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J(u) =

T
∫

0

ψ(u, u̇, ü) dt,
HQâ�| â�N

ψ(u, u̇, ü) =
1

2

(

uCOP (t) − uref (t)
)2
,
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uref

�M·±´ J�L(M�Þ©�	È ³�´?¶�·±´=ÝSD	·5��´=�}��³�·8Ä
�@P�´S^�à#´=·8Ä
Æ�´R�,²=º
uCOP

�	·8´ J�L(M�Þ��	È ³�´=¶
ÝR�MÈ Ý:³�È
�M²8´=� F ·�D	Æ J � M Æ1D���´RÈ����©²±���'ÝRÝ	D'·±��Ä �@P ²UDÛ²±Å�´IF�D	·±ÆÃ³�È �Ûà�·±´=¶8´R�,²8´?��Ä
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uCOP (t) = hu(t) −
Iü(t)

mg
.
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mü+ cu̇+ ku = w(u, u̇, {p}) + rf,
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u, u̇, ü

�M·±´"��Ä ¶Dà�È
�'Ý:´RÆ�´=�'²?º'Þ'´RÈGD�Ý:Ä ²�åÛ�	���é�	Ý=Ý:´=È ´=·±�M²8ÄGD	�]D�F��ÃáQD���å'º
w

Ä
¶ �@D'��½
È Ä
��´=�	· F�D	·5Ý:´ÇÞ'´=Ý:²UD	·?º

f
Ä ��à�³�² ´S^�Ý:Ä ²±�©²±Ä
D'� Þ	´=Ý:²UD'·=º

r = const
º B�Å�Ä Ý5Å Ý	D'��Þ	´R·8²±¶}�	�
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{p}

Ä
¶Ç� Þ	´?Ý�²�D	·1D�F�Æ D���´=È
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¼�Å�´ D	á�M�´?Ý�²±Ä Þ'´}Ä
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f

�M�#�
{p}

Ä �ß²±Ä Æ�´AÄ
�,²8´=·8Þ©�MÈ
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º@B�Å�Ä Ý5ÅßÆÛÄ
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Æ�Ä
f=´
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J = ϕ(uT , u̇T ) +

T
∫

0

ψ(u, u̇, ü, {p}) dt,
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º
u̇

º
ü
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t = T.
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J
Ä ¶
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∂J

∂f
= 0,

∂J

∂p
= 0,

∂J

∂T
= 0.
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∂J

∂{p}
,

∂J

∂f
,

∂J

∂T
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D'�1|�¼�Å�´}à�·�D�Ý:´?��³�·±´(F�D'·�D	á�²5�MÄ
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Ä
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¶DÆÇ�MÈ
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δf
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h(t), ḣ(t), ḧ(t)
D$Fj��Ä
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f + δf, {p}+ δ{p}, T + δT, u+ h, u̇+ ḣ, ü+ ḧ
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²±�M·�P	´R²�F ³���Ý�²±Ä
D'�
J
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δJ =
∂ϕ

∂uT

δuT +
∂ϕ

∂u̇T

δu̇T + ψ(uT , u̇T , üT , {p}) δT

+

T
∫

0

(

∂ψ

∂u
h+

∂ψ

∂u̇
ḣ+

∂ψ

∂ü
ḧ+

∂ψ

∂{p}
δ{p}

)

dt.
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¼�Å�´ F�D'È ÈGD�B�Ä
�@P�²±·±�	��¶AF�D'·8ÆÇ�M²8ÄGD	��¶ �M·±´�à�´R·UF�D	·±ÆÛ´?�.Ä
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�M²8ÄGD	��¶
h(t), ḣ(t), ḧ(t)

Ä
�Ã²±´R·±Æ�¶�D$F#Þ©�M·±Ä
�M²8ÄGD	��¶
δf, δ{p}, δT.
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λ(t), µ̇(t), η̈(t)
�	����á�åÃà�´R·UF�D	·±ÆÛÄ
�@P�Ä
�'²±´SP'·±�M²8ÄGD	�

��³�·±Ä �@PÛ²±Ä Æ�´}Ä
�'²±´R·±Þ©�MÈ
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
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T
∫

0

(

λmü+ λcu̇+ λku
)

dt =

T
∫

0

λw(u, u̇, p)dt+

T
∫

0

λ(rf) dt,

T
∫

0

(

µ̇mü+ µ̇cu̇+ µ̇ku
)

dt =

T
∫

0

µ̇w(u, u̇, p)dt+

T
∫

0

µ̇(rf) dt,

T
∫

0

(

η̈mü+ η̈cu̇+ η̈ku
)

dt =

T
∫

0

η̈w(u, u̇, p)dt+

T
∫

0

η̈(rf) dt.
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




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
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





