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Abstract. In this article, an elliptic equation, which type degenerates (either weakly
or strongly) at the axis of 3-dimensional cylinder, is considered. The statement of
a Dirichlet type problem in the class of smooth functions is given and, subject to
the type of degeneracy, the classical solutions are composed. The uniqueness of the
solutions is proved and the continuity of the solutions on the line of degeneracy is
discussed.
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1 Introduction and statement of the problem

In the cylinder Q@ = {(x,y,2): 2> + y*> < p?, 0 < 2z < h}, we consider the
equation

72 (U + Uy + Usz) —cu =0, a>0, (1.1)

where 7 = (/22 4+ y2, ¢ > 0 is a real constant. Evidently, equation (1.1) is
elliptic outside of the line x = y = 0 and its order degenerates at this line, i.e.
at the axis of cylinder Q. If o < 1, then the type of degeneracy of Eq. (1.1) is
called to be regular (or weak), and in the case « > 1 it called to be irregular
(or strong) [14].

The Diriclet type problems for the elliptic systems, which are irregularly
degenerate at the inner point of a considered domain, are developed, e.g., in
(2,7,8]. In [9,10,11], the Dirichlet problem is considered for equation

Uyy + T2a(ua:a: + uyy) —Ccu = 0; o> 0’ (12)

degeneracy of which is the other than in the case of Eq. (1.1), i.e. the type of
Eq. (1.2) degenerates at z-axis. There is shown here that, under zero boundary
value conditions on the bases of cylinder (), this problem has the unique solution
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from the class C?(Qg) N C(Q), and, in the case of the general boundary value
conditions, the well-posedness of Dirichlet problem and the continuity of the
solution on the line x = y = 0 is related with the behavior of the boundary
functions in the vicinity of the points Py(0,0,0) and Py (0,0, k), in which this
line crosses the bases of cylinder (). Also there is shown that, in particular case
«a = 1, the solution of this problem is non-continuous on the liene x = y = 0, if
the boundary value conditions are non-zero on the bases of cylinder Q.

In this paper, we discuss the Dirichlet type problem to Eq. (1.1). We shall
show up here that, under the zero boundary value conditions on both bases of
cylinder @, this problem has the unique solution for all o > 1 from the same
class C%(Qo)NC(Q) as in the case of Eq. (1.2). If the boundary value conditions
are non-zero, in the case a = 1, we shall show that the solution can be not only
non-continuous (differently than in the case of Eq. (1.2), but also continuous
on the line of the degeneracy. Specifically, we obtain the sufficient conditions of
the continuity, which are related with the behavior of the boundary functions
at both points Py, P, and also with the coefficient c.

It is convenient to introduce the cylindrical coordinates r, ¢, z (J¢| < 7) in
which an Eq. (1.1) takes the form

Uy + L(u) =0, (1.3)

where operator L is defined by

I 10 0 1 02 C9a

- rar<7‘ar> TR ¢

(Here we denote a solution v(r,p,z) = u(rcosyp,rsing,z) of Eq. (1.3) by
u(r, ¢, z) again.)

In these coordinates, @ = {(r,,2): (r,p) € A,0 < z < h}, where A is
the disk {(r,): r < p, || < 7}. Besides, we use the following denotations:
K = 0A is the circle, S = K x [0, h] is the lateral surface and B; = {(r, ¢, 2):
(r,p) € A, z = (i—1)h}, i = 1,2, are the bases of cylinder Q, As = {(r,¢): § <
r<p, el <w}, 6 >0, is the ring, Qs = {(r, ¢, 2): (r,p) € A5, 0 < z < h} is
cylindrical ring, Bis = {(r,¢,2): (r,¢) € As, 2 = (i — 1)h}, i = 1,2, are the
bases of the cylindrical ring Qs, {2 is the domain {(¢, 2): |¢| < 7, 0 < z < h}.
As usually, we denote by D the closure of any domain D, by N and Ny the set of
natural numbers and the set of non-negative integer numbers, correspondingly,
and by C!(D) the class of functions which derivatives are continuous trough
up to the order [ in a domain D.

The object of this work is the following Dirichlet problem.

Problem D. Find the solution u(r, ¢, z) of Eq. (1.3) in the class of functions
C?(Qo) NC(Q \ {r = 0}) (or, maybe, in the class C?(Qg) N C(Q), which is
bounded in @y and satisfies the boundary value conditions

u(p, ¢, 2) = f(p,2) (1.4)

for (¢, z) € £2 and

U(T,% (’L—l)h) :fi(T’790), 1=1,2, (15)
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for (r,¢) € Ao U K (or, maybe, for (r,¢) € A, where f and f; are given
continuous and 2m-periodic in ¢ functions such that

flo, (i = 1)h) = filp,p), i=1,2. (1.6)

The particular case of Problem D, when f;(r,¢) =0, i = 1,2, in the disk A,
we shall call as Problem DO. Obviously, in this case, condition (1.5) takes the
shape

u(r,p,(i—1)h) =0, i=12.

