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Abstract. This paper considers a generalized Nicholson’s blowflies system with non-
linear density-dependent mortality terms and patch structure. Under appropriate
conditions, we establish some criteria to ensure that the solutions of this system ex-
ist and converge globally exponentially to a positive almost periodic solution. The
results complement another case of nonlinear density-dependent mortality terms in
Chen and Wang [5].

Keywords: nonlinear density-dependent mortality term, patch structure, Nicholson’s

blowflies system, global exponential stability, almost periodic solution.

AMS Subject Classification: 92D25; 34D23.

1 Introduction

To describe the population of the Australian sheep blowfly and agree with the
experimental date of Nicholson [20], Gurney et al. [9] proposed the following
Nicholson’s blowflies equation

N'(t) = —6N(t) + pN(t — 7)e”*NE=7),

Here, N(t) is the size of the population at time ¢, p is the maximum per capita
daily egg production, % is the size at which the population reproduces at its
maximum rate, ¢ is the per capita daily adult death rate, and 7 is the generation
time.

As we all know, the study of stability for the nonlinear models (see e.g.
[1, 6,19, 24,26, 27,32, 33]) not only has profound practical significance, but
also will enrich and perfect the theory of nonlinear equations to some extent.
In the past forty years, the theory of the Nicholson’s blowflies equation has
made a remarkable progress with main results scattered in numerous research
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papers. In particular, there have been extensive studies on the problem of the
existence of positive periodic solutions for the classical Nicholson’s model and
some generalizations with variable coefficients and delays. We refer the reader
o0 [14,16,18,21] and the references cited therein.

In 2010, Berezansky et al. [2] pointed out that a new study indicates that
a linear model of density-dependent mortality will be most accurate for popu-
lations at low densities. And there have been extensive results on the problem
of the existence of positive almost periodic solutions for Nicholson’s blowflies
equation without nonlinear density-dependent mortality term in the litera-
ture [4,13,17,30]. Berezansky et al. [2] presented the following Nicholson’s
blowflies model with a nonlinear density-dependent mortality term

N'(t) = =D(N(t)) + PN(t — 1)e” N7, (1.1)

where P is a positive constant and function D might have one of the following
forms: D(N) = Jf;fb or D(N) = a — be™ " with positive constants a,b > 0.
Some results on (1.1) can be found in [3,12,15,29,31].

Since the biological species compete and cooperate with each other in real
world, the growth models given by patch structure systems of delay differential
equation have been provided by several authors to analyze the dynamics of
multiple species, see [7,25] and the reference therein. Up to present, several
authors in [3,5,28] have researched the exponential extinction, permanence and
existence of positive periodic and almost periodic solutions for the following de-
layed Nicholson’s blowflies system with nonlinear density-dependent mortality
terms and patch structure:

N!(t) = —Dyi(t, Ni(t Z Dij(t, Nj(t))
Jj=1,j#i
+ ch o(t — 755 (£)) e vis ONi(E=7is (1)) (1.2)

where D;;(t, N) = bj;a(f)t)ﬁv or Dy;(t, N) = ay;(t) — bij(t)e ™.

As far as we know, few works have been done on the global exponential
stability of positive almost periodic solutions for (1.2). Moreover, it is more
significant to discuss the almost periodic properties of differential equations
than periodic properties. Motivated by the above arguments, in this paper,
we investigate the existence and global exponential stability of positive almost
periodic solutions for the following delayed Nicholson’s blowflies system with
nonlinear density-dependent mortality terms and patch structure:

n

s = — bl _ai(t)a; ()

bii (t) + @i(t) b (t) + x5 (t)

+ D Bij(t)mi(t — 7i(t))e i Omltmma i) (1.3)

where a;j;,bij, Bim,Yim : B — (0,4+00) and 7, : R — R4 are continuous
almost periodic functions with 4,5 = 1,2,...,n, m = 1,2,...,l. The case of
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(1.2) with D;;(t, N) = a;j(t) — b;;(t)e™" has been studied by Chen and Wang
n [5] before. And it is easy to see that (1.3) is the another case of (1.2) with

a;;(t)N
Du(t N) = b; J(t)+N
For convenience, we introduce some notations. Throughout this paper,
given a bounded continuous function g defined on R, let g7 and ¢~ be defined

as

+ _ - _
=S t = inf
g télgg( )a g tlgRg()

It will be assumed that

;= > ) = | = ol 14
T 1rr<1;abxl7' >0, ;=21 i=L2...,n j=12... (1.4)

