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Abstract. In this paper we investigate a semi-discrete H'-Galerkin mixed finite ele-
ment approximation of one kind of nolocal second order nonlinear hyperbolic equation,
which is often used to describe vibration of an elastic string. A priori error estimates
for the semi-discrete scheme are derived. A fully discrete scheme is constructed and
one numerical example is given to verify the theoretical findings.
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1 Introduction

In this paper, we consider the following nonlocal second order nonlinear hyper-
bolic problem:

1
un = (14 / P Y + f (1), (1) € T % (0,7),
0

u(0,t) = 0,u(1,t) =0, 0<t<T,
u(z,0) = up(x), ue(z,0) = uy(x), rel,

(1.1)

where I = [0,1]. ug(z),u1(z) and f(z,t) are given functions. In this model
u(x,t) stands for the vertical displacement of point x at instant ¢. This kind
of equations often arise in nonlinear vibration. For more details on physical
motivation we refer the interested reader to [1,5,7,8] and the reference cited
herein. For finite element approximation of this kind of equation one can
read [6,9,10].
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The goal of this paper is to develop an efficient numerical method for prob-
lem (1.1). Noticing that the coefficient in (1.1) depends on the derivative of wu.
When finite difference method and standard Galerkin finite element method
are used to solve this model, one have to calculate the derivative of the numer-
ical solution to determine the coefficient. This would generate an inaccurate
coefficient, which then reduces the accuracy of the numerical approximation for
u. In order to overcome this problem we resort to mixed finite element meth-
ods, which can simultaneously approximate the unknown function u(x,t) and
its derivative u,(x,t). As we know the finite element spaces in classic mixed
finite element methods have to satisfy the inf-sup conditions, which restricts
the choosing of finite element spaces.

In this paper we utilize the H'-Galerkin mixed finite element method to
numerically solve (1.1). To our best knowledge the H!-Galerkin mixed finite
element of this kind of problem is not reported in the literatures. The H'-
Galerkin mixed finite element method was proposed in [11] for parabolic prob-
lems, which can be viewed as a non-symmetric version of least square method.
Compared with standard mixed finite element method H'-Galerkin mixed fi-
nite element method does not require the finite element spaces to satisfy the
inf-sup conditions, which makes the choosing of finite element spaces more flex-
ible. It has been proved that the H'-Galerkin mixed finite element method has
the same rate of convergence as standard mixed finite element method. For
more references with respect to H'-Galerkin mixed finite element method one
can refer to [2,3,4,11,12,13,15].

By introducing a new variable ¢ = u, we split problem (1.1) into a first
order system. Then we construct a semi-discrete H'-Galerkin mixed finite
element approximate scheme. A priori error estimates for unknown function
win L? and H' norm, and ¢ in L? norm are derived respectively. In order to
carry out numerical experiment we also construct a fully discrete scheme, where
the backward Euler method is used to discretize the time variable. Finally a
numerical example is given to verify the theoretical findings.

The rest of this paper is organized as follows: In Section 2 a semi-discrete
H'-Galerkin mixed finite element approximate scheme is constructed. Optimal
a priori error estimates are deduced in Section 3. In Section 4 a fully discrete
scheme based on the backward Euler method is developed and a numerical
example is presented to illustrate our theoretical results.

Throughout the paper, we use the standard notation W™4(I) for Sobolev
space on I with a norm || - ||;,,4 and a semi-norm | - |,,, . For ¢ = 2, we denote
H™(2) = Wm2(Q), || - |m=| - |lm.2 and for m = 0, we denote || - [|=]| - [|o.
The inner products in L?(I) are indicated by (-, ).

For the spaces involving time we introduce the following notations. Let X
be a Banach space and ¢(t) : [0,T] — X, we set

T 1
2
el = ([ IelEds)s lellosora = esssullolx.
0 0<t<T

In addition, C' denotes a generic constant independent of the spatial mesh
parameter h.
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2 Semi-discrete H'-Galerkin mixed finite element scheme

In this section we first derive the variational formulation for problem (1.1), and
then construct a semi-discrete H!-Galerkin mixed finite element scheme.