If compatibility condition (1.6) is replaced by
fle, (i =1h) = filp,p) =0, i=1,2, (1.7)

such partial case of Problem D we call as Problem D1.

2 Solutions of Problem DO
Primarily, we indicate the maximum principle for the solutions of Problem D.

Lemma 1. If the solution u € C%(Qo) N C(Q \ {r = 0}) of Problem D does
not attain neither positive mazimum nor negative minimum on the line r = 0,
then there holds the estimate

|U(T7 QO,Z)’ < max{mgx |f(9032)|7 g%émzax |fi(’ra ‘p)}}v V(Ta%z) € QO~

Proof. Due to the ellipticity of Eq. (1.3) in Qo and in view of inequality ¢ > 0,
any solution of this equation attains neither positive maximum nor negative
minimum in Qg [1] . Then, under the assumption of the Lemma, the solution
u € C%(Qo)NC(Q\ {r = 0}) of Problem D attains either positive maximum or
negative minimum only on the surface of cylinder Qy. Therefore, estimate (1.7)
holds because of (1.4), (1.5). O

By the separation of variables, we obtain the following partial solutions

cosmy, meN,

U (1,9, 237) = Rin(r57) Z (25 7) { .
sinmey, m € Ny

of Eq. (1.3), where Z(z;7) and R,,(r;7) are the solutions of corresponding
equations

7" +~4Z =0, (2.1)
d/ d
U (r(ﬁ) — (m®* +yr? + ch(lfo‘))R = 0. (2.2)

Setting in (2.1) and (2.2)
2

=2 := (n/h)

Math. Model. Anal., 22(5):717-732, 2017.
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we get the sequence of partial solutions

cosmp, m,n €N,

Umn(ra ®, Z) = Rmn(r) sin yp 2 { (23)

sinmp, meNy, neN

of Eq. (1.3), where R,,,(r) := R,,(r;72). Evidently, these partial solutions
satisfy condition (1.5).

According to the statement of Problem D, we take interest only in the
bounded in Qg solutions of Eq. (1.3). Thus, the function R,,, in (2.3) ought to
be bounded at the point 7 = 0. So we are in need to investigate the behavior
of the solutions of the equation

d [/ dR —a
Ta (Tdr> — (m2 + ’)/37’2 =+ CTZ(l ))R = 0 (24)

at the point r = 0. If & # 1, then the solutions of Eq. (2.4) can not be expressed

analytically by elementary or transcendental functions. However, in all cases,

one can give the asymptotics of linear independent solutions of this equation.
Let a < 1. In this case, there exist the solutions RSLZL and Rﬁﬁ% such that

r~™[1+o0(1)], meN,

Inr[l+o(1)], m=0 (2:5)

R%L(r)zrm [1—&—0(1)], m € Ny, RS,QLZL(T) = {

as r — 0 [6].
If & = 1, then Eq. (2.4) represents so called Bessel equation, which linear
independent solutions Rﬁg% and RSﬁL are of the shape

RE)(r) = I fmzo(yar),  RGL(r) = K fmzre (7).

here I /27 and K /27 are the modified Bessel functions of the first and
second kind, respectively. It is well known that [3,13]

RSSZL(T) = C%ZLTV m?+te [1 + O(TQ)], Rfﬁzl(r) = 07(5217’_ vm?te [1 + 0(1)] (2.6)

as 7 — 0. (Here 07(%21 and cgz% are some non-zero constants, which can be
calculated exactly.) Thus, only the solution Rg,% is bounded at the point

r = 0. Specifically, lim,_q R,(f{z,(r) =0 for all m € Ny and for all n € N.
Assume that « > 1. According to Eq. (2.4), the function

P=\rR (2.7)
satisfies the equation
P’ — [crfza + gmn(r)]P =0, (2.8)

whereg,,n(r) = (m? — 1/4)r=2 + 42. Due to the evident condition

P
/ r"’gmn(rﬂdr <o, a>1,
0
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the main parts of asymptotic of the solutions of Eq. (2.8) do not depend of

function g, as r — 0 [5]. Namely, there exist the linear independent solutions

Pv(nly)b and P,(,LQT)L such that

P (1) = /2 exp{— a\/élrl_o‘} 1+ O(To‘_l)], (2.9)