Let R"(R'}) be the set of all (nonnegative) real vectors, we will use x =
(z1,...,2,)" € R™ to denote a column vector, in which the symbol (T) de-
notes the transpose of a vector. We let |z| denote the absolute-value vec-
tor given by |z| = (|z1],...,|z,])T and define |z| = 1rga<xn|xz| Denote

C =1I-,C(-ri0,R) and C+ = [, C([-ri,0],Ry) as a Banach space
equipped with the supremum norm defined by ||¢|| = sup max |p;(¢)] for
<t<ol<i<n

all p(t) = (p1(t),-.., ()" € Clor € Cy). If 24(t) is defined on [ty — 74, v)
with tg,v € Rand i = 1,...,n, then we define z; € C as z; = (xf,...,27)T
where 2%(0) = z4(t + 0) for all @ € [-r;,0] and i = 1,...,n.

It is biologically reasonable to assume that only positive solutions of model
(1.3) are meaningful and therefore admissible. So we consider the admissible
initial conditions

)

Tio =@, @©= (01, ¢n)" €Ctand ¢;(0) >0, i=1,2,...n. (1.5)

We denote x¢(to, ) (x(t;to, p)) for a solution of the initial value problem
(1.3) and (1.5). Also, let [to,n(¢)) be the maximal right-interval of existence

of xt(t()» SD) 1

* in the range
R, one can get that there exist only x € (0, 1) and & E ( ,+oo) such that

11—k 1 —x 1

it sgp| e | = 2 ke " = ke . (1.6)
2K

This paper is organized as follows: In Section 2 we give some preliminary
lemmas, and in Section 3 we devote to prove our main results.

2 Preliminary results

In this section, some definitions and lemmas will be presented, which are of
importance in proving our main results in Section 3.

DEFINITION 1. (see [8,11]). Let u(t) : R! — R™ be continuous in ¢, u(t) is
said to be almost periodic on R!, if for any ¢ > 0, the set T'(u,e) = {d
lu(t + &) —u(t)]] < € forall t € Rl} is relatively dense, i.e., for any ¢ > 0
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it is possible to find a real number ! = I(¢) > 0, such that for any interval
with length [(¢), there exists a number § = d(¢) in this interval such that
lu(t +6) —u(t)]| <e, for all t € RL.

From the theory of almost periodic functions in [8,11], it follows that for any
g > 0, it is possible to find a real number [ = I(¢) > 0, for any interval with
length I(e), there exists a number § = §(¢) in this interval such that

laij(t +06) —ai;(t)] <&, |bij(t+3) —by(t)| <e,
|ﬂim(t + 5) - Bzm(t)‘ <g, (21)
ITim (t +0) = Tim (D) < &, [Yim(t +6) —vim (V)] <e¢,

forallte R, 4,5 =1,2,...,nand m=1,2,...,1.

Lemma 1. Suppose that there exists a positive constant M > k such that
vij(t)- M <K forallte R, i,j=12,...,n, (2.2)

and for alli=1,2,...,n,

n l
supl =g + 3 )+ ) <0, (2.3
eRr J=1,j#i

n l
: aq(t) ai;(t) Bij(t)  —s
teR,lgle[O,H}{ bii(t)+s +j:§# bij(tj)“"M + E %j(t) e’} >0. (24)

Then, for ¢ € C° = {p|p € C, (0) € (k, M) for all § € [—r,0]},
n(p) =00 and 4(to, ) € C° fort > tq.

Proof. This lemma can be proven in the similar way as in Lemma 1 of [5].
But for convenience of reading, we give the proof as follows.

Let z(t) = z(t;to,0) = (21(t),22(t),...,2,(t))T for all t € [to,n(y)).
Firstly, we assert that

x;(t) > 0 for all t € [to,n(p)), i =1,2,...,n. (2.5)

With the reduction to absurdity, assume that there exist s1 € [to,n(¢)) and
i €{1,2,...,n} such that

zi(s1) =0, x;(t)>0forallte [ty,s1), j=1,2,...,n. (2.6)

Calculating the derivative of z;(t), (1.3) and (2.6) imply that

0> al(sy) = - @) s ai(s)ai(s)
- bii(s1) +ai(s1) 4=, bij(s1) +a5(s1)
: " (s (s1)
T 2 (51) T (51 — Tii(81))e Yia (s0i(s1-7i5(s1)) — _%ij\o1)j\o1)
;B]( 1) ( 1 ]( 1)) A j#bij(sl)'i‘mj(sl)

l
+ 3 Bi(s1)ai(si — 7i5(s1))e valermmmln) 5 g
j=1
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which is paradoxical and implies that (2.5) holds.
Next we show that

x;(t) < M for all t € [to,n(v)), i=1,2,...,n. (2.7)

