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Abstract. We consider the Cauchy problem for a Boussinesq-type equation mod-
eling bidirectional surface waves in a convecting fluid. Under small condition on the
initial value, the existence and asymptotic behavior of global solutions in some time
weighted spaces are established by the contraction mapping principle.
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1 Introduction
The Kuramoto-Sivashinsky (KS) equation
Us + Vlgrze + QUgy + utly = 0, u = u(x,t), (z,t) € R x RT

is a well-known model of one-dimensional turbulence derived in various physical
contexts such as chemical-reaction waves, propagation of combustion fronts in
gases, surface waves in a film of a viscous liquid flowing along an inclined plane,
patterns in thermal convection, rapid solidification (see e.g. [14,19]), where «
and ~ are constant coefficients accounting for the long-wave instability (gain)
and short-wave dissipation, respectively. By combining the dispersive effects of
the KdV equation and the dissipative effects of the KS equation, the Kuramoto-
Sivashinsky-Korteweg-de Vries (KS-KdV) equation

Up + Upgr + Vigees + QUzg + Uty = 0, u = u(z,t), (z,t) € R x RT
appears; which was first introduced by Benney [1]. This equation finds various

applications in the study of unstable drift waves in plasmas [5], fluid flow along
an inclined plane [1,16] convection in fluids with a free surface [7] the Eckhaus
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instability of traveling waves [9], in solar dynamo wave [12], hydrodynamics
and other fields [4].

The derivation of this equation in the physical situations mentioned above
involves the assumption of unidirectional waves. The assumption of unidirec-
tional waves for surface waves was removed in [10,13] and a modified Boussinesq
system of equations was derived. One of these type of equation is the following
dissipative Boussinesq equation:

gy — Au+ A%u + aAuy + yA%*uy = A(BSf(ug) + g(u)). (1.1)

Here v = u(x,t) is the unknown function of x = (x1,--- ,x,) € R™ ;¢ > 0 and
B > 0and a € R are constants. The operator A is defined to be A = Z;Zl 8872?
and A? = AA. The term u; represents a frictional function dissipation, and the
nonlinear term f(v) and g(v) are smooth functions of v under considerations
and satisfies f(v) = O(|v|?) and g(v) = O(|v|?) for v — 0. Equation (1.1) arises
in the study of the stability of one-dimensional periodic patterns in systems
with Galilean invariance and also the oscillations of elastic beams [3]. Ignoring
the dissipation, (1.1) turns into the classical Boussinesq equation (see [2])

g — Au+ A%u = A(u?), v = u(z,t), (z,t) € R" x R,

appeared not only in the study of the dynamics of thin inviscid layers with
free surface but also in the study of the nonlinear string, the shape-memory
alloys, the propagation of waves in elastic rods and in the continuum limit of
lattice dynamics or coupled electrical circuit. When v = g = 0, the existence,
uniqueness and long-time asymptotic of solutions to the Cauchy problem and
the initial boundary value problem of equation (1.1) has been studied by several
authors, see for instance [6,11,17,18] and references therein.

In this paper we study the asymptotic behavior of solutions of the Cauchy
problem associated to (1.1) with the initial values

u(z,0) =uo(x), w(x,0)=ui(x). (1.2)

The article is organized as follows. In Section 2 we obtain the solution for-
mula of (1.1) and study the decay property of the solution operators appearing
in the solution formula. Then, in Section 3, we discuss the linear problem and
show the decay estimates of the solutions in L'. We prove global existence and
asymptotic behavior of solutions for the Cauchy problem (1.1) and (1.2) in L2
in Section 4. Throughout this paper we assume v =1 < —a.

Notations. Function f denotes the Fourier transform of f(z), defined as

HO=F)E) = | flaeidr.
We denote its inverse transform by F~!. If a function f € L™ = L"(R"), its

usual norm is written as || f||L~. The usual Sobolev space of order s is defined by
WP = WP(R") = (I — A)*/?LP with the norm || f||we» = ||[(I — A)%2f]|1».
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The corresponding homogeneous Sobolev space of order s is defined by W? =
WeP(R") = (—A)~*/2LP with the norm |||y, = [[(=A)*?||z». Note that
(I — A)*/? and (—A)*/? are the Fourier multipliers defined by (I — A)%/2f =
FH(1 4 [€2)*72f(€)) and (=A)*/2f = F71([€*f(€)). For p = 2, we write
H* = H*(R") = W*? and H* = W#®2. For a nonnegative integer k, ok
denotes the totality of all the kth-order derivatives with respect to z € R™.
Also, for an interval I and a Banach space X, C*(I; X) denotes the space of
k-times continuously differential functions on I with values in X.

Convention: Throughout the paper, we write sometimes function f(x,t) by
f(t), where t is time variable.