P,(f,l(r) = ro/? exp{a\{clrlo‘} [1 + 0(1)]

as r — 0 for all m € Ny and for all n € N [5,6]. Jointly with (2.7), this yields
the existence of linear independent solutions

R©G)

mn

() = 2P, R = PR

of Eq. (2.4) with the asymptotic expansions:

R (r) = rlem /2 eXp{—\/E 1“’} [1+0(r Y], (2.10)

oz—lr

R©) (r) = pla=b)/2 exp{\ﬁlrla} [1+0(1)]
as r — 0. Thus, lim,_,o R,(T%(T) = 0 and lim,_,o R,(T%(r) = oo for all m € Ny
and for all n € N.
Let us note that the solutions RS}LL(r) and ngzl(r) are one-valued by (2.5)
and (2.10), respectively. There holds the following lemma.
Lemma 2. The solutions R%L(r), j = 1,3,5, of Eq. (2.4) are monotonously
increasing for all m € Ny and for n € N.

Proof. Let us note that the solutions of Eq. (2.4) cannot attain neither positive
maximum nor negative minimum on the interval (0, +00). Then monotonously
increase of the solutions Rfﬁ%(r) for m,n € N and R%%(r), j=3,5, form € Ny
and n € N follows immediately from asymptotic expressions (2.5), (2.6) and

(2.9), because the limit of these solutions is vanish for r = 0.
)

Let us examine the solution R(()L, n € N. Tt follows from (2.5) that
lim,_sg R(()ln) (r) = 1. Assume that this solution decreases on some interval
(0,79), where 7¢ is thus small that R&) (r) is positive on (0, 7], and it does not
have any positive minimum on (0,79). Then Rj,,(r) < 0, 7 € (0,ro]. Further,
since

d d (1)
(T ROn

— 2 —2a (1)
E dr ) :r(fYn_FCT )ROn >07 re (0,7‘0],

the function R, (r) is monotonously increasing on the interval (0,rg) and it
is negative on (0, 7). Then there exists a constant p > 0 such that

d
&R(()ln)(r) < _g7 re (0,7‘0]-

Math. Model. Anal., 22(5):717-732, 2017.
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Integrating this inequality on the interval (g,7¢), we obtain that
To
Ryl (€) = pihn = + Ron (ro);

consequently, lim._,o Ro,(¢) = 400, but this is in contradiction with the bound-
edness of the solution R&) at the point 7 = 0. Therefore, this solution is in-
creasing in a neighbourhood of the point » = 0. That yields the increase of
R&) on the interval (0, 400), because the solutions of Eq. (1.3) cannot attain
any positive maximum on the interval (0,4o00). O

Assume that f € C?(£2) and f(y, (i — 1)h) = 0, i = 1,2. Then function f
can be expanded into double Fourier series

flo,2) = Z aon SIN Y, 2 + Z Z (amn COSMY + by sinme) siny,z, (2.11)

n=1 n=1m=1

(p, 2) € £2, with the coefficients

h T
am”} — Bmn / sin v,z dz fp,2) {cpsmgo} do, (2.12)
0 -

bimn 72 sin me

where koo = 1 and kg, = %, Bmn = i for m,n € N. Since f € C?(£2),
series (2.11) converges uniformly and absolutely on {2 [4].
Introduce the series

0 R(]) r ]
(J)(r 0,z )—Z ?J")( )aonsm*ynz

DM

n=1m= OR

(]) (mn cOSMP + by sinme) siny,z, j=1,3,5, (2.13)

which represent the composition of partial solutions of Eq. (1.3), evidently.
By virtue of Lemma 1,

0< R{)(r) <RY)(p), j=1,3,5,

on [0, p], hence

|u(J) (r, g07z)| = Z laon| + Z Z (lamn| + bmn|) < o0, j=1,3,5,
n=1 n=1m=0

for each (r,¢,2) € Q because of absolutely convergence of series (2.11). There-
fore, series (2.13) converge uniformly and absolutely everywhere in cylinder @
including the line of degeneracy r» = 0. Further, it is easily seen that

u (0, 0,2) = fp,2) V(p,2) € £,
u§ (r,0,0) = uf (r,0,h) =0 ¥(r,p) € A, j=1,3,5.
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So by (2.13), boundary value conditions (1.4) and (1.5) are satisfied. Due to
the ellipticity of Eq. (1.3) in Qo and because of the maximum principle for
elliptic equations, which holds in view of the condition ¢ > 0, the sums of
series (2.13) are twice continuously differentiable and satisfy Eq. (1.3) in Q.
Hence, by (2.13), we represent the solutions uél), ug?’) and u(()3) of Problem D0
corresponding to the parameter 0 < a < 1, a =1 and o > 1.
Further, according to (2.5), (2.6), (2.10), we get immediately from (2.13)

that

lim u (r, ¢, 2) = {ZZO_O Gon S0 nz, or =1,

=0 0, for j = 3,5.