Suppose, for the sake of contradiction, that (2.7) dose not hold. Then, there
exist t1 € (to,n(p)) and ¢ € {1,2,...,n} such that

a:i(tl):M, .’Ej(t)<Mf01“ all t € [to—?‘i,tl), 7=12,...,n. (28)
Calculating the derivative of x;(t), together with the fact that supue " = %,
u>0
(1.3), (2.3) and (2.8) implies that
0 < Zi(t)=— aii(t1)zi(t1) —~ ai(t)z;(t)
big(t) +xi(t) 4~ bij(t) +2;(t)
l
DBy (t)ai(ty — iy (1)) (D a0
j=1
ai; (t1)z;(t1) - a;;(t1)bij(t1)
- el S - 3 et
b“<t1) —|—a?l(t1) Py i 1j¢2b” tl —‘rﬂ?j(tl)
_;’_Zﬂij (t)x;(t, — Tij(tl))6_"/“(tl)xi(tl_ﬁj(tl))
@i\t ) M tl 613
< - D SN Z
bn tl +M =1, ’Vz]
< sup{———"—— 7T Z a; Zﬂwt}<0
T teRr bii il %g (t)
Jj=1,j7#i
which is a contradiction and implies that (2.7) holds. Then we prove that
x;(t) > k for all t € [to,n(p)), i =1,2,...,n. (2.9)

Assume, by way of contradiction, that (2.9) dose not hold. Then, there
exist ta € (to,n(p)) and i € {1,2,...,n} such that

zi(t2) =k, x;(t) >kforalltelto—rita), j=1,2,...,n. (2.10)
From (1.4), (2.2), (2.7) and (2.10), we get
K < vij(t2)zi(ta — 1ij(t2)) < vij(t2) M < R

and hence

Il
X
&

’)’ij (tQ)ZL'l (tg — Tij (tg))e%’j (tz)aji(tzinj (t2)) Z min{/{ef"””, I?Leik} 7’2

where i,5 =1,2,...,n
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It follows from (2.4) and (2.10) that
aii(t2)wi(t2) -

aij(t2)z;(t2)
bii(t2) + x(t2)

0> ai(tz) = — bij(ta) + @;(t2)

J=Lj#i

+ > Bij(ta)mi(ts — 7ij(t2))e )it (12))

n
2 . aii(tQ)ﬁ + azg t2 Z 67.]

bii(tg) + K Py b” (tQ + M ’y”
n l
. aii(t) ag;(t) Bij(t) _
>k  inf -7 4 — 4 I Lem5 L >,
tER,sE[O,rz] { b”(t) + s j:lz_]:;éi bij (t) —+ M ; Pyij (t) }

which is a contradiction and implies that (2.9) holds. Thus z(t) is bounded on
[to,n(¢)). From Theorem 2.3.1 in [10], we easily obtain n(p) = +oo. This ends
the proof of Lemma 1. O

Lemma 2. Suppose that (2.2), (2.3) and (2.4) hold, and

__ai®ba(t) N~ ag(®)bi(t)
fél}g { (byi(t) + M)? + j=1z,_7:7éi (bi; (t 7 T Z 61] } (2.11)

Moreover, assume that x(t) = x(t;tg, ) = (x1(t), 22(t),...,2,(t)T is a solu-
tion of equation (1.3) with initial condition ¢ € C° and ¢ is bounded contin-
uwous on [—r;,0], ¢ =1,2,...,n. Then, for any € > 0, there exists | = () > 0
such that every interval [, a+1] contains at least one number § for which there
exists N > 0 satisfying ||z(t + 0) — x(¢t)|| < e for all t > N.