In order to define a H'-Galerkin mixed finite element procedure for problem
(1.1), we decompose (1.1) into a first order system. Let ¢ = u,, then (1.1)
reduces to

q = Ug,
{Utt = (1 +w(q))g + f. 21)

Here w(q) := fol q?dz. Let H}(I) = {v e H*(I);v(0) = v(1) = 0}. Multiplying
the equation (2.1) by v, with v € H}(I), and integrating on interval I gives

(g, vz) = (q,0z), v € HY(I). (2.2)
In a similar way we deduce
(ue, we) = (1 +w(0))dws we) + (fyws),  we H (D). (2.3)
By Green formula and wu(0,t) = uy(1,¢) = 0, we obtain
(wte, we) = —(que, w).
Then (2.3) becomes
(qets w) + (1 + w(@)ge, we) + (frws) =0, we HY(I). (2.4)
Collecting (2.2) and (2.4), we arrive at the weak formulation for problem (1.1):
find (u,q) € H}(I) x H(I) satisfying
{ (o, 02) = (¢,v0), v € Hy(I),

1 (2.5)
(qee, w) + (1 + w(q)) g, wz) + (fywe) =0,  we H (I).

Let Vi, C HE(I),W), C H'(I) be the finite element spaces consisting of
piecewise polynomials of order k and r, respectively, and satisfying the following
approximation properties:

inf {l—nllo bl 1. SCH [l ¥ € HY(D WD),

inf {[lw—wplop+ hllw—wnll1p} < CHFHw]lpr1p, we WHTHE(D),
wp €Wp

P

where 1 < p < 0. k,r are positive integers.
Then the semi-discrete H'-Galerkin mixed finite element approximation of
(1.1) can be characterized as finding (up, gp) € Vi, x W}, such that

{ (Uhzs Vhz) = (Ghs Vha), U € Vi, (2.6)

(qntts wr) + (1 + w(qn))qhas Wha) + (f,wnz) =0,  wp € Wh,
with given initial value ¢4 (0), ¢n(0) and w(qp) = fol qidx.

Math. Model. Anal., 22(5):643-653, 2017.
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3 Error Analysis

To derive the error estimate we decompose the errors as
U—Up =uU— Up + Up, — Up = Py + &y,
q9—qn=9—qn+qn — qn = pq + &g

where uy, € V3, and ¢, € W), are elliptic projections defined by

(’Ll,z — ﬂhx; 'Uhm) = 0, V’Uh S Vh, (31)
(qgc - Z]thvwhx) + a(q - Z]thwh) =0, Ywy, € Wh. (32)
Here « is chosen to guarantee the H!-coercivity of the bilinear form in the

second equation. Moreover, it is easy to check that the bilinear form is bounded.
According to [14], we have the following estimates with j = 0,1 and ¢ € [0, T

8pu
I ol + 1 S 15< CRS (0w s + s ),
ap a 14 T —7
ool + 11 S0 s+ S5t 1< CH™H (0 g e+ 1 s s + 1 o -

Using (2.5), (2.6) and (3.1)—(3.2), we can deduce the following error equations:

3
(Ti»”hm) = (pqvvhx) + (gqa Uhx)a (3'3)

d%¢ /3 9?
(G wn) + (Gt wns) = ~(T 5t wn) + (py wn)

— (W(@)4e — w(qn)ha Wha)- (3.4)

Theorem 1. Suppose that q,(0) = Gn(0), gnt(0) = qne(0). Then there exists a
positive constant C' independent of h such that

| w—wun || +h || uw—un |1+ || ¢ — qn ||< CR™EFT 71}

Proof. Choosing v, = &, in (3.3) yields

(P %) (g, Ty 4 (6, ),
which implies
|| || < lpgll + [1€qll- (3.5)
Setting wy, = % in (3.4) gives
G G+ G ) =~ )+ v 5
— (w(9)g — w(an)qha: %)-
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Then we conclude
62pq 8&1 8£q
) =G ) Tlere )

2
— (w(9)qz — w(qn)gna; gxgi)

13) 0
L0 % + 1Sy

2dt

Note that

w(q)qe — w(gn)gne = w(@)(gz — Gha) + (w(q) — w(qn))qha + w(qn)(Gha — Gha)

0 0
= w(g) 2n %

E + (w(q) — wlqn))qhe + w(an) e

Then we have

a§QH2 a2pq % 6pq a &1

)=~z )+ leve 5 — W50 55)

—((W(Q)—W(Qh))%m,@igqt) (w(q )%i] gxf’ﬂi) (3.6)

(%q ” 0¢,

2dt(|

By the definition of elliptic projection g, we derive

dp, 0%, 0,
00 250 ) = (a0 B2,
(((0) ~ (@) 5-o5) = - ((0) ~ an)es 52)
- %[(w(q) — wlgn)ine) %)
e B L