Since

oo 1 T
D agnsingnz=— [ flp 2)de,
2 J_,

n=0
(because of definition (2.12) of the coefficients «y,,), this yields the estimate

s

1
|ug?(0,0,2) < g/ [£(e.2)| de < max|£(p:2)]

—Tr

So all solutions u(()j ), 7 = 1,3,5, do not attain neither positive maximum nor

negative minimum on the line r = 0. Thus, it follows from Lemma 1 that

[ug” (r,0,2)| < max|f(e,2)], =1,3,5

everywhere in (Jg. This yields the uniqueness of the obtained solutions of
Problem DO.
It follows from above the following theorem.

Theorem 1. Let f € C?(02) and let f(p,(i —1)h) =0, i = 1,2. Then Prob-
lem DO has the unique solution from the class C*(Qo) N C(Q). Subject to the
type of the degeneracy of Fq. (1.3), the solution of this problem can be expressed
by series (2.13).

3 Solution of Problem D1 (the case a = 1)

Next we consider only the case of the operator L, when a = 1. Preliminary,
we deal with the following eigenvalues problem.

EV-Problem. Find the solutions w(r, ;) of equation

1 1 02
= 8( (‘3w> 07w cwz—'yw (3.1)

Lw=25ar) T oz =

in the class of functions C?(A U K), which are bounded in Ay, also are 27-
periodic in ¢ and satisfy the boundary value condition

w(p, ;) = 0. (3.2)

Math. Model. Anal., 22(5):717-732, 2017.
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Using the method of separate variables, we obtain the following partial
solutions of Eq. (3.1):

cosmy, m € Ny,

sinmy, m €N,

R, (r;vy) x {

where Ry, (r;7) is the non-trivial solution of Sturm-Liouville problem (next we
call it SL-Problem)

rar\"ar

R(p) =0, |R(r)] <oco on (0,p]. (3.4)

1d(dR>m2+c

Eq. (3.3) has only one bounded solution

R (r57) = J mre(7)

with the accuracy of constant multiplier, whereas all other linear independent
solutions are unbounded at the point r = 0. (Here J, is Bessel function of the
first kind of order v [13].) Let

Ao <A1 < o < A, < -+ -

be the positive roots of Bessel function J /7. Choose in Eq. (3.1) the values
of the parameter v by the definition

Ymn = Amn/ps 1 € Np. (3.5)

Then Bessel functions J m()\mnr/ p), n € Ny represent the set of the eigen-
functions of SL-Problem (3.3), (3.4), which are continuous at the point r = 0
because of the asymptotic expansion [3,13]

T )\mn m?te Ypuon>)
J\/m()\mnp) = < 2 > pVvm +C(1+O(T)> (36)

asr — 0. So we get the following sequence of the eigenfunctions of EV-Problem
(3.1), (3.2)):
Wmn (Ta 90) =w (Ta 2 Amn/p)

Amn ) . Jeosmp, m,n € Ny,
T
P sinmp, meN, neNp.

iy m( (3.7)

According to (3.6), W, (0, ) = 0 and w,, € C?(Ag) N C(A).

Next we shall deal with the conditions under which the boundary functions
filr, @), i = 1,2, from (1.5) can be expressed in the defined by (3.7) eigenfun-
tions Wy, of EV-Problem (3.1), (3.2).

Lemma 3. Assume that functions f;, i = 1,2, are such that
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() f; and 3% € C(A);

(ii) fi(p, ) =0 for all ¢ € [-m, 7], %J; € C(AyUK) and

P Of
/ ‘M‘dr < oo, VYyé€l|-m,mn].
0 87‘
Then, under conditions (i), (i), each function f; can be expanded into the series
Aon
Z aOnJ\[< 0 >
+ Z Z Jm(

m=1n=0

) (a( 9 cosme + bl sin mep),  (3.8)

where

o B 2
bg}z)n mp?J 1 +\/m()‘ n)
Am T cos M
></O Jm( )rdr Trfi(r,cp) {sinmgp} de. (3.9)
These series converge uniformly in the ring As and converge uniformly and

absolutely in the ring As \ A,—s for every & € (0, p).
Let, besides (i) and (ii), there hold conditions

(iil) fi(0,) =0 for all ¢ € [—7,7;

(iv) %t e C(A), Tk € C(AUK), also 2L=2) — o(1) and L&) — 0O(1)

uniformly with respect to ¢ as r — 0.