Proof. For all i € 1,2,...,n, define continuous functions I';(u) by setting

n

o [aa(®)ba(t) am U
Ii(u)= [(bii(t)+M)2 u}—k 3 o Z =By (B)e"™, u € [0,1].
Jj=1,j#i
Then, from (2.11), we have
ooy - G®bi(t) ~ai(t)bi(t)
O = fae 2 G0+ Z Ful) <0,
Jj=1,j#i

which implies that there exist two constants n > 0 and A € (0, 1] such that

_ o ai(t)bi(t) ~ a(t)b; -
T =g e T 2 e *Z e

<-n<0 forallte Ryi=1,2,...,n. (2.12)

Math. Model. Anal., 22(4):484-502, 2017.
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For ¢ € 1,2,...,n,t € (—o0,ty — 4], we add the definition of z;(¢) with
xi(t) = z;(to — rsi). Set

E((S t) _ _|: aii(t—l—é)xi(t—&—é) _ aii(t)xi(t—&—d) :|
_ |: aii(t)xi(t—ké) _ aii(t)xi(t—l-é) }_’_ i [aij(t—l-é)a:j(t—l-é)
(t+0)+xi(t+08)  by(t) +zi(t+9) T bij(t40) + ;(t+0)
_ai(t)z(t+9) } Z { aij(H)z;(t+6)  aii(t)z;(t+9) }
bij(t+0)+x;(t+0) t+06)+x;(t+0) by(t)+z;(t+9)

=1,j

- Z [Bij(t + ) — Bij ()]s (t + 6 — 735(t + &) ) e Via (FOwaltH6 =i (1+3)
+ ZBW xZ t +6— Tij (t + 5))e—’)’ij(t-‘t-é)ﬂff:(t-‘ré—m(t+5))

l
— (t + o — Tij (t))eiryij (t48): (t4+5—7i; (t))] + Zﬂ’t]( iz (t + o — Tz]( ))
j=1

s e (0) g (1§ (1)) e~ 0 (4570 0)] ¢ R (2.13)
By Lemma 1, the solution z(t) is bounded and
k<xzi(t) <M forallt >tg,i=1,2,...,n, (2.14)

which implies that the right-hand side of (1.3) is also bounded, and x}(t) is a
bounded function on [ty — r;, +00), ¢ = 1,2,...,n. Thus, in view of the fact
that x;(t) = z;(to—r;) for t € (—oo,t9—14], 79 =1,2,...,n, we obtain that z;(t)
is uniformly continuous on R. From (2.1) and (2.13), for any ¢, there exists
I =1(e) > 0, such that every interval [o, + ], a € R, contains ¢ for which

1
lei(d,t)] < 1 forallte R, i=1,2,...,n. (2.15)

Let Ny > max{tg,to—9d,to+ ._max r;} and denote u(t)=(uy (t), ua(t), ...,

un ()T, where u;(t) = x;(t + 5) —a;(t), 1 =1,2,...,n. Then, for all ¢ > Ny,
we have

n

, ai;(t)x;(t +0) aii(t)zi(t) aii(t)z;(t +6)

a’L’L

e Zﬂw {1+ — iy (1)) 7O 0)
z;(t

— X; (t — Tij (t))e Vi (t)ml(t T”(t))] + 87;(5, t). (216)
Set

U(t) = (UL(t), Us(t), ..., Uy (t)T, where Us(t) = eMu;(t), i=1,2,...,n
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Let 7; be such an index that
Ui, ()] = [|U@)]]- (2.17)

Calculating the upper left derivative of |U;_(t)| along with (2.16), together with
(1.6), (2.13), (2.14), (2.17) and the inequalities

*( = *L)Sgn(sft):* ab |s — ¢
b+s b+t (b+s—0(s—1))2
ab
< - A — B|, wh M 1, 2.1
< (b+M)2| |, where s,t € [k, M], 0 <0< (2.18)
| as at |_ ab \8—t|
b+s b+t (b+s—0(s—t))?
< @Ji:y|5t’ where s,t € [r,+00], 0 <0 <1, (2.19)
—s — 1-— 3+9 t—s
|se™® —te”!| = (65+6(t(75) ) s — t| (2.20)
1
< — s — 1], where s, € [, +00], 0 <0 <1, (2.21)
we get
D™ (Ui, (s))s=t
it t)xi (t+5) ;i (t)xl (t)
<)\>‘t it At} att( t . t1e +
S A€ ‘Ut( )|+€ { |:b“2t() x%(t—i—(S) bl”t(t)—‘,—x%(t)}

n

aw )a;(t + ) @i, (t)z; (t)
)+ Z t) +z;(t+0) bitj(t)+xj(t)|

x sgn(x;, (t 4+ 0) — x;, (t
J=1,j#i bici

Zﬁu] t i j 331 (t +5 i J( ))e—’)’itj(t)xit(H“s_"'itj(t))
7“] t t t t

— Yiej (t)xit (t = Tiyj (t))e_%”(t)xit (=705 (1) | + |Eit (67 t) |}

MW (t)]
(biyi, (1) + M2

< AMuy, ()] + M| —

n

a; t

+ Z lfJ t 'HJ 2| J ZBW |u“ Titj(t))|+|€it(67t)|}
j= 1Jsﬁzt bivi( =

n

—7M7 ey Metw
B {(bmt(t)-&-M)Q e WO 2 G

+Zﬂw i AT O, (¢ — 7,5 (0)] + e (5,0)]  (2.22)

for all ¢ > Ny, which is held under the following fact:
K< g0, (E+ 0 —7i5(1), i (O, (6= 7i5(1) <YM <R,

