mass moment of inertia of the body about the ankle
joint, h distance of COM from the ankle joint, u sway angle, g gravitational
acceleration, Ty cumulative disturbance torque obtained from the equation

Tu(t) + BTy(t) = Ax(t),

x(t) Gaussian noise, A, B first order low-filter coefficients,

To(t) = Kpu(t) + K / u(t) dt + Kpit)

is corrective torque, Kp, K7, Kp are coefficients.

Proper values of CIP model parameters Kp, K;, Kp, A and B have to
be determined in order to make the response of the model close to time law
of vibrations of COP of a real human body. The quantitative measure of the
deviation of the model behavior from the available experimental record is
introduced by means of the chosen error function as

T

J(u) = /w(u,u,u) dt, (2.2)
0

W(u, 1, i) = %(ucop(t) — s (1)),
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where u,.y are COP values recorded during experiment, ucop are COP values
calculated from CIP model data according to the formula presented in [?]:

ucop(t) = hu(t) —

2.2. Sensitivity coefficients of the error function

2.2.1. The method

Consider an elastic structure presented by the dynamic equation as
mii + ct + ku = w(u, 0, {p}) + rf, (2.3)

where u, 1, 4 are displacement, velocity and acceleration of a body, w is non-
linear force vector, f input excitation vector, r = const, which converts an
input excitation vector to the nodal force vector, {p} is a vector of model
parameters.

The objective is to find f and {p} in time interval [0, T, which minimize
the target function

T
J = p(ur, ur +/¢ u, , i, {p}) dt, (2.4)
0

where u, 1, % are displacement, velocity and acceleration at the end of time
interval, i.e. when t = 7. The minimum value of the target function J is
ensured when:

o] _, 01 _, 9

o= =% =0 (2.5)

However, in practice it often appears too difficult to solve the system
of nonlinear equations (2.5). Therefore the iterative procedure is applied for
minimization of this function, with sensitivity functions

0 ol 0]
o{p}’ of OT

as the search direction. The procedure for obtaining the sensitivity functions
is similar as in [?]. The conjugate variables are used in order to express the
variation of the target function in terms of {p}, f(t) and T. Let us define
small variation §f of input excitation, dp is the variation of parameters, 67
is the variation of the length of the time interval. As a result, variations
h(t), h(t), h(t) of displacements, velocities and accelerations of the system will
appear. . )

Now we substitute f +df, {p} +d{p},T + 0T, u+ h, 4+ h, i+ h into the
target function J (2.4) and obtain the variation of the target function J as:
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5906T+8<p

5J - 3uT 31:LT

Sur + Y (ur, ur, iir, {p}) 6T

+/<gfh+ Z—Zh+ 9,4 9 ﬁé{ }) dt.  (2.6)
0

The following transformations are performed in order to express variations
h(t), h(t), h(t) in terms of variations d f, {p}, 8T. After multiplication of equa-
tion (2.3) by conjugate variables A(t), fi(¢),7j(t) and by performing integration
during time interval [0, 7] we obtain:

T T T
mil 4+ Acu + \ku) dt = w(u, u, p)dt + rf)dt
A A Aku) d A d Arf)d
0

0 0
T T T
/ (femii + fret + fku) dt = /ﬂw(u, U, p)dt + //l(rf) dt, (2.7)
0 0 0
T T
/ (iimii + fjci + fjku) dt = /7’7’w(u7 1, p)dt + /ﬁ(rf) dt
0 0 0

After taking variations of both sides of (2.7), the equations read as

A1 (mijT + ctr + kur — w(ur, v, p) — 7"fT)KST
T
+ [ Mmh + éh+ kh)d fA(M5p+r5f) dt
0 dp
/'LT (milT + cur + kur — w(uT, Q'I,T,p) — TfT oT
T .
+ [ fulmh + &h + kh) dt = fu(wép—&-réf)dt
0 dp
i (miiT + cur + kur — U}(’LLT, TlT,p) — T‘fT)(ST
T T 8 . ..
+/7‘7(mii + éh+ kh)dt = /77( “’(“T’gT’“T’p)ap + réf) dt
0 0 P
(2.8)
where: Bu(u s, p) Dw(uw i, p)
~ w(u, uup 7 w\u, U7p
= _—_— k - k - .
= o u
In the case of the variable control time 7" we may write
our = hr + urdT, Oour = hT + drdT. (29)

Integration by parts, summing and substituting equations (2.9) into (2.8) will
result:
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(/\T + o7 + 7'7'T) (cuT + kup — w(uT, iLT,p) - rfT) oT (2.10)
— dur ()\Tm —Nrér + T]TI;JT — Arm — ,uTm) + upoT ()\Tm — Nrer

+nrkr + 7'7'Tm) + dur ()\TET + prkr + ﬁT/%T) —updT ()\TéT

T
+/LT]~€T+7.7T/~€T) +h/(>‘\m—}\é+)\(l~€—é)—u%—ﬁ/~€) dt
0

T T
h/(um 1é + puk — nc+nk dt+h/ nm—ﬁé—&-niﬂ)dt
0

0
_ /T (A+ 7+ i) (aw(“T’gg’aT’p) p -+ rof ) dt
0

Now we require that conjugate variables ensure satisfaction of the following
system of equations

.)'\m—).\é—&-)\(/;—é)—ul;—ﬁl;:g—f,
~ . z 15}

pim — e+ pk —nc+nk = —a—:,f, (2.11)
- * 0

ﬁm—ﬁ5+nk+nk:a—g.