2 Decay property of the linear part

The aim of this section is to derive the solution formula for the problem (1.1)
and (1.2). First of all, we investigate the linear equation of (1.1).

uy — Au 4+ A%u 4+ aAuy + A%uy =0 (2.1)

with the initial data (1.2). By applying the Fourier transform to (2.1) we have

Qe + ([€]* = alé])ae + (1€ + [¢[1)a = 0. (2.2)
The corresponding initial values are given as
a(€,0) =a0(§),  w(£,0) =1 (§). (2.3)

The characteristic equation of (2.2) is
Nt (€] = aleP)A + (1€ + [€*) = 0.
Let A = AL (§) be the corresponding eigenvalues, i.e

() = (18 = VT —oRPP—SRETED

The solution to the problem (2.2) and (2.3) is given in the form

& ) = G, D) (€) + H(E )i (€), (2.5)
where
G(&,t) = (MO =X ON /(A (€) = A-(9)), (2.6)
H(E, 1) = (A (9O A (MO /(A (€) = A-(€)). (2.7)
Let ) )
G(z,t) = F G 0)])(x), H(x,t) = F'H(E))(x). (2.8)

With applying F~! to (2.5), we obtain

w(z,t) = G(-,t) xuy + H (-, t) * uo, (2.9)

Math. Model. Anal., 22(4):441-463, 2017.
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where * is the convolution in z. By our assumptions on the nonlinear terms of
(1.1), we obtain the following solution formula to (1.1) and (1.2)

w(z,t) = G(-,t) *up + H(-, t) x up —&—/0 G-yt — 1) % A(Z(u,u)(7)))dr, (2.10)

where Z(u,u)(t) = f(u(t)) + Bg(us(t)). This integral formula is derived by
using the Duhamel principle. One can refer to [8,15] to see how the Duhamel
principle is applied for various nonlinear problems. Now we study the decay
property of the linear equation (1.1). Our aim is to prove the following decay
estimates of the solution operators G(t) and H(t) appearing in (2.9).

Lemma 1. The solution of (2.2) and (2.3) satisfies

€17 (1 + [€1*)alE, O + @& )

2.11
< Ce“ONJEP(1+ [€*)]ao (6)* + |aa (€)1 21

for € € R™ and t > 0, where w(&) = |€2/(1 + [£]?).

Proof. By multiplying (2.2) by 4; and taking the real part, we deduce that

d
5 0 + (&P + | al) + (g — aleP)al? =0.  (212)

Multiplying (2.2) by @ and take the real part yields

1d . .= " "
5 7 (€l = ale)laf® + 2Re(@.@) + (I + € DIaf* — [al* = 0. (2.13)
Multiplying both sides of (2.12) and (2.13) by (1 + |£[?) and || respectively,
summing up the products yields

d
— B+ F= 2.14
G P+ EF=0, (2.14)

where

E=(1+[E ) [dae|*+{ A+ [€1*) (1€ 2+ I6]) +IEP (1€]* ~alg*) Hal* + 21¢[*Rura),
F =201+ €)(€]* — alel?) = 2161} [l + 21€* (1€ + [¢])]al?,

where R(4;7) is the real part of ;4. It is easy to see that
CL+[EP)Eo < E < C(1+¢]) B, (2.15)

where
Eo = [ > + €7 (1 + [€7) |ul®.

Noting that F' > |¢|>Ey and with (2.15), we obtain

F>cw()E, (2.16)
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where w(€) = [£]?/(1 + [£]?). Using (2.14) and (2.16), we get
d
@E +cw(@E<0.

Thus
E(&,t) < e “©tE(E,0),

which together with (2.15) proves the desired estimate (2.11). O
Lemma 2. Assume that G(€,t) and H(&,t) are fundamental solutions of (2.1)

in the Fourier space, which are given explicitly in (2.6) and (2.7). Then we
have the pointwise estimates

€17 (1 + [¢]*)
€121+ 1¢])

G +G(ED)]? < Ce Ot (2.17)

|
[HE )P+ [Ho(& )] < ClEPA+ [ )e @, (2.18)

for £ € R™ and t > 0, where w(&) = €]

Proof. TIf 4p(€) = 0, then from (2.5) we get

a(,t) = Q&0 (€),  w(€,t) = Gu(€, t)in (€).

Substituting the equalities into (2.11) with @y (£) = 0 we obtain (2.17). In what
follows, we consider 4;(£) = 0. We have from (2.5) that

A, t) = H(E,t)o(€), (€ t) = Hy(€, t)ao ().

Substituting the equalities into (2.11) with @;(£) = 0, we obtain (2.18), which
together with (2.17), we have completed the proof of the lemma. 0O

Lemma 3. Letl, k, j be nonnegative integers and assume that 1 < p < 2. Then
we have

105G (t) * Bllze < C(L+ )" EGH=5 algl| o,
+Ce 520 12, (2.19)
n(l_1y_k—j .
IOFH () *¢]r2 < C(L+4) 2572773 9| s
+Ce” 95| 2, (2.20)

for0<j <k, where k+1—22>0 in (2.19). Similarly, we have

_n¢l_ 1 k+1 k+l-j .
105G (t) * ¢ll 2 < C(L+ 1)~ 220~ 109 6l ir—1.»
+Ce 950l 2, (2.21)
n(l_1y_ktl—j )
0K Hy (1) % )2 < C(L4+1) " 2G72)7 727 (|00 o
+Ce 0520 12, (2.22)

for0<j<k+1.