Math. Model. Anal., 22(4):484-502, 2017.
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for j =1,2,...,1,t > Ny. Let M(t) = mgi({HU(s)H It is obvious that M () >

|U(t)|| and M (t) is non-decreasing. Now, we distinguish two cases to finish the
proof.

Casel.
M(t) > |[U(t)|| for allt > Ny. (2.23)

We claim that
M(t) = M(Ny) is a constant for all ¢ > Np. (2.24)

Assume, by a way of contradiction, that (2.24) does not hold. Then there exists
t1 > Ny such that M(t;) > M(Ny). Since

M(Np) > ||[U(t)|] for all ¢ > No.
There must exist 3 € (Np,#;) such that
IUB)| = M(t1) = M(B),

which contradicts (2.23) and implies that (2.24) holds. It follows that there
exists to > Ny such that

u(t)|| < e MM(t) = e MM(Ny) < e for all t > 5.

Case 2. There is p > Ny such that M(p) = |[U(p)||. Then, in view of
(2.12), (2.15) and (2.22), we have

0< D (|Us, (5))smp < — [(C; ’; )2 )\} e |Us, ()|
'Lplp
a’lp p) (p) T,
+ Z J o )2 MU (p)] + Zﬁw eATini (P)

J=Ll.j#i,
x M~ ﬂ“(”))le'p(p*npj(p))\ +e plsf (6, p)]

ai,i,(p)bi,i,(p) . i3 (P)bi,;(p)
-locmame A+ 2 Gomee

l
1 N 1
+D 5 Bii(p)e } U + 5nee™ < =nllU (p)]] + nee™
=1

which yields that
Mlulp)l = U <ee* and u(p)| <e. (2.25)
For any ¢ > p, with the same approach as that in deriving of (2.25), we show
HMu@)l = U] <ee* and Ju(®)] <e, (2.26)

if M(t) = ||U#)||. On the other hand, if M(¢) > ||U(¢)|| and t > p, we can
choose p < t3 < t such that

M(ts) = |[U(ts)], and M(s) > |U(s)| for allt € (ts,¢],
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which together with (2.26) yields |Ju(t3)|| < e.
With a similar argument as that in the proof of case one, we can show that

M(s) = M(t3) 1is a constant for all s € (¢3,1],
which implies that
lu(®)]] < e MM (1) = e M(ts) = Ju(ts)lle ) <e.
In summary, there must exist N > max{p, Ny, t2} such that ||u(t)|| < ¢
holds for all ¢ > N. This completes the proof. O
3 Main results

In this section, we establish sufficient conditions for the existence and global
exponential stability of positive almost periodic solutions for system (1.3).

Theorem 1. Under the assumptions of Lemma 2, system (1.3) has at least
one positive almost periodic solution x*(t).

Proof. Let v(t) = v(t;to, ) = (v1(t),v2(t),...,v,(t))T be a solution of system
(1.3) with initial conditions satisfying the assumptions in Lemma 2. We also
add the definition of v(t) with v;(t) = v;(tg — ;) for all t € (—o0,ty — 7],
1=1,2,...,n

Forallte R,i=1,2,...,n, set

N (t):_[ ai(t +tp)zi(t+t) ()t + tr) }
bk bi(t+te) + 2i(t+tr)  big(t+ ) + 2i(t + t)
B { ai(t)zit +te)  au(t)zi (H‘tk) }

- aij (t + ti)w; (¢ + tk) aij(t)z;(t + t)
+j=§#i blj(t+tk)+ﬁﬂj(t+tk) B sz(t+tk)+$j(t+tk)]
4 - |: 2% (t)$j (t + tk) _ (%] (t).i?j(t + tk) :|

bij(t +tp) +aj(t+tg)  bij(t) +x;(t + tr)

j=1,j#i
1
+ 3 [Big () = Big ()]s (=i (£ + ty,) Je i (Tt be =y (H00))

J=1

+ ZBW le t +ty — T (t + tk)) —vij (t+tg)wi (t+te —7i5 (E4+1y))

_ xl( +tg — 75 (t))e (t+tr)mi(tt+te—Ti; (75))]

+ ZBW xl (t +tp — 74 (t))e—%'j(t+5)wi(t+5—ﬂ'j(t))

_ Sﬂz( +8—7(t ))e*“ﬁj(t)ﬂii(1‘/+1‘/k*‘ﬂj(t))]7

Math. Model. Anal., 22(4):484-502, 2017.