λT

(

müT + cu̇T + kuT − w(uT , u̇T , p) − rfT

)

δT

+
T
∫

0

λ(mḧ+ c̃ḣ+ k̃h) dt =
T
∫

0

λ
(∂w(uT , u̇T , p)

∂p
δp+ rδf

)

dt,

µ̇T

(

müT + cu̇T + kuT − w(uT , u̇T , p) − rfT

)

δT

+
T
∫

0

µ̇(mḧ+ c̃ḣ+ k̃h) dt =
T
∫

0

µ̇
(∂w(uT , u̇T , p)

∂p
δp+ rδf

)

dt,

η̈T

(

müT + cu̇T + kuT − w(uT , u̇T , p) − rfT

)

δT

+

T
∫

0

η̈(mḧ+ c̃ḣ+ k̃h) dt =

T
∫

0

η̈
(∂w(uT , u̇T , üT , p)

∂p
δp+ rδf

)

dt,

H�â�| Â�N
B�Å�´R·±´	É

c̃ = c−
∂w(u, u̇, p)

∂u̇
, k̃ = k −

∂w(u, u̇, p)

∂u
.
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δuT = hT + u̇T δT, δu̇T = ḣT + üT δT.
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È
·8´?¶D³�È ²=É



Á �����*�©¡±�©��¥��	�©¥5¦���� § ¡��	��£¬ �¥��©£¤­R �
­
(

λT + µ̇T + η̈T

)(

cu̇T + kuT − w
(

uT , u̇T , p
)

− rfT

)

δT
HQâ�| ¿?¹�N

− δu̇T

(

λ̇Tm− η̇T c̃T + ηT k̃T − λTm− µ̇Tm
)

+ üT δT
(

λ̇Tm− η̇T c̃T

+ ηT k̃T + η̈Tm
)

+ δuT

(

λT c̃T + µT k̃T + η̇T k̃T

)

− u̇T δT
(

λT c̃T

+ µT k̃T + η̇T k̃T

)

+ h

T
∫

0

(

λ̈m− λ̇c̃+ λ(k̃ − ˙̃c) − µ
˙̃
k − η̇

˙̃
k
)

dt

− ḣ

T
∫

0

(

µ̈m− µ̇c̃+ µk̃ − η̇ ˙̃c+ η
˙̃
k
)

dt+ ḧ

T
∫

0

(

η̈m− η̇c̃+ ηk̃
)

dt

=

T
∫

0

(

λ+ µ̇+ η̈
)(∂w(uT , u̇T , üT , p)

∂p
δp+ rδf

)

dt.
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D'� D�F�²8Å�´ F�D	È
ÈGD�B�Ä �@P
¶Då�¶D²8´RÆ D�F¨´+_,³��©²±Ä
D'��¶
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
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
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





λ̈m− λ̇c̃+ λ(k̃ − ˙̃c) − µ
˙̃
k − η̇

˙̃
k =

∂ψ

∂u
,

µ̈m− µ̇c̃+ µk̃ − η̇ ˙̃c+ η
˙̃
k = −

∂ψ

∂u̇
,

η̈m− η̇c̃+ ηk̃ + η
˙̃
k =

∂ψ

∂ü
.
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¼�Å�´R� ²±Å�´�´=��� Ý	D'����Ä ²8ÄGD	��¶ H¤�©² ²8Ä
Æ�´éÆ1D	Æ�´R�,²
t = T

NA�M·±´éÝR�	È
ÝR³�È �©²8´?�&F ·UD'Æ ²±Å�´
´+_,³��©²±Ä
D'��¶=É















λT c̃T + µT k̃ + η̇T k̃T =
∂ϕ

∂u
,

λ̇Tm− η̇T c̃T + ηT k̃T − λTm− µ̇Tm = −
∂ϕ

∂u̇T

.
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~ å ²±�O��Ä �@P�Ä �,²UD��'ÝRÝSD	³��,²A²±Å��©²Ã´/_,³��©²±Ä
D'��¶ H�â�|
¿?â$N�Å#��Þ	´ÇÆ1D	·±´Ç³��)���@D�B��.Þ©�M·±Ä �Má�È
´=¶
²8Å��	��²±Å�´}´+_,³��M²8ÄGD	��¶IH�â�|
¿	¿/N:º�²8Å�´A¶UD	È
³�²±Ä
D'�YD$Fl²±Å�´RÆwÆ���å�á#´}à�·±´=¶8´R�,²±´=���'¶