Then series (3.8) converges uniformly and absolutely in the whole disk A.

Proof. Under condition (i), one can expand both function fi(r,¢), i = 1,2,
by uniformly and absolutely converging in A Fourier series [12]

filr,g) = iag r)+ Y (a8 (r) cosmep + b () sinmyp), (3.10)
m=1
where
(7) ™
am’ (1) | _ l _ COS myp m € Ny,
bg,?(r)} R /,7T filr,¢) {sinmg&} do e (3.11)

Obviously, if we want have the expansion of the functions f;(r, ) by the
eigenfunctions wy,, of EV-Problem, then there is suffice to expand the coef-
ficients a', )(7’) and b)) (r), i = 1,2, of series (3.10) in the eigenfunctions of
SL-Problem (3.4), (3.5).

Math. Model. Anal., 22(5):717-732, 2017.
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Let conditions (i) and (ii) hold. Then it follows from (3.11) that

da,,

dr

al)(p) =0, al¥) € Cl0,p], € C(0, p]

and

dag,i) (r)
dr

r

1 P
dt:f/
™ Jo -
1 [7 i
<))
T™J % 0

These properties of functions a'y (r), i = 1,2, are sufficient in order to expand

them into Fourier—Bessel series

/ M cos mep dcp’ dr
or

dg(r, )
or

‘dr<oo.

(oo}
3 1 )\mn
aly)(r) = Za%?n m( p 7“), m € Ny, (3.12)
n=0
where
. 2 /p . A
= D0 e (P2 ) ey
a), ay) (1) jorre r |rdr. .
pQ']@mH(Amn) 0 Ve

These series converge uniformly on each interval [4, p|] and converge uniformly
and absolutely on each interval [d, p — J] for every ¢ € (0, p) (see [12,13]).

Let all conditions (i)—(iv) of the lemma hold. Then we obtain from (3.11)
that

i i i da,(f? 0
o) €O (0.0]). a0 =af(p) = 2O g
d%g,? (r) .

T < 0 VTG(O,p), 'L:].,?.

This additional collection of the properties of functions aS,?, 1 = 1,2, yields
the possibility to expand these functions into series (3.12), which converge
uniformly and absolutely on the whole interval [0, p] (see [12]).
Further, replacing in equality (3.13) the functions as,i,) (r), i =1,2, by their
expressions (3.11), we get for the coefficients a%)n, i = 1,2, definition (3.9).
Just under the same conditions as in the case of the functions aS};L, in the
same way as above, we obtain the expansions

by (r) = Zb%Jm(pr>, i=1,2, meN (3.14)
n=0

with the coefficients b\, defined by (3.9). Subject to the conditions of the
Lemma, the properties of the convergence of series (3.14) are analogous as in
the case of series (3.12).
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Finally, putting (3.12) and (3.14) into (3.10), we obtain representations
(3.9). Moreover, it follows from the above the uniform convergence of series
(3.9) in every ring As and uniform and absolute convergence in every As\ A,_s
under conditions (i), (ii), and the uniform and absolute convergence in whole
disk A under conditions (i)—(iv). O

Remark. Even though functions f;, ¢ = 1,2, are such that f;(0, ) = 0, condi-
tions (i)—(ii) of Lemma 3 do not warrant entirely the uniformly convergence of
series (3.12) and (3.14) on the whole interval [0, p]. That is the reason why, in
the case of conditions (i)—(ii), we do not require for the vanishing of the both
functions f; for r = 0.

Remembering that ~,,, is defined by (3.6), denote by Z,(ﬁ)n(z), i=1,2
the solutions of Eq. (2.1) with v = —v,,,,, which satisfy the boundary value
conditions

Zih(0) = afp, Zi(h) =a; Z35(0) = by, ZE(h) = b3, (3.15)

where a3, and bmn, i = 1,2, are given by (3.9). It is easily seen that those

solutions are as follows:
Zg,)l(z) = sinh ™! ./Wmnh(as,llzl sinh \/Ymn(h — 2) + a(2) sinh \/’%z)
Z2) (2) = sinh ™" /A h (b5, sinh /Apn (b — 2) + b2), sinh \/Fmnz).
So we obtain the following partial solutions