494 P.Y. Liu, L. Zhang, S.T. Liu and L.F. Zheng

where {t;} is any sequence of real numbers. By Lemma 1, the solution v(t) is
bounded and

k<wvi(t)<M forallte R, i=1,2,...,n,

which implies that the right-hand side of (1.3) is also bounded, and v;(t) (i =

1,2,...,n) are bounded functions on [tg — r;, +00). Thus, in view of the fact
that v;(t) = v;i(to — ;) for all t € (—o0,tg — 4], i = 1,2,...,n, we obtain that
v;(t) (i = 1,2,...,n) are uniformly continuous on R. Then, from the almost

periodicity of a;, bij, Bim, Vim and Ty, we can select a sequence {tx} — 400
such that

laij(t +tr) —ai ()] < £, [bij(t+te) = bi (1) < ¢,
1Bim (t + ti) — Bim ()| < £, (3.1)
[Tim (+tk) = Tem ()] < £, im(E+tr) — Yim ()] < 1,

forallte R, i,j=1,2,...,nand m=1,2,...,1.
Since {v;(t+t,)}{25 (i =1,2,...,n) and {v (t+tk) 2 (i=1,2,...,n)are
uniformly bounded, then {vz(t —|—tk) S (i=1,2,. ) 1s unlformly bounded

and equi-uniformly continuous, by the Arzel- Ascoh lemma and the diagonal
selection principle, we can choose a subsequence {t, } of {ty} such that v;(t +

tx;) (for convenience, we still denote it by v;(t +tx) (i = 1,2,...,n)) uniformly
converges to a continuous function z}(¢) (¢ = 1,2,...,n) on any compact set
of R, and

k<zi(t)<M forallte R, i=1,2,...,n

Now, we prove that z*(t) = (z%(t),z5(t),..., 2% (t))T is a solution of (1.3).
In fact, for any t > ¢y and At € R, from (3.1), we have

xf(t+ At) —zf(t) = Um [v;(t + At + tg) — vi(t + tr)]

k— 400
. t+ At { B ai; (1 + te)vi (p + tr) L i ai; (e + ty vj(u—&-tk)
koo Jy big(ptti)roilpttn) - 4= bij(pt)+o; (utte)

l
+ 3 Bij(pttr)vi(ptts — Tz'j(/H-tk))eﬂ“(”th")vi(”ﬂ’“fﬂj(wt’“))}du

j=1
= lim e { _ai(p)vip + tr) —~ ai; (o (p+tr)
koo Jy bii (1) + vi(p + tk) bij (1) + v (1 + ti)

J=1,j#i
+ ZB’J Uz (-t — TU(,u))e_’y”(”)W(/H't’“_”j(”))-‘ré'i,k(,u)}dll

:/t”t{ sl S el

2 )+ ()

+ Z@ij () (i — 75 (1) e~ 79 7 (=3 () }du, (3.2)
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where t + At > tg, i =1,2,...,n. Consequently, (3.2) implies that

d *

_ (b)) ~_ai(t)a(t)
77 i )} = *m TN L (A

+ ..
J=1j#i "
+Zﬁu Ht = mg(0)e ORI 19
Therefore, x}(t) is a solution of (1.3).
Next we prove that xf(t) is an almost periodic solution of (1.3). From

Lemma 2, for any ¢ > 0, there exists [ = I(¢) > 0, such that every interval
[, 4] contains at least one number § for which there exists N > 0 satisfying

[v(t+9) —v(t)| <e forall t> N.

Then, for any fixed s € R, we can find a sufficiently large positive integer
N; > N such that for any k > Ny,

s+t >N, |v(s+ty+9)—v(s+tg)| <e.
Let k — +00, we obtain
" (s +9) —a*(s)| < e,

which implies that z*(¢) is an almost periodic solution of system (1.3). The
proof of Theorem 1 is now complete. O

Theorem 2. Suppose that all conditions in Theorem 1 are satisfied. Let x*(t)
be the positive almost periodic solution of equation (1.3) in Theorem 1. Then,
x*(t) is globally exponentially stable, i.e., the solution x(t;tg, @) of (1.8) with
admissible initial conditions (1.5) converges exponentially to z*(t) ast — +oo.