Then the end conditions (at time moment ¢t = T ) are calculated from the
equations:

. ~ = 0
Arér + prk +nrkr = 8_5’
(2.12)

}‘Tm - ﬁTéT + 77T];5T — Arm — ,[j,Tm =——

By taking into account that equations (2.12) have more unknown variables
than the equations (2.11), the solution of them may be presented as

dp

_ &p
——k 1
auT7 nr

2.1
T 8’LLT ( 3)

Ar=Ar=pr=nr=0, pr=
Finally equation (2.10) reads as

. . . . op .
()\T + pr + 'I]T) (CUT + kur — w(uT, UT,p) — ’I‘fT)(ST + %(SUT (214)

Op = .
+ = Zbur + irdT (Arm — ey + ke + iirm)
ur
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T
_'dT(ST()\TéT‘F,UzT];T"‘??TkT /8_¢ /a—d]
0
T8¢ T Sl e p)
; . (Ow(ur, g, p B
+h/aadt /(/\+u+v7)( o9 5p+r5f)dt_0.

0

After entering equation (2.14) into the expression of target function J,
variation (2.6) reads as:

oJ oJ 8J
0 —0T + —dp — 40 fdt, 2.1
J = a7 + ap + a7 f (2.15)
where sensitivity functions (used as a search dlrectlon) are given by:

aJ

ar = A+ p+i)r
T
('9J - . . 6w(uT,le,p) 8¢
= J (/\+u+77)( o9 op + 8{p}) (2.16)
oJ

9T~ Y(ug, ur, i, {p}) — A + for + iir)(clr + kur — w(ur, ir,p) — rfr)
— ilT(}\Tm —nrér + nT];T + nTm) + QT(/\TéT + MT];/'T + 7.7T]~€T).

2.2.2. Application to CIP model parameter identification problem

Differential equation of CIP model (2.1) is considered together with the error
function (2.2) used as a target function. In our CIP model the control time 7'
and excitation function f are assumed as fixed, so we obtain:

oJ aJ oY

OT =0, 0f=0, Zz=0, 52=0, 52=0,
a9 /1 Ii 2 li
0 — (5 (mutr) - ;f;) e (1)) = () - ;fgj) —tres (1)),
b 91 Tii(t) N Lii(t)
== %(5(@@) o —uref(t)) ) - —m—g(hu(t) o —uref(t)).
Equations (2.11) take the form:
. . ~ . X L T
Xm — Aé + Mk — &) — pk — 0k = h(hu(t) — :1(;) — s (1)),
jim — ji& + pk — 0é +nk = 0, (2.17)

O ),

~ I
ijm — né + nk = —— (hu(t) —
mg
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with initial conditions derived from equations (2.4) and (2.12):

Ar = Ar = pp = fir = nr =7y = 0.

(@ + ) + ie)) 2() ) dt.

The derivative 97 is calculated from equation (2.16). Since % =0, we
9p o{p}
obtain .
y - . . a’LU('LLT,’I.J/T,p)
o = | (A +i+i)———==) dt,
0
where {p} = {Kp, K[, KD, A, B},
t
w(u, @, {p}) = Bx(t) — Ay(t) — (Kpu +K; / u dt + KDu).
0
e . OJ .
Therefore sensitivity function i is defined as
T
o [ (= 00 + o) + i) ute) e,
Y7 0
IOKp T t
a7 / (= () + ) + (1)) /U(T)d’l') dt,
8K[ 0 0
aJ f
aJ / ) Y
— =4 — 7 = — (M) + () +7(t t) | dt, 2.18
5 =\ 7 0( (A(®) + ) n())U()> (2.18)
g T
54 [ (= 0+ i)
0
a7 !
OB /
0

In order to minimize the target function J and solve equation (2.18) the
Steepest Descent method was used.