Amn ) Zﬁ%(z) cosmp, m,n € Ny,
r
Zﬁf%(z) sinmp, meN, neN

Jm(

of Eq. (1.3). Evidently, they are continuous in Q.
Let us compose the series

EINHC LSS

+Z ZJ\/T( >( Z81) (2) cosmp+Z2) () sinmyp). (3.16)

m=1n=0

In view of (3.15), this series coincides on the bases B; with the series (3.8) of
the respective functions f;, ¢ = 1,2. Observe also that u;(p, ¢, z) = 0 because
of J jmrge(Amn) = 0, i.e. series (3.16) converges (uniformly) on the surface S
of cylinder @. Further, due to the obvious inequalities

|ZEh(@)] < laon] +[a@h], 1250 )] < [bGh] + [bi]
and in view of Lemma 4, we get from (3.16) that
1 — mn
’u1(7“a§0> 52 |+‘a ‘J\[( r)‘
m=1n= 0

Math. Model. Anal., 22(5):717-732, 2017.
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in cylindrical ring 25, 6 € (0,p), under conditions (i), (ii) and in @ under
conditions (i)—(iv) of Lemma 3.

Thus, if functions f;, i = 1,2, satisfy conditions (i)—(iv), then series (3.16)
converges uniformly in @, hence, u; € C(Q) and u;(0,¢,2) = 0 because of
(3.6). Moreover, in view of the ellipticity of Eq. (1.3) in @ and due to the
condition ¢ > 0, the sum wuy(r, ¢, z) of series (3.16) is twice continuously dif-
ferentialable in Qq, i.e. it represents the solution of Eq. (1.3) from the class
C?(Qo) N C(Q). Evidently, u; satisfies the boundary value conditions:

U1<T7(P, (Z_l)h) :fi(T7(p)7 i = 1725 (318)
for (r,) € A, i.e. on the bases B; of cylinder @, and

Ul(P,ﬁ,O,Z) =0 (319)

for (p,z) € £2, i.e. on the lateral surface S of cylinder Q.

If functions f;, i = 1,2, satisfy conditions (i), (ii), then it follows from (3.17)
the uniform convergence of series (3.16) for r = 4§, i.e. on the interior lateral
surface of cylindrical ring Qs. According to Lemma 3, series (3.8) converge uni-
formly in As. This implies the uniform convergence of series (3.16) on the both
bases B;s of cylindrical ring Q5. Therefore, series (3.16) converges uniformly on
the whole boundary of cylindrical ring Q5. Then by similar reasoning as above,
we obtain that this series converges uniformly in Qs and its sum uy (7, ¢, 2) rep-
resents the solution of Eq. (1.3) from C?(Qo) N C(Qs). Since § is whatever, we
get that u; € C%(Qo) N C(Q \ {r = 0}). Obviously, in this case, u; satisfies
condition (3.19), but condition (3.18) is satisfied only for (r,¢) € Ag U K.

Assuming that compatibility condition (1.7) holds, let us consider the solu-
tion

ug = u&S) + uq (3.20)

of Eq. (1.3), where u§3) is the obtained above solution of Problem DO for o = 1
(see (2.13)) and wuy is the solution given by (3.16). Note that

u2(p7@az) :f(gp,z), ((,O,Z) € 2, UZ(TN)O: (Z_l)h) :fi(TaQD), =12

for each (r, ) € AgU K, if functions f; satisfy conditions (i), (ii), and for each
(r,p) € A, if these functions satisfy conditions (i)—(iv) of Lemma 3. Thus, us
is the solution of Problem D1.
The uniqueness of the solution of Problem D1 follows from Lemma 1.
From reasoning above, we get the following theorem.

Theorem 2. Let f € C?(02) and let f;, i = 1,2, satisfy conditions (i), (ii) of
Lemma 3. If a = 1, then there exists the unique solution us of Problem D1
from the class C*(Qo)NC(Q\{r = 0}). If fi, i = 1,2, satisfy all conditions (i)—
(iv) of Lemma 3, then us € C%(Qo) N C(Q). The solution us can be ezpressed
exactly by (3.20).
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4 Solution of Problem D (the case a = 1)

Assume that f € C%(£2), f(p, (i—1)h) # 0, i = 1,2, identically, and compatibil-
ity condition (1.6) holds. Then, similarly to (2.11), function f can be expanded
into uniformly and absolutely converging in {2 double Fourier series [4]

o0 o0
flp, Z Ao COS Yn2 + Z Z Qi COSMP + By SINTY) COS V2, (4.1)
n=0 n=1m=1
where
h s
Qmn | Kmn cos my m,n € Ny,
ﬂmn} o2, 008 ynz dz . e 2) {sinmg@} de, m €N, n € Ny,
1 1
Koo = 1, Kon =5, Kmn =, m,n € N.