(wle)——

Inserting above terms into (3.6) leads to

o€ ¢ 0y 9. 0%pg O
L8 e By gy o, Koy (T %
gy d _ ]
(1 + (@) 22 & (w(0) -~ @), 2
d 06, 1. d &g 08,

+ (S 0(0) — (@B, 52) + 5 (elm) 5L, 52

Integrating above equation from 0 to ¢ and using £,(0) = 0, %(O) =0 we

arrive at

0 0 o0&, 0 t92p, O
S (ISP + G2 + wlan 52 50) = - [ (Gas Gods

i 9z Dz 22 o

+ [l +w@)pp s = (l0) = (@) G2

Math. Model. Anal., 22(5):643-653, 2017.
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In the following we will derive the estimates of the terms on the right hand
side. By Cauchy-Schwarz inequality we deduce

b 0%p, O AN o€
[ Senras < 5 [ 15 mpas+ 5 [ 1% as (37)

[ttty s <o [apas e [ 1%Pas @9

Using e-inequality and Cauchy-Schwarz inequality we obtain
. 0 ~ 0
(l0) — lan)ine, )| < fo(a) ~ ) el 22|
23
< CIIJHIICJ = anllllg + anll
< CII H(Hpqll + 11€ID Cllgll + llgnll + 1€ (1)
i |

< 5||

+ C(I& )l o 0,6:22(1)) (lpall* + / 15 1ds).— (3.9)

Here the boundness of ||, || and ||ghs| as well as inequality ||, < fo (B %q lds
were used. C([|£;(t)]| oo (0,¢;22(1))) is a constant depending on ||, (t)]]. Utlhzlng
Holder inequality we obtain

td 0¢, 8&1
[ Gtan S S =2 [ [ aanar e 2as
<2 / Janl el 1 22 P

< Ol m o220 122 = 05220 / 15 a5 (310)

For the last term we have

g ag t OGha 8&,
/o(@[(w(q)—w(qh))qm]v oz )ds_/o T
0

t d _ é—q
+ [ (Gl — (@l 5)ds
Using the boundness of ||gp|| and ||qhat| we derive

[ (@0 -t 22, S < [ faalloto) - stall G210

t
0¢4
< —=1 — d
<c [ 152 aulla+ alds

t o -
<c / 125 il -+ gl + -+ o6 )

Cll€qll o= 0,622 (1) )/ (= ||2+||pq\|2+|| || )ds
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By Holder inequality we deduce

d 7] 0
E1(wla)-wlanll < CllpglHIE ) + CUE Nz 20 (1222 + 52,
Then we have
td - 0 0 0
[ @@, <Ol im0 [ 152 +152 P
0 0 0
1% +¢ %P+ 1520 + ol .11

Using (3.7)—(3.11) we derive
0 0
(15217 4 15212) < Ol Lo mecn) loall?
0 0 0
/0|@W+H%W+H@n>>

0 15)
+ Ol 2000 | G e o 52207) L/||ngd

¢ %p 23 o€ 23
2 q12 9102 q q12
+C [l + I + 1 G2 + N2 ds + el 21

In order to prove the theorem result, we need to make the following induction
hypothesis: there exists a constant 0 < hg < 1 such that the following estimate
holds for 0 < h < hyg :

23
max{|[|gl| Lo (0,6L2(1)) ||7f|\Lw(o,t;L2(1))} <1L,0<t<T.
Then using above inequality and setting € small enough we derive

Loy By

op 0%p
+ |l < C/ (logll” + 1= 11” + 15" %) ds + Clpg

- ot2
0 0
/ﬂ\@w +1%)2)ds.

By Gronwall’s Lemma we obtain

1913 & ap 0%p
1960+ 15017 < © [l + 12221+ 15201 s + il

Using the estimates of elliptic projection we further deduce

18041 %) < ene (3.12)

Here C > 0 is independent of h.
Now we are in position to prove the induction hypothesis. We suppose that
there exists a constant 0 < h, < hg such that

*

max{|[&7] Lo (0,:02(1)) ||7:||Lm(o,t;L2(1))} >1, 0<t<T.

Math. Model. Anal., 22(5):643-653, 2017.
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We define t* by

- 98
1nf{t (S [O THmaX{Hf ||Loo 0,t;L2 (I || at HLoo(OtLQ(I))} > 1}

Then we have
I’l’lax{”f;||Lao(07t*;L2([)), ||87tq||L°°(0,t*;L2(I))} = 1, (313)
, o€ )
max{||§q||Lm(o7t;L2([)), H 8t ||L:>o(0 t: LQ(I)) < 1}, O <t < tr.