Math. Model. Anal., 22(4):441-463, 2017.
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Proof.  We only give a proof of (2.19). We apply the Plancherel theorem and
use the pointwise estimate for G in (2.17). This gives

105G (t) * ¢ll7. = / EIP*IG(E P 10(€)12de
Rn

- / EPHIGE, 1) PO(e) Pde + /
[€1<1

R RIRIGIRS
[€£1>1

< / €[2E=2eelelt g (¢) 2de

[€1<1

+0 [ e+ ) e
< Ol 1EF3E) 1124 ( / (e PDaeald®tge) &

€<
+Cemet / PR () Pde
[€1>1

< O PG 1125 (1] [€lPHDemelely)|

+Ceet /gm €42 56 2,

+ 1 = 1. With a straight

where we used Holder inequality with % + % =1, % 3

computation, we obtain
||‘€|2(kfj)670|£|2t||Lq(|£|§) <CA+t) G2k,
It follows from the Hausdorff-Young inequality that

HEP S s < N0l yir—1.-

Combining the above three inequalities yields (2.19). Similarly, we can prove
(2.20)—(2.22). Thus the lemma is proved. O

Immediately we have from previous lemma the following corollary.

Corollary 1. Let 1 < p < 2,and let k, j and [ be nonnegative integers. Also,
assume that G(z,t) and H(x,t) be the fundamental solution of (2.1) which are
given in (2.6) and (2.7), respectively. Then we have

k41—j
2

10EG(t) * Agllp2 < C(144) 2G5~ 182 gl| Lo +Ce™ |05+ g 12, (2.23)

for 0 <k <j+1. It also for 0 < k < j + 2 holds that

k42—j

105G (8% Ag|| L2 <C(1+8) 2G5 (|3l g|| Lo +Ce |95+ +2g] o
(2.24)
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3 Global existence and asymptotic behavior of solutions
for L'

The aim of this section is to prove the existence and asymptotic behavior of
solutions to (1.1) and (1.2) with L' data. We first state the following lemma,
which comes from [20].

Lemma 4. Assume that f = f(v) is smooth function, where v = (vq,...,vy)
is a vector function. Suppose that f(v) = O(|v|'*9)(0 > 1 is an integer) when
|v| < wg. Then, for the integer m > 0, if v,w € W™2(R™) () LP(R™) () L>°(R™)
and ||v]jpe < vo,||w|re < vg, then f(v) — f(w) € W™ (R™). Furthermore,
the following inequalities hold:

107" f@)llzr < Cllollee 87 llza [0 2 (3.1)
102" (f(v) = fw))llr < CLUI0; vl o) lv — wl| L
+ (Ivller + llwllze 107 (v = )l L)} (ol + [lw]lz=)*t, (3.2)

where%:%—i—% and 1 < p,q,r < 4o00.

Based on the decay estimates of solutions to the linear problem (2.1), we
define the following solution space:

X = {u e C([0,00); HH*(R")) [ C'([0,00); H*(R™)) : Jullx < oo},

where

t20 Lot k<s

Jullx = sup{ > 0¥ ofu(n) 2 + Y (1 + t>ﬁ+’%’||a§ut<t>||m}.
For R > 0, we define Xp ={u € X : ||ul|lx < R}.
Theorem 1. Let n > 1, s > max{0, [2] — 1} and suppose that functions

]
ug € H*P2(R") LY (R™), uy € H*(R™") W ~LHR™) and functions f(v), g(v)
are smooth and satisfy f(v) = O(v?), g(v) = O(v?) for v — 0. Put

n
2
n

Eo = |luollr + lluallyyr—1a + luoll g+ + [lua [ as.

If Ey is suitably small, the Cauchy problem (1.1) and (1.2) has a unique global
solution u(zx,t) satisfying

X =u € C([0,00); H*T2(R")) () C'([0,00); H*(R™)).
Also, the solution satisfies the decay estimates
|oku(t)l|ze < CEo(1 417375, [[dhu(t)]|z2 < CEo(1+1)7 4%

for0<k<s+2and0<I[<s.

Math. Model. Anal., 22(4):441-463, 2017.
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Proof. The Gagliardo-Nirenberg inequality gives
lu()llz < CllOulZallull;z® < O +1) "% |ufx,
where so = § 4+ 1, 0 = 52~ i.e. s > [§] — 1. We define (see (2.10))

D(u) = G(t) xuy + H(t) *ug + /0 Gt — 1) * A(Z(u,u)(7)))dr,

where Z(u,u;)(t)) = f(u(t)) — Bg(us(t)). We apply 0¥ to @ and take the L2
norm. We obtain

|105®(w)l| L2 < |05G(t) % ul| 2 + |05 H () * uo|l 2
¢
+ C'/ 10XG(t —7) % A(Z(u,ur) (7)) p2dr :=I) + I + J. (3.3)
0
First, we estimate I;. We apply (2.19) with p=1, j =0, 1 =0 and get

I < CO+1)7F 5 fuy || jponn + Ce™ |0 Dt uy || 2 < CEo(1+ )" 573,

where (k — 2); = max{k — 2,0}.
For the term I, we apply (2.20) with p =1, = 0 and [ = 0. This yields

3

L <CA4t) "5 5 ugl + Ce |0 ug| 2 < CEy(14)" 575,

Next, we estimate J. Let

J

/0 G(t — 7) % A(Z(u,ue)(7)))dr

t/2
G(t — 1) x A(Z(u,ue)(1)))dr

0

+/ Gt — 1) A(Z(u,uy)(7)))dr =: J1 + Ja.
t/2

For the term Ji, using (2.23) with p = 1,7 = 0 and [ = 0, we have

t/2 .
5 < c/ (14t — 1)~ 55 Z () (7)) | 2
0

t/2
+ c/ e~ R (Z (uy ue) (7)) || p2dr =: Ji1 + Jra.
0

Note that by lemma (3.1) we have
1f ()]l Cllullz> < CR*(1+7)7%,
glulr < Clullf: < CR*(1+7)7%.