By the method of separate variables, let us compose the auxiliary solution
uq of Eq. (1.3) by

L /e(Ynr)
’U,a(’l"7 (P, Z) = Z %QOn COS Vnz

n=0

! frzge(mr)
SVm24c\Int) .
+ g g (Qmn cOSMP + Binn SinMp) oS Y 2, (4.2)
n=0m=1 IV m2+c(7np)

which satisfies the evident condition

ua(pa 2 Z) = f((pv Z)’ (50’ Z) € 2. (43)

(The convergence of series (4.2) to the solution of Eq. (1.3) and inclusion u, €
C?(Qo) N C(Q) can be justified just in the same way as in the case of series
(2.13)).

Lemma 4. Let f € C*(§2). Then %—fg € C(2) and

8kua(r, 2 Z)

o =0(rVek) asr—0, k=0,1,2 (4.4)
-

uniformly in Q.

Proof. Due to the assumption f € C?({2), series (3.20) is term-by-term dif-
ferentiable with respect to ¢, i.e.

af(
f ('0’ Z — Qi COS TP + B SIN M) €COS Y 2,

besides, the series on right-hand side converges uniformly and absolutely in 2.

Thus,
S m(lamn| + [Bmnl) < 0o
n=1m=1

Math. Model. Anal., 22(5):717-732, 2017.
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By differentiation of series (4.2) with respect to ¢, we obtain that

Qua(r,p,2) _ i i ! ()

M=, COSMP + Binp SINMY) COS Yy 2.
Iy == ()

Since functions [ m(vnr), m € Ny, are monotonically decreasing on the

interval (0, p) [13], we get that

o [oe]
< Z Z m(‘amn| + |an|) < o0
n=1m=1

aua(ra Qav Z)
dp

in (r,p,2) € Q. Thus the first assertion of the lemma is true.
Further, it follows from asymptotic properties of modified Bessel functions
[3,13] that

Vm24c—2
) (1+0(7)), k=012,

dk
— 1 (Y1) = Kk ,y—nr
drk Ve 2

as r — 0, m,n € Ny, where kg = 1 and k, = % for k =1,2. According to this,
we obtain from (4.2) that

k 0 Ve—k
lim rk*ﬁ%r’k(p’z) =27 Ve Z Laon cosYpz, k=0,1,2.
Since
V-1
LA —0 asn— oo
I /z(vnp)

(because of asymptotic properties of Bessel function I /(t) as t — +oo [3]),
the absolute convergence of series (4.1) yields the absolute convergence of
the series on the right of the last equality. Therefore, assertion (4.4) is also
true. O

Introduce the functions g;, i = 1,2, by

gi(rv 90) = ua((ra 2 (Z - 1>h)) - fi(ra 90)’ (45)

where u, is given by (4.2). Observe that

9i(p, ) = f (¢, (i = Dh) = filp,p) =0

because of (1.7).
Directly from Lemma 4, we obtain the following corollary.

Corollary. Let compatibility condition (1.7) holds. If f € C?(£2) and the func-
tions f;, ¢ = 1,2, satisfy conditions (i), () of Lemma 3, then the functions
gi, 1 = 1,2, also satisfy the same conditions. If, in addition, the functions f;,
i = 1,2, satisfy conditions (7), (iv) of Lemma 4 and the inequality ¢ > 4 holds,
then the functions g;, i = 1,2, satisfy all conditions ((i)-(iv) of Lemma 3.
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Theorem 3. Let f € C*(2) and let compatibility condition (1.7) holds. If
functions f;, i = 1,2, satisfy conditions (i), (ii) of Lemma 3, then there exists
the solution of Problem D from the class C%(Qo) NC(Q\ {r = 0}). If functions
fi, i = 1,2, are such that all conditions ((1)—(1V) are satisfied and if ¢ > 4,
then Problem D has the solution from the class C?(Qo) N C(Q). In both cases
the solution is unique.

Proof. Let us consider the following Problem D1 to Eq. (1.3):

u(p, ¥, Z) =0, (Qoa Z) €1, (46)

u((r,cp, (i — 1)h)) =gi(r,p), 1=1,2 (4.7)
where functions g; are defined by (4.5). According to Theorem 2 and to Corol-
lary, there exists the unique solution u(lo)(r, ©,z) of problem (4.6), (4.7) such
that

a) ugo) € C*(Qo) NC(Q\ {r = 0}) and boundary value condition (4.7) is
satisfied for (r,p) € Ag U K, if functions f;, i = 1,2, satisfy conditions (i), (ii)
of Lemma 3;

b) ugo) € C%(Qo) N C(Q) and boundary value condition (4.7) is satisfied
for each in (r,¢) € A, if functions f;, i = 1,2, satisfy conditions (i)—(iv) of
Lemma 3 and if ¢ > 4.