By the argument similar to (3.12) we can prove

*

H H+|| qll < R, 0<t< it

Furthermore, using above estimate we can derive
t g
legll< € [ 1552 0ds < car .
Choose hg such that
max{Chi T, Cohfi Ty < 1/2.
Then we have

. o0&, 1
max{|[&; ]| Lo (0,¢+:22(1))> ”?;”LOO(OJ*;L?(I))} <.

[\)

This contradicts with (3.13). Thus the induction hypothesis holds.
Substituting (3.12) into (3.5) leads to

%o
X

15621 < Clogt?+ 0 [ 158 s < on (3.14)

Note that

9€u

0
[1€qll < C/ | §q||d8 I€ull < l€ulls < Cll=27l-

Then we can derive the theorem result by combining (3.12), (3.14) and the
estimates of p,, pg, and using the triangle inequality. O

4 Numerical example

The goal of this section is to carry out a numerical example to illustrate the
theoretical findings presented in Section 3.
Let T'=1 and the exact solution u is chosen as

u(z,t) = sin(rz) sin®(¢), (x,t) € [0,1] x [0,1].
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The corresponding right hand term f and initial values ug(x),u1(z) can be
calculated by the governing equations.

Let 0 =ty < t; < - <tny_1 <ty =T be a time grid with 7 = ¢, —
th_1, n=1,2,--- ,N. We set:

ql)n,i _ wn-&-l +2wn +wn—1
1 .

_ n+1 _ 2™ n—1

gy = 2 LA
T

For the discretization of time derivative we adopt the second order backward

Euler scheme. Then for given initial value Q°,Q', the fully discrete H'-

Galerkin mixed finite element approximation of (1.1) is defined by

(U;l?vhf) = (Qnavhz)a v € Vha
(@2Q" wn) + (1 + w(@Q)QE ™ whe) + (f™F, wpa) = 0, 1wy, € Wi

In the numerical experiment the unknown function u(z,t) and its derivative
q(x,t) are approximated by piecewise linear polynomials, i.e., k = r = 1.

The errors for u—U and g — @ at different time are displayed in Tables 1, 2,
and 3. The order of convergence at t = 0.4,0.6 are shown in Figure 1. We can
observe that the orders of convergence are in agreement with our theoretical
findings presented in Section 3. The surface of U and ) are presented in
Figure 2.

Table 1. The errors of || u™ — U} || at different time.

Time
h=At t=02 t=04 t=0.6 t=0.8 t=1.0
1/10 0.0014 0.0028 0.0036 7.0089e-004  0.0088

1/20 3.5322e-004  6.9799e-004 8.9011e-004 1.6026e-004 0.0022

1/30 1.5709e-004 3.1037e-004 3.9546e-004 7.0033e-005 9.7655e-004
1/40 1.5709e-004 3.1037e-004  3.9546e-004 7.0033e-005 9.7655e-004
1/50 5.6573e-005 1.1176e-004 1.4234e-004 2.4993e-005 3.5139e-004

Table 2. The errors of || u™ — U}} ||1 at different time.

Time
h=At t=02 t=04 t=06 t=08 t=1.0

1/10 0.0141  0.0278 0.0357 0.0070 0.0885
1/20 0.0071  0.0140 0.0178 0.0032  0.0440
1/30 0.0047 0.0093 0.0119 0.0021 0.0293
1/40 0.0035 0.0070 0.0089 0.0016 0.0220
1/50 0.0028 0.0056 0.0071 0.0012 0.0176

Math. Model. Anal., 22(5):643-653, 2017.
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Table 3. The errors of || ¢" — Q} || at different time.

Time
h=At t=02 t=0.4 t=0.6 t=0.8 t=1.0
1/10 0.0047 0.0085 0.0087 0.0050 0.0427
1/20 0.0011 0.002 0.0021 0.0012 0.0101
1/30 4.9371e-004 8.8399e-004 9.0643e-004 5.4739e-004 0.0044
1/40 2.7549e-004  4.9325e-004 5.0559e-004  3.0609e-004 0.0025
1/50 1.7546e-004 3.1414e-004 3.2195e-004 1.9514e-004 0.0016

Error

—#—H' error for u|
slope O(h)
\ slope O(h?)
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L2 error foru
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