Therefore we have

ANV

t/2 -
T < CRQ/ (4t 1 1) %dr
0
n k+1 t/2
< CR*(1+t) i = (1+7)2dr
0
< CRY(1+1t) % 3q(t),
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where
1, n=1,
nt)={ 1+t)"2In(2+1t), n=2, (3.4)
(1+1t)"z, n>3
We use (3.1) and obtain
105 (Z (uy u,) (7)) |2 < CRA(1+ ) 47575, (3.5)

Consequently, we get

E_n

t/2
Jiz < CR2/ e =T (1 4 7)"%"3"5dr < CR%e .
0

Finally, we estimate the term Jy on the time interval [t/2,¢]. Applying (2.23)
with p =2, j =k, I = 0 and using (3.5), we can estimate term Jy as

t
Jy < C / (L4t = 7) 72105 (Z (u, ue) (7)) | 2d
t/2

t
+C [ e O 2 () (7)) 1
t/2
E_n—1

<CRY1+1t)" %57,

Thus we have shown that
J < CRY(14)" % 3y(t).
Substituting all these estimates into (3.3), we have
(1+6)%+5 |0k d(u)|| < CEy+ CR?, (3.7)
for 0 < k < s+ 2. It follows from that (3.3)
S(u)y = Ge(t) *uy + He(t) *ug

—|—/ Gi(t — 1) * A(Z(u,ug)(7)))|| L2dT. (3.8)
0

We use 0% to ®(u); and take L? norm. This yields

05 P (w)ell L2 < 105 Ge(t) * unllzz + |95 He(t) * uoll 2

; (39
+ c/ 1OEGL(t — 7) % AZ(u, ue) (7) | podr =: Ls + Lo+,
0

for 0 < k < s. For the term 11, we apply (2.21) withp =1, j=0andl =0
and obtain

k41

I < O+ 07575 lun s+ O™ 0|2 < CEo(1 467575,
Also, for the term I, we apply (2.22) with p=1, j = 0 and [ = 0 and get

k+1

L < C(1+1)"5 5 |[ug|| 1 + CeH|aE 2ug| 2 < CEy(1+1)" "%

Math. Model. Anal., 22(4):441-463, 2017.
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To estimate the nonlinear term j, we divide as J = jl + jz, where j1 and jg
correspond to the time intervals [0,¢/2] and [t/2,t], respectively. By applying
(2.24) with p=1, j = 0 and [ = 0, we have
’ t/2 n k+2
hzo [T art-n 2 ) @lluds
0

t/2 B B
* C/ e 95422y ug)(7) | adr = Joy + iz,
0

By (3.1), we obtain
1Z (u, ue) ()|l < OR*(1+17)7%.

Therefore we get

Ji1

IN

t/2 w btz .
032/ (4t 33214 1) %dr
0

k41

2 n(t).

Similarly as before,we can estimate Jig and obtain Jig < CR?e~°. Finally, we
estimate the term J by using (2.24) with p =2, j =k + 2, =0 and get

< CRY(1+1) %"

t
Jo < O 05 (Z(uw,ue) (7)) p2dr

t/2
t
n k+1 n-1 __, .
O i o TN (2w e () s
t/2
t
< OF [ (n) e Ry
t/2
Consequently we have that
J<OR2(1+1)~5 " ().
The above inequality implies
(141) 55 |0k d(u), || 2 < CEy + CR2. (3.10)

Combining (3.10) and (3.7) and taking Ep and R suitably small, we obtain
|®(u)||x < R. For u, € Xg, (3.3) gives

105 (@) — B() | > = / 105Gt — 1) * A(f(u) — £(@) — Bla(ur)
t/2
— (@) (7) | 2dr = / 105Gt — 7) % A () — F(@) — Blg(ur)

— (@) (1) 2 dr + / G =)« AT — 1)

= B(g(ur) = g(ar))(7)||L2dr =2 J1 + J2.
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For the term Jy, we apply (2.23) with p =1, j = 0 and [ = 0, we arrive at

RS
=

t/2
Ji < C/O (14+t—7)"% (f(w)=f(a)(r)—B(g(w)—g(@)) (7)1 dr

t/2
‘o / e~ 08 (£ (u) — F(@) — Blg(ur — glur)))(7) p2dr
= J11 + J12.