2.2.3. Implementation

The CIP model parameter identification algorithm was implemented in Mat-
lab7. White noise time signal used to generate disturbance torque was pro-
duced by Matlab function “randn”. As reference signal U,..; we used the COP
signal recorded during experiments by using sample rate 10 Hz during 60 s.
Body mass and height of COM are measured data of an individual person. We
used the mass moment of inertia I = 76 kg - m?, mass m = 60 kg and distance
of COM from the ankle h = 1.13 m.
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3. Results of CIP Model Parameter Identification

The experiments were conducted in order to find the best coincidence of the
experimental COP signal (see Figure 3 for signal Ucop,.¢) with the COP signal
produced by CIP model (Figure 3, Ucoppetore is & signal before parameters
identification, and Ucopager a signal after parameters identification). A set
of experiments was conducted in order to identify parameters of corrective
torque T, keeping the same signal of disturbance torque T};. Initial corrective
torque and disturbance torque parameters have been set the same as in the
experiment described in [?] and commented as being able to produce a realistic
COP signal. During experiments the values of Kp, K and Kp changed very
slightly and the resulting signal Ucop did not changed significantly (see Fig. 3).

KP=1470 KI=14 32 KD=200 &=1000 B=50 KP=1469.999 KI=14.3174 KD=200,0939 A=1000 B=80

Displacement, mrm
Digplacement, mrm

£ ] 10 20 30 40 50 B0
Time, &

Figure 3. Parameter identification of corrective torque 7.

The second set of experiments was conducted in order to investigate the
influence of parameters of disturbance torque T; on the CIP model perfor-
mance. During this experiment the model parameters Kp = 1470, K; =
14.32, Kp = 200 were kept constant, and identification of coefficients A and
B performed by means of the error function minimization procedure. As a
result, coefficient A decreased from 1000 to 937 while the filter coefficient B
increased from 80 to 140. The absolute value of the error function decreased
form 1.277e~3 to 9.8356e~*. In Figure 4 T} signal represents CIP model dis-
turbance torque before parameter identification and 7'd,, is disturbance with
improved values of parameters.

The last set of experiments was conducted in order to identify both excita-
tion (disturbance) parameters A, B and model (control) parameters Kp, K
and K p. The initial values of model and excitation parameters were set the
same as in R. J. Peterka’s experiment [?] (upper left graph of Figure 5).
In upper right graph of Figure 5 the identified CIP model and disturbance
torque parameters are shown. Ucop represents the COP signal generated by
CIP model with identified parameters:

Kp=1469, K; =143, Kp =198, A=1101, B = 361.
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KP=1470 KI=14.32 KD=200 A=037 5989 B=140.803

Torque, Nm

Time, s

Figure 4. Optimization of disturbance torque Ty parameters.

KP=1470 K|=14.32 KD=200 A=1000 B=60 KP=1468.9987 KI=14.3168 KD=199.9412 A=045.2475 B=140 5442
15

Digplacement, mm
Digplacement, mm

Time, s

Excitation

Torque, Mm

09 H H H ; H 0 ; H H H H
0 8 10 15 20 2l 30 a 10 20 30 40 a0 G0
lerations, i Time, 5

Figure 5. Model and excitation parameter identification.

The absolute value of the target function J decreased form 1.277e 3 to 8.65e 4
(lower left graph of Figure 5). Lower right graph of Figure 5 demonstrates how
initial excitation Ty was transformed to model identified excitation T'do:.

It can be visually inspected from the Figure 5 that the COP signal of the
model (Ucop in top right graph of Figure 5) is highly dependent on disturbance
torque Ty (T'dope in bottom right graph).
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The experiments revealed that CIP model due to its simplicity was not
able to present very high and very low frequency components of COP signal
simultaneously: in upper right graph of Figure 5 Ucop,et signal have both high
and low frequency components while Ucop signal presents only a subset of real
COP frequency components.

4. Conclusions

The single DOF controlled inverted pendulum human posture model was in-
vestigated in order to obtain parameter values which provide satisfactory co-
incidence between simulation and experimental results. General case of elastic
structure optimal design and control method was investigated and extended
to the case when the target function is dependent on the displacement, veloc-
ity and acceleration of the body. This method was used to identify CIP model
parameters (disturbance and control). The error function presenting the cu-
mulative non-coincidence of theoretical and experimentally recorded signal
has been minimized with step-by-step procedure, where the gradient of the
error function has been used as the search direction. As a result, optimum
values of model parameters have been obtained.

The implemented CIP model presented the ability to repeat the recorded
benchmark functions with acceptable tolerance. The experiments using real
COP signal values revealed that CIP model due to its simplicity was not able
to present higher and lower frequency components of COP signal simultane-
ously. Therefore more realistic structural models which are able to take into
account both ankle and hip strategy of human posture should be investigated.

Identified PID regulator parameters Kp, K;, Kp remained close to their
initial values taken from [?] and therefore also may be treated as able to pro-
duce a realistic COP signal. While disturbance T4(t) low-pass filter parameters
A and B tended to decrease and increase respectively from their initial val-
ues, showing that the influence of a random component of disturbance must
be smaller and the filter component greater.

The resulting COP signal of the CIP model is highly dependant on distur-
bance torque 7Ty;. Method to generate disturbance torque 7T,; dependant on a
random signal is not correct when there is an attempt to identify CIP model
parameters of a particular experiment. Other means of producing physiologi-
cally meaningful disturbance torque must be considered.
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