Proof. Let x*(t) be the positive almost periodic solution of equation (1.3) in
Theorem 1. To prove Theorem 2, we should show the global exponential stabil-
ity for z*(t). Since ¢ € C, using Theorem 5.2.1 in [23], we have z:(tg, ¢) € C
for all t € [to,n(p)). Let z(t) = z(t;to, @) = (v1(t), x2(t), ..., 2, ()T for all
t € [to,n(¢p))-
Firstly, we show that there is t, > ¢y such that

k<zi(t)<M forallt >t,, i=1,2,...,n. (3.3)

We next show that there exists t4 € [tg, +00) such that
Ii(t4)<M, 1=1,2,...,n. (34)

Otherwise, there exists i € {1,2,...,n} such that

z;(t) > M for all t € [tg, +00), (3.5)

Math. Model. Anal., 22(4):484-502, 2017.



496 P.Y. Liu, L. Zhang, S.T. Liu and L.F. Zheng

which together with the fact that supue™ = 1, (1.3), (2.3) and (3.5) implies

u>0
that
) = (0~ a0
T T r a0 2 B0 a0
3 Bt — iy D=5 0)
(0777 - - a; (t)b” (t)
_ - 7 "7 + Z a’L] Ji
bii(t )+x1 Pyl i Lj#bij(t) +;(t)
1
+ Zﬂmt)xi(t — 733 () D=7 (0)
aii(t) - M Bij (¢)
< —— Xt aij( <0 for all t > tg.
bii(t) + M ; 12,#1 J Z%j (t)
It leads to
t
x;i(t) = z4(to) —|—/ zi(s)ds
to
ai(t) - M - Bii(t) }
< zi(to) + — (t—t
< zi(to) fg{ b t) 4_2 | Z% , 0)
j=1,5#i
for all £ > ty. Thus
lim z;(t) = —oo,
t——+o0

which contradicts with (2.5). Hence, (3.4) holds. We claim
x;(t) < M for all t € [tg, +0), i=1,2,...,n. (3.6)

Suppose, for the sake of contradiction, there exists t5 € [t4,+00) and i €
{1,2,...,n} such that

xi(ts) =M, x;(t) <M for all t € [ts,t5), j=1,2,...,n. (3.7

Calculating the derivative of x;(t), together with the fact that supue ™ = 1,
u>0

(1.3), (2.3) and (3.7) imply that

n

a;i(ts)wi(ts) aij(ts)z;(ts)

bii(t5) + xi(t5) o1 bij (t5) + l’j (i5)

0 < zj(ts) = —
+ 3 Bulta)alls =it

t t t t
_ __@i\ls)Tills) au(5xz 5 + Z ai; t5 Z baz] 5 z] 5)

b“(f,g,)—l-l‘ t5 Py Pl t5 +$](t5)
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!
+Zﬂij(t5)$i = 7ij(t5))e 7 (e)eilts T ()

_ Q4i\ts) M t5 /BZj
<- LY Z
bn t5 +M =1, ’YU
which is a contradiction and implies that (3.6) holds.
Furthermore, we show that [; = ltim+inf x;(t) > k for all i =1,2,...,n. By
—+00
a way of contradiction, we assume that there exists i € {1,2,...,n} such that

0 < I; < k. By the fluctuation lemma [22], there exists a sequence {tx}ir>1
such that

tr — +oo, m;(ty) — ltlglﬁnfxl( ), xi(ty) — 0 ask — +oo.

Since {z¢, }x>1 is bounded and equicontinuous, by the Ascoli-Arzel theorem,
there exists a subsequence, still denoted by itself for simplicity of notation, such
that

x¢, — " for some ¢* € Cy.