By (3.2), we can estimate Jq1 as

Jll

IA

t/2 n k+1 n
CR||u—ﬂ||X/ (I+t—7) 272 (1+7) 2dr
0

n

CRllu— | x (1 +1) 575 (1 + )T 3p(1),

IN

where 1 be defined in (3.4). It follows from the Gagliardo-Nirenberg inequality
and (3.2) that
t/2
e < [ e (okuls + 05l o) fu - e
0
H([ull e + l[all =)0 (u = @)ll 2 + (105 ull 2 + |10 =)
e =il oo + (el poe + el L) 105 (ur — )| 2 | dr

E_n

t/2
C’R/ e (14 7) 7572 3 ju — il xdr
0

IN

< CR|lu— 1l xe .
Finally, we estimate term J; on the time [t/2,t]. Applying (2.23) with p = 2,
j =k, 1 =0 and using (3.2), we obtain
t

Jo < C t/2(1+t—7)_%||3’£(f(U)—f(fb)—5(9(%)—g(ﬁt))(T))lledT

t/2

t
< C’RHu—ﬂHX/ (I+t—7) 146 % 5 %dr
t/2

kE_n—1

< CR|u—1ilx(1+t)" % 2"z

which implies
(L4 6) 750k b(u) — B(a)]|z> < ORJlu—llx.
Similarly, for 0 < k < s and u, @ € X from (3.2) and (2.24), we deduce that
105 (@(u) — P(a@)e| 2

= /0 107 Ge(t — 7) % A(f(u) — f(@) = Blg(ue) — g(ar))(7)l|2dr

Math. Model. Anal., 22(4):441-463, 2017.
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/2
= /O 105G (t —7) % A(f(u) — f(@) — Blg(ur) — g(an))(7)| L2dr
t
+/ 105Gt — 7) % A(f(u) — f(@) — Bg(ur) — g(@))(7)|| L2dr
/2
= jl + jQ.
For the term Jq, we use (2.24) with p =1, j =0 and | = 2. We have
; t/2 L eas
Ji < C/O (It=7)7 57 2 | f (u) = f (@) (7) = B(g(ue) =g (1)) ()| 2 dT
t/2
i C/o e~ N0 (f () — f (@) — Blg(ur) — 9())(7)]| p2dr
= Ju1 + Jio.
By (3.2), we have

, t/2 w ka2 ~ ~
Ty < / (14t — 1)~ (Jull g2 + 1g2)|u — @] 2
0

+(lluellze + N[l z2)(lue — tllz2)dr

t/2
< CRlu—ialx(1+6) 5% [ (1+t—7)far
0
- _n_ k+1
< CORu—alx(1+t)~17 = n(t),

where 7 be defined in (3.4). Also, the term Ji5 is estimated similarly as before
and we can estimate the term Ji5 as

Jig S CR”U — ’EL||X€_Ct.

By applying (2.24) with p =2, j =k + 2,1 =0 and (3.1), we obtain

Joo < O |OFFA(f(u) = f(@) = Blg(ue) — 9(iae) (7)) p2dr

t/2
t
+C// e~ OE T2 (f(u) — f(@) — Blg(us) — g(ii)(7))||p2dr
t/2
t
< [ 00 ul + 105 o) u -
t/2
+(lJull oo + [|il| o) |52 (w — @)|| 2
+((1O5 2wy p2 + (052 || p2) || — @] oo
+(luell oo + lde)l Lo ) |OFT2 (w — 4@y || 22 )dr
t
< CRlu-ilx [ (@+n) i tar
t)2
< CRllu—|x(1+) 5% %
< COR|lu—i|x(1+t)" i "%,
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Substituting all these estimates together with the previous estimate and taking
R suitably small, yields

|9(u) ~ P(@)]x < llu—lx. (3.11)

From (3.11), we deduce that @ is strictly contracting mapping. Then there
exists a fixed point u € X of the mapping @, which is a solution to (1.1)-
(1.2).The proof of the theorem is now complete. O

The proof of the previous theorem shows that when n > 2, the solution u
to the integral equation (2.10) is asymptotic to the linear solution ur,(¢) given
by the formula ur,(t) = G(t) xuy + H(t) * up as t = oo. This result is stated as
follows.

Lemma 5. Let n > 2 and assume the same conditions of Theorem 1. Then
the solution u of problem (1.1)—(1.2) which is constructed in Theorem 1, can
be approzimated by the solution uy, to the linearized problem (2.1), (2.2) as
t — 00. More precisely, we have

108 (u — ur)(t)l| g2 < CE3(1+1)" %~ 2n(t),

108 (u = ur)e(t)|z2 < CEZ(1+ )35 (),
for0 <k <s+2and0 < k < s, respectively, where ur,(t) := G(t)*uy+H (t)*ug
is the linear solution and n(t) is defined in (3.4).

4 Decay estimates of solutions for L?

In the previous section, we have proved global existence and asymptotic be-
havior of solutions to the Cauchy problem (1.1)-(1.2) with L' data.