Besides, the solution ugo) can be obtained analytically in the same way as
the solution u; (see (3.16)) of the identically problem with boundary value
condition (1.5).

Introduce the following solution of Eq. (1.3):

U= Ug — u§°), (4.8)

where the component u, is given by (4.2). Since u, € C?(Qo) N C(Q) under

condition f € C?({2), solution (4.8) is from the same class as the solution ugo)
of problem (4.6), (4.7). It is easily seen that

u(pﬂpaz) :f(@vz)’ (QO,Z) € (2,
(in view of (4.3) and (4.6)) and

u(r,ga, (i — 1)h) = filr,p), i=1,2,

(due to definition (4.5)) for (r,¢) € Ag U K, if functions f;, i = 1,2, satisfy
conditions (i), (ii), and for (r,) € A, if both f; satisfy conditions (i)—(iv) of
Lemma 3. Thus, the boundary value conditions (1.4), (1.5) are satisfied and,
consequently, (4.8) represents the solution of Problem D.

Since uq (0, p, 2) = ugo)(O, ©, z) = 0, the uniqueness of solution u of Problem
D follows from Lemma 1. O

Conclusions

1. The continuity of the solution of Problem D on the line of the degeneracy
depends on the behavior of the given boundary functions in the vicinity of
the points Py and Py, in which this line crosses the bases of cylinder Q).

Math. Model. Anal., 22(5):717-732, 2017.
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2. If the boundary functions being continuous on the surface of cylinder @
are not identically equal to zero on the both edges of this cylinder, then
the continuity of the solution of Problem D depends on the properties of
boundary functions, but also on the coefficient ¢ of considered equation.

References

[1] D. Gilbarg and N. Trudinger. Elliptic Partial Differential Equations. Springer,
Berlin, 1983.

[2] V.V. Katrakhov and S.M. Sitnik. A boundary value problem of the steady-stay
Schroedinger equation with a singular potential. Sowiet Math. Dokl., 30(2):468—
470, 1984.

[3] A. Kratzer and W. Franz. Transcendente funktionen. Akad. Verlagsgesellshaft,
Leipzig, 1960.

[4] F. Moricz and A. Veres. Absolute convergence of multiple Fourier series revisited.
Anal. Math., 34:145-162, 2008. https://doi.org/10.1007/s10476-008-0205-7.

[6] F.W.J. Olver. Asymptotics and Special Functions. Academic Press, New York,
1974.

[6] S. Rutkauskas. Weighted boundary problems for a second-order ordinary dif-
ferential equation with singularity. I. Lith. Math. J., 26(4):367-376, 1986.
https://doi.org/10.1007/BF00971919.

[7] S. Rutkauskas. The Dirichlet type problem with asymptotic conditions for an
elliptic system degenerating at a point, I. Differ. Equations, 38(3):405-412, 2002.
https://doi.org/10.1023/A:1016070111630.

[8] S. Rutkauskas. The Dirichlet type problem with asymptotic conditions for elliptic

systems degenerating at a point, II. Differ. Equations, 38(5):719-725, 2002.
https://doi.org/10.1023/A:1020223027249.

[9] S. Rutkauskas. Exact solutions of the Dirichlet problem to the degenerate a line
elliptic system. Doklady AMAN, 17(4):84-88, 2015.

[10] S. Rutkauskas. Exact solutions of dirichlet type problem to elliptic equation,
which type degenerates at the axis of cylinder. I. Boundary Value Probl., 183,
2016. https://doi.org/10.1186/s13661-016-0690-8.

[11] S. Rutkauskas. Exact solutions of Dirichlet type problem to elliptic equation,
which type degenerates at the axis of cylinder. II. Boundary Value Problems,
182, 2016. https://doi.org/10.1186/s13661-016-0691-7.

[12] G.P. Tolstov. Fourier Series. Dover, New York, 1976.

[13] G.N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge Uni-
versity Press, Cambridge, 1995.

[14] A. Yanushauskas. Analytical theory of the elliptic equations. Nauka (Siberian
branch), Novosibirsk, 1979 (in Russian).


https://doi.org/10.1007/s10476-008-0205-7
https://doi.org/10.1007/BF00971919
https://doi.org/10.1023/A:1016070111630
https://doi.org/10.1023/A:1020223027249
https://doi.org/10.1186/s13661-016-0690-8
https://doi.org/10.1186/s13661-016-0691-7