Moreover,
¢;(0) =1; <p;(0) <M for 0 € [-r;,0), j=1,2,...n

Without loss of generality, we assume that all a;;(tz), b” (tx), Bim(tr),
Yim (tr) and Tim (tx) are convergent to afj, by, Bj,, Vim and 7, respectively,
where i,7 =1,2,...,n,m =1,2,...,[. This can be achieved because of almost
periodicity. Then by (1.5) and (2.2) we arrive at

L <501 (=75) <M <k, j=1,2,...,1

It follows from

n

aij(tr) 7 (tk)

ai(tr)wi(tr)
bij(tr) + ;5 (tk)

bii(tr) + xi(tr)

zi(ty) = —

j=1,j#i

+ > B (tr)wi(te — 7ij (b)) 7 (e (t0)

that (taking limits)

l

_ ai;¢5 (0) V50 (=T

0 = b*+l+zb* +7(0) +Zﬁ”l Je
Z U g
2 b* -|-l ey d® bfj — i
l
an(t) a; (t) 61 (t) —

> - J + I A
- tERSE[ON]{ bii(t) + s 1#ib (t)+M j;%j(t) }
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which is a contradiction. This proves that [; > k for all i =1,2,...n

Finally, we prove that z*(¢) is globally exponentially stable.

Let y(t) = x(t) — 2*(t) = (11(), y2(t), ..., yn(t))", where y;(t) = x;(t) —
zf(t), t € [to — r4i,+00), i =1,2,...,n. Then

i [Laa@zi(t)  au(t)zi(t) - aij(t)z;(t)
t)
h -(t( ( o)+ Zﬂw [ (¢ — 733 (1)) e~ (D=7
—aj (t —7i5(t))e” vig ()7 (1= m(t))]_ (3.8)

It follows from (3.3) that there exists ¢, o« > to such that
k< xi(t), x;(t) <M forallte [ty —r;+00), i=1,2,...,n. (3.9)
We consider the Lyapunov functional

Vi(t) = |yi(t)|e™, where X is defined in (2.12), i = 1,2

y2,...,m.

Calculating the upper left derivative of V;(t) along with the solution y;(t) of
(3.8). We have

D™ (Vi(t)) < Alys(t)|e™ — [ bt <) l x(i()t) B ba<t§t)+ igt()t)]

~ W) et )

x sgn (i (t) = (t)e™ + | - | M) Bt
J 122# ( )"_xJ( ) biJ( Z !
X |w;(t—T;5(t))e” Yij ()i (t—Ti5 (1)) _ —z (t )e yij (B)z] (t— ‘r”(t))|6)\t (3.10)

In the sequel, we claim that

V;; t) = |yi(t At < At o* 1) — ¥ (¢ 1
() = (O] <o max | max fa(t) —2"(0)] +1)
oo forallt >ty .+, 1=1,2,...,n. (3.11)

Contrarily, there must exist ¢, > t, .+ and ¢ € {1,2,...,n} such that
Vi(t)=Kpue, Vi(t)<Kgpe forall te [to—rjts), j=1,2,...,n. (3.12)

Since

b < g (B )it — Ty (82)), iy (B (b — i (6) S AEM <Ry =121,

together with (2.18)—(2.21), (3.9), (3.10) and (3.12), we get

0 < D-(Vi(t.)) < Alyata)|e — [b<f’3f” ;(fé) - b(t(g)f iit&b
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Q5 (t*).’EJ (t*) QAij (t*)x; (t*) e)xt*

i () +@5(te)  bij(te) +a5 (ts)

x sgn(z;(t.)—z (t.)) Mt
=L

Zﬁw i*) |51J ) ( Tij(t*))e_'ﬂj(t*)xi(t*—Tij(t*))
"ng *

— ﬂz‘j( Dkt — Tij(t*))eﬂij(t*)x;‘*(trm(t*))|e/\t*

;i (s )ii (L S~ aij ()b (L
< AV() - ) + P v,

l

1 T35 (ts

+ z;ﬂl](t*)?%(t* — Tij(t*))eA g (tx)
j=

<{[Rlar]+ 3 sl s Ao

=15t

aii(t*)bii(t*) " Qi BZ] T
OS_{W_AM],_;#(I)( Z o

which contradicts (2.12). Hence (3.11) holds. It follows that
lyi ()| < I(<107m*e>‘75 forall ¢t>t, ., i=1,2,...,n

This completes the proof. O

Remark 1. For the above system, Chen [3] have considered the permanence
of it and Wang et al. [28] have investigated its exponential extinction. Chen
and Wang et al. [5] have studied the existence and global exponential stability
of positive almost periodic solutions for system (1.2) with nonlinear density-
dependent mortality terms D;;(t, N) = a;;(t) — b;j(t)e™™. It is clear that
our work complement the existence and global exponential stability of positive
almost periodic solutions for system (1.2) with nonlinear density-dependent

mortality terms D;;(t, N) = %
ij
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