In this section, we prove a similar decay estimate of solution with L? data
for n > 2. Based on the decay estimates of solutions to the linear problem
(2.1)—(2.2), we define the following solution space:

X = {ue C([0,00); HH2(R™)) () C1([0,00); H*(R™)) : [lul| x < o0},
where
lulx =supq > A+ 1) F[|05ut)] g2 + D (1+ ) 5|08y (t)]| 2
20 | p<st2 k<s

For R > 0, we define
Xr={ueX:|ullx <R}

Note that from the Gagliardo-Nirenberg inequality for u € X, we have

u(t)||p < C(1+1)"%.
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Theorem 2. Suppose that ug € H52 uy € H¥(R") W~ 12(R"), such that
n > 1,5 > max{0,[5] — 1}, and the functions f(v) and g(v) are smooth and
satisfies f(v) = O(v?),g(v) = O(v?) for v — 0. Let

Ey = luollpz + lutllyip-12 + [[woll mgeve + |lur][ .

If Ey is suitably small, the Cauchy problem (1.1) and (1.2) has a unique global
solution u(z,t) satisfying

X =u € C([0,00); H*(R")) () C'([0,00); H* (R™)).
The solution u also satisfies the decay estimate
|ofu(dllzs < CEAA+ 072, [Ofu(t)le <CEA+0)TF,  (41)
for0<Ek<s+2and0<h<s.

Proof. Let the mapping @ be defined in (3.3). Applying 9% to & and take L?
norm. We have

105D (u)|| 2 < 105 G(E) a2 + |05 H(E) * uol| 2
t
+ C/ ||35G(t —7) % A(Z(w,ug)(7)||pedr =11 + Lo + J.
0
We use (2.19) with p =2 and j =1 =0 and get
o< CO+8) Hullyrs + Ce0F 2 w2 < CEL(1+4)7%,

where (k — 2); = max{k — 2,0}. By applying (2.20) with p=2and j =1=0,
we get

I, < C(1+1)"2 ||uolr2 + Ce™ || 0Fug || oss < CE1(1+1)"%.

To estimate the nonlinear J, as in the previous section, we divide as J =
J1 + J2 where J; and Jo correspond to the time intervals [0,¢/2] and [t/2,1],
respectively. For the term Jy, we use (2.23) with p = 1 and j =1 = 0 and
deduce that

/2
no< o[tz @llnds
0
t)2
+c/ == 98 (Z (u, ue) (7) | pdr = Jur + Jis.
0
By (3.1), we have || Z(u,u)(7)||;r < CR?. Thus we can estimate the Ji; as

Ji

IN

t/2 w bl .
032/ (Ut 3 (14 1) %dr
0

IA

) t/2 W1
CRQ(1+t)-%/ (1+7)" % %dr < CRP(1+1)°%.
0
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By applying (3.1) and the Gagliardo-Nirenberg inequality, we get

105 F(u)llp: < Clluflp|oull2 < C(1+ )55 R?,
Ogtule < Cluie|Pulie <CO+0I5R2 (42)

A

Thus we have
t/2 -
Jia < C’RQ/ e_c(t_T)(l +7)7i72dr < CR*e™“.
0

It follows from (2.23) with p =1,j = k and | = 2 that

t
Jo < O (4t—7) 5O (Z (u,ue) (1) prdr
t/2
t
+C [ e DN (Z () ()| 2 = Jo1 + Jao.
t/2

We have from (3.2) that

t

n 1
Joo < C /(1+t—T)_TE(HUHL?H||5§UHL2+||Ut||L2||3§Ut||L2)dT
t/2

t 1 k
< ORZ/ (4t—m) 331+ tdr

t)2

t

<

CRQ(”W%/ (1+t—7) "% 4dr < CR21+1)7 5.
t/2

To estimate the term Ja3, we have from (4.2) that

t
C [ e D)0k (Z u, u) ()| edr
t/2

Ja2

IN

IN

t
CR [ et Far < cR 10,
t/2

The above inequality shows that
(1+ )% |05 (u)|| < CE, + CR2. (4.3)

We deduce from (3.3) that
(D(u))r = Ge(t) *ur + Hy(t) * up + /0 Gi(t — 1) % A(Z(w, ug)(T)|| p2dT. (4.4)

Applying 0 to &(u); and taking L2-norm we have
105P(w)elle < 105Ge(t) L2 + |05 Hi(t) * uoll 2

t
+C/ 105G (t — 7) % AZ(w,ue)(7)|| p2dr =: T + Lo+ J.
0
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To estimate the term I;, apply (2.21) with p=2,1 =7 =0. It yields
I <CO+8)F urllyy—rs + Ce | 0Fuy|| 2 < CEy(1+18)" 3.
Similarly, using (2.22) with p =2,j =1 =0, we have
L <O+ Jluoll 2 + Ce |05 2ug |12 < CEy(1+1)7 75 .

To estimate the nonlinear term .J, let
) t/2
J=C/ 105Gy (t — 7) % A(Z(u,u) ()| p2dT
0
t
+ c/ 108G (t = 7) % A(Z(wyug) (7) || odr = Ty + Lo+ J.
t/2
It yields from (2.24) with p =1 and j =1 = 0 that
’ t/2 n k42
ho< [T ast-n i 2w ) s
0

t/2 , ,
*O/ e~ U082 (Z (u, ue) ()| 2dr = Jiy + Jias
0

We obtain from (3.1) that
11 Z (w,us) (7)) 2 < CR2.