λT = λ̇T = µ̇T = η̇T = 0, µT =
∂ϕ

∂uT

, ηT = −k̃−1

T

∂ϕ

∂u̇T

.
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älÄ
���	È È
åé´+_,³��M²8ÄGD	� HQâ�| ¿?¹�N ·8´?�	��¶��'¶
(

λT + µ̇T + η̈T

)(

cu̇T + kuT − w(uT , u̇T , p) − rfT

)

δT +
∂ϕ

∂u̇T

δu̇T

HQâ�| ¿ � N

+
∂ϕ

∂uT

δuT + üT δT
(

λTm− η̇T c̃T + ηT k̃T + η̈Tm
)
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− u̇T δT
(

λT c̃T + µT k̃T + η̇T k̃T

)

+ h

T
∫

0

∂ψ

∂u
dt+ ḣ

T
∫

0

∂ψ

∂u̇
dt

+ ḧ

T
∫

0

∂ψ

∂ü
dt−

T
∫

0

(λ+ µ̇+ η̈)
(∂w(uT , u̇T , p)

∂p
δp+ rδf

)

dt = 0.
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º
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δJ =
∂J

∂T
δT +

∂J

∂p
δp+

T
∫

0

∂J

∂f
δfdt,
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B�Å�´R·±´}¶D´=��¶DÄ ²8Ä
Þ�Äú²�åTF ³���Ý�²±Ä
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D'�QN¾�M·±´IP	Ä
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∂J

∂f
= (λ+ µ̇+ η̈)r,

∂J

∂p
=

T
∫

0

(λ+ µ̇+ η̈)
(∂w(uT , u̇T , p)

∂p
δp+

∂ψ

∂{p}

)

dt,
HQâ�| ¿?Á�N

∂J

∂T
= ψ(uT , u̇T , üT , {p})− (λT + µ̇T + η̈T )(cu̇T + kuT − w(uT , u̇T , p) − rfT )

− üT (λ̇Tm− η̇T c̃T + ηT k̃T + η̈Tm) + u̇T (λT c̃T + µT k̃T + η̇T k̃T ).
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∂T = 0, ∂f = 0,
∂J

∂T
= 0,

∂J

∂f
= 0,

∂ψ

∂u̇
= 0,

∂ψ

∂u
=

∂

∂u

(1

2

(

hu(t) −
Iü(t)

mg
− uref (t)

)2)

= h
(

hu(t) −
Iü(t)

mg
− uref (t)

)

,

∂ψ

∂ü
=

∂

∂ü

(1

2

(

hu(t) −
Iü(t)

mg
− uref (t)

)2)

= −
I

mg

(

hu(t) −
Iü(t)

mg
− uref (t)

)

.
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λ̈m− λ̇c̃+ λ(k̃ − ˙̃c) − µ
˙̃
k − η̇

˙̃
k = h

(

hu(t) −
Iü(t)

mg
− uref (t)

)

,

µ̈m− µ̇c̃+ µk̃ − η̇ ˙̃c+ η
˙̃
k = 0,

η̈m− η̇c̃+ ηk̃ = −
I

mg

(

hu(t) −
Iü(t)

mg
− uref (t)

)

,
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λT = λ̇T = µT = µ̇T = ηT = η̇T = 0.
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∂J

∂p
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T
∫

0

(

(λ+ µ̇+ η̈)
∂w(uT , u̇T , p)

∂p

)

dt,

B�Å�´R·±´
{p} = {KP ,KI ,KD, A,B}

º

w(u, u̇, {p}) = Bx(t) −Aẏ(t) −
(

KPu+KI

t
∫

0

u dt+KDu̇
)

.
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T
∫

0

(

−
(

λ(t) + µ̇(t) + η̈(t)
)

u(t)
)

dt,

T
∫

0

(

−
(

λ(t) + µ̇(t) + η̈(t)
)

t
∫

0

u(τ)dτ
)

dt,

T
∫

0

(

−
(

λ(t) + µ̇(t) + η̈(t)
)

u̇(t)

)

dt,

T
∫

0
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−
(

λ(t) + µ̇(t) + η̈(t)
)

ẏ(t)
)

dt,

T
∫

0
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(
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)
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)

dt.
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º�ÆÇ�	¶±¶

m = 60 kg
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D�FVJ�LL� F ·�D	Æm²±Å�´A�M� �,È
´
h = 1.13 m.
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