Thus we can estimate Jy; as

i t/2 .
J1<CR? | (1+t—7) i " dr
0

Nz o
SCRQ(lH)_%/ (1+t—7)"F"3dr < CRA(1+1)%.
0

For the term Ji2, we have from (4.2) that

B t/2 N
Jiz < CRQ/ et (14 1)~ 8~ dr < CR%e .
0
Applying (2.24) with p =2, =k + 2 and | = 0, we get

t
o< C [ 1082w u)0)sedr
/2

t
L / == 9E42(Z (u, ug) (7)) g2
t

/2
t
< 032/ (L+7) " Fdr
t/2
t
<

CRX(1+1t)~"% / (1+7) 5 3dr <CRX(1+1)""5.
t/2
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Thus we have .
(1+t)" "= || 0F®d(u)s||L> < CE; + CR2. (4.5)
Combining (4.3) and (4.5) and taking Ey and R suitably small, we obtain
[@(u)llx < R.
For u, @ € Xg, by using (3.3) we obtain

107 (@(u) — @(a))l| 2

- / 105Gt — 7) = A(f(u) — £(@) — Bla(ue)) — (@) ()| odr
/2

= /0 105G (t — 1) % A(f(u) = f(@) = Blg(uer)) — g(@e))(7)| L2dr

By applying (2.23) with p=1,j = 0 and [ = 0, we have

k+1

t/2 .
Ji < C/O (I+t—7)75 = |[(f(u) = f@)(r) = Blg(ur) — g(ir))(7)|| rdr

t/2
+ C/O e NN (f(u) — f(@) — Blg(ur — g(ir)))(7)]| L2d7

=:Ji1 + Jio.
Using (3.2), we get

Jll

IA

t/2 n k4l
CR||u—a||X/ (1+t—7) 5 5 dr
0

ol

IN

t)2 1
CRllu = allx(1+8)” / (1+t—7) 5 %dr.
0

wola

IN

CR|lu— 4| x(1+t)~
Also, we have
t/2
Do < [ e (okul o + 05l o) fu -
0
+ (allze + )05 = @)l + (108wl 2 + 19522 e — il
o (el + )08 ue — @)l g2 dr
t/2 Wk
< CRJju — ﬂ||X/ e (14 7)" %7 2dr < CRlu — i xe .
0

To estimate the term Jy, apply (2.23) with p =1, = k,l = 2. We obtain

<O /W(l Ft— 1) E R 0E(f(w) — £(@) — Blo(ur) — g(@)) (7)) adr

e t/ze_c(t_T)Ha’i“(f(U)—f(ﬂ)—ﬂ(g(m)—g(ﬂt))(T))||L2d7=¢J21+J22~
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By using (3.2), we get

m< [ (et [10kuls + Jokilue )~ o
(el + D08 = )l + (10l + 105 2) e — 5
bl + )95 — ) 2]
SCRhw%HX/;O+¢—TY5_H1+ﬂ_&h
t
< CR|u—ii|x(1+1t)"3.

Finally, we estimate the term Joo as

t
T < [ (0 ula + 105 )~ )
t/2

+ (lull e + @l 22|05 (u — @) 2 + (105 uel 2 + 195l 2) ue — e 22
+ (luell e + el £2) 105 (ur — @)l 2 | dr
< CRllu—1|x /t e (14 7)1y
t/2
< CR|lu—al|x(1+7)%.
Thus we have shown that
(1+ )% 05 (@(u) — D(@)]| 12 < CRlJu— il]x. (4.6)
Suppose that u, @ € Xg. It follows from (3.3) that
105 (@(u) — (@)l 2

= /0 105G (t —7) % A(f(u) = f(@) = Bg(ur)) = g(ir))(7)|| L2dr
t/2
= /0 105Gt = 7) % A(f(u) = f(@) = Bg(ur)) — g(@))(7)|| L2dr

+ / 105G (t — 7) % A(f(u) — f(a@) = B(g(ur)) — g(@r))(7)|| L2dr
t/2
= jl + jz.

By using (2.24) with p =1, j = 0, we have
s t/2 n k+2
J1 < C/O (It=7)7 57 = [[f (u) = f(@)(7)—B(g(ue) =g (@) (7) || L2 dT

t/2
e / e~ |08 2(F(u) — f(ii) — Blg(ur) — g(i))(7)|| p2ddr

=: Jil + J12~
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By (3.2), we obtain

/ t/z n k+2

Foo< [T E e ol
0
(ol + o) — i 12)dr

n_1

kil t/2
CR||u—ﬂ||X(1+t)_T/ (1+tr)" 5" %dr
0

IA

IN

CRlu— || x(1+1t)~ 7.
For the term Jig, by (3.2) we get

) t)2
Jiz < / e U [(||05 2 ull L2 + 1|05 2l o) |u — @ o
0
+ (lullzee + lallzo )05+ (u — @)l 2
+ (105 2 uell e + 1052 | £2) lue — ]| L=
F(lluell o + @l o) 1052 (wr — )| 2] dr
t/2 k42 n
< CRju—ii|x / == (1 4 1)~ (1 4 1)~ 2dr
0
< ORHU — ﬂHXeiCt.

By applying (2.24) with p =2, j = k+ 2 and [ = 0, we conclude that

Jo < C | 052 (f (u) = £(@) = B(g(ur) = 9(0) (7)) 2dr

t/2

+C [ e DR (u) — F(@) — Blglur) — (i) (7)) | 2dr

/2
t
< / (10820l 2 + 105+2a] o) u — 1]
/2
(el + [l ) [0 — @) 1
(105 2l e 4 1952 ) — e e

+(lluellzoe + el oo ) 1052 (u = )| 2] dr

t
< CRu— ﬂHx/ (14+7) 5 Far
t/2

t
< CR|lu— al|x(1 + )~ / (1+7)" 5 4dr
t/2
< CRlju—il|x(1+1)~ %",
Consequently, we have shown that
k+1 - ~
(L+1) 7 || 05(P(u) — B(@))l|x < CRJu—lx. (4.7)

Using (4.5) and (4.7) and taking R suitably small, it yields

|9() ~ B} x < 5lu—lx. (18)
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From (4.8), we conclude that @ is a contracting mapping. Then there exists a
fixed point v € X of mapping @, which is a solution (1.1) and (1.2) and the
proof is completed. 0O

Finally we study the asymptotic linear profile of the solution.

Suppose that uy, given by the formula ur,(t) = G(¢) * uy + H(t) * ug. In the
previous two section, we have shown that the solution « to problem (1.1) and
(1.2) can be approximated by the linear solution uy. Now the aim is to derive
a simpler asymptotic profile of the linear solution wuy,.

In the Fourier space, we obtain ar(&,t) = G(€,t)i1(E,t) + H(E, t)ao(€),
where G(£,t) and H(¢,t) are given explicitly in (2.6) and (2.7). First we give
the asymptotic expansions of G(&,t) and H(&,t) for € — 0. By using the Taylor
expansion to (2.4), we obtain

)\ _ 1 2 _ 4 j: @ 2 2 _ &2 4 O 4
L6 = ol — e £ K @ 12— 2lelt + 0l
_ et
= =ilel + 16l + O(1eP)
and
1 B 1
Ay — A ilé]y/4+ Al — [€]° — a?[e]* + 2a(8]?
1 1
= —— (1-Z= 2 4 )
(1~ g+ 00l
Substituting these expansions to (2.6) and (2.7), we obtain
. At _ oAt
GEt) =
(&) Ay — A
1 « 2 . . a 2
= (Sl el et $lelt 2 3
gy (3197l — 7+ 515 0(1gf?) + Ol
and
R /\+e>\_t _ )\_6>\+t
H(Et) =
(&) Ay — Ao
= BRI It 4 IO + O(1€l*)
for £ — 0. Let
N 1 ale2 i i A 1 a|¢|2 i s
Go(&,t) = 2i|§|62|£| Eellélt — e iEIty  Ho(gt) = 5¢? 1% (Tlelt 4 g—ilélty,

Thus for |£| < rg we obtain
(G = Go)(&.1)| < Ce*P |(H — Ho)(€,1)] < Clele 1™,
where r( is a small positive constant. Now we define uwy, by
ur(t) = Go(t) *ug + Ho(t) * up. (4.9)

g, gives an asymptotic profile of the linear solution up,.
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HSﬂW_l’l. Put Ey = ||’LL0||L1 + ||’U,1HW71_J + HU()HH5+2 + ||u1HHs, Let uy,
be the linear solution and Uy, be defined by (4.9). Thus we have

Theorem 3. Suppose that n > 1, s > 0 and vy € H*T?2(\L' and u; €

k41

[0 (ur, —uL)(t)||> < CEo(1+1)"% 2
for0 <k <s+2.
Proof. Tt follows from definition that
(ug —TL)(t) = (G — Go)(t) * uy + (H — Ho)(t) * uo.

So it suffices to show the following estimates:

+1-j

105(G = Go) (1) xuall > < C(1+ )" FG=2 =72 ||8duy ||y

+ Ce™ | 0F 120y || 12,

ktl—j

18 (H — Ho)(t) * uol[z2 < C(1+ )" ¥ =272 ||@dug|| »
+ Ce | 5| 2,

where 1 < p < 2/ and k, j and [ are nonnegative integers such that 0 < j < k+1.
We assumed k + 1 — 2 > 0 in the first estimate. These estimates can be proved
similarly as in the proof of Lemma 5 by using (4.1) for || < rg and (2.17) and
(2.17) and (4.4) for |£| > ro. We omit the details. O

5 Conclusions

In the body of the paper, we have considered a dissipative Boussinesq-type
equation. This equation (see Equation (1.1)) arises in the study of the stability
of one-dimensional periodic patterns in systems with Galilean invariance and
also the oscillations of elastic beams. Here we have shown that the Cauchy
problem associated to this equation has a unique global solution in some suit-
able Sobolev space. The main difficulty was how to control the nonlinear term
of the equation which is a combination of v and u;. Under small condition on
the initial value, we proves the existence by the contraction mapping principle
due to small nonlinear terms. We also obtained some asymptotic behavior of
global solutions in some time weighted spaces. In the presence of the dissipation
and small nonlinearities, we established that the solution the nonlinear initial
value problem behaves like the linear solution, and thus it can be approximated
by the linear solution.

In the future, we plan to study this equation with more general nonlinearity.
The sharpness of the decay estimates and low regularity of the solutions will
be also very important and interesting issues.
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