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Abstract. In this paper we study the problem of the diffusion of one substance
through the pores of a porous multi layered material which may absorb and immobi-
lize some of the diffusing substances with the evolution or absorption of heat. As an
example we consider circular cross section wood-block with two layers in the radial
direction. We consider the transfer of heat process. We derive the system of two par-
tial differential equations (PDEs) - one expressing the rate of change of concentration
of water vapour in the air spaces and the other - the rate of change of temperature
in every layer. The approximation of corresponding initial boundary value problem
of the system of PDEs is based on the conservative averaging method (CAM) with
special integral splines. This procedure allows reduce the 3-D axis-symmetrical trans-
fer problem in multi-layered domain described by a system of PDEs to initial value
problem for a system of ordinary differential equations (ODEs) of the first order.
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1 Introduction

The task of sufficient accuracy numerical simulation of quick solution 3-D prob-
lems for mathematical physics in multi-layered media is important in the known
areas of the applied sciences. With regard to the numerical analysis several nu-
merical methods are known for solving 3-D problems: FEM, BEM, spectral
methods, multigrids and others methods. For simple engineering calculations
conservative averaging method (CAM) with special integral hyperbolic type
splines is chosed.

CAM by using integral parabolic type splines was developed by A. Buikis
in his Doctoral Thesis [3] (in the Russian language and [5]) and in several pa-
pers [4], [1] etc. These methods were applied to create the mathematical sim-
ulation of the mass transfer 3-D initial boundary-value problems for parabolic
type partial differential equations of second order with piece-wise coefficients
in multi-layered underground systems.

In this paper the special spline with two different functions of the hyperbolic
type, which interpolate middle integral values of piece-wise smooth function, is
used (see [5], [9], [2], [10], [11] ). With the help of these splines the problems
of mathematical physics in 3-D with piece-wise coefficients with respect to one
coordinate are reduced to problems for system of PDEs in 2-D and 1-D.
If the parameters of the hyperbolic type spline tend to zero, we get the integral
parabolic spline, obtained from A. Buikis.

The study of hydrodynamic flow and heat transfer through a porous media
becomes much more interesting due to its vast applications for many decades
[15], [17], [20] , [19], [6], [7], [8], [18] . In [19] is considered numerical algorithms
for modelling of liquid polymer injection, so that the liquid polymer is flowing
through a porous medium. Many mathematical models are developed for the
analysis of such processes example mathematical models of moisture movement
in wood, when the wood is considered as porous media [13], [14] and [12].

In [13] it is described the moisture movement process in the wood. In the
model it is assumed that there is a moisture exchange between two environ-
ments and diffusion and convection processes are determining the moisture
movement in the wood cells.
In this paper we study the linear heat and moisture transfer processes in the
porous multilayered media layer by using CAM with special integral splines.
In one layer similar process is analysed and decribed in [15], [16].

2 The mathematical model

The process of diffusion is considered in 3-D domain

Ω = {(r, z, φ) : 0 ≤ r ≤ R, 0 ≤ z ≤ L, 0 ≤ φ ≤ 2π}.

The domain Ω consist of multilayer medium in the r direction. We will consider
the non-stationary axisymmetrical problem of the linear diffusion theory for
multilayered piece-wise homogenous materials of N layers in the sub domain

Ωi = {(r, z, φ) : r ∈ (ri−1, ri), z ∈ (0, L), φ ∈ (0, 2π)}, i = 1, N,



Special Splines for Mass Transfer Problems in Porous Domain 427

where Hi = ri − ri−1 is the height of layer Ωi, r0 = 0, rN = R.
We shall further assume linear dependence on both temperature and mois-

ture content in every layer [15]

Mi = const+ σiCi − ωiTi, (2.1)

where Ci(r, z, t) is the concentration of water vapour in the air spaces, Mi is
the amount of moisture absorbed by unit mass of fibre, σi and ωi are constants.

We can derive two equations, one expressing the rate of change of concen-
tration and the other - the rate of change of temperature. The water vapour
diffusion PDEs in the cylindrical coordinates is in following form

mi

(1

r

( ∂
∂r

(Dirr
∂Ci
∂r

)
)

+Diz
∂2Ci
∂z2

)
= mi

∂Ci
∂t

+ (1−mi)ρs
∂Mi

∂t
; r ∈ [ri−1, ri], i = 1, N, t > 0,

where Dir, Diz are the diffusion coefficients for moisture in air, mi are the
fraction of the total volume of the material occupied by air and 1 −mi is the
fraction of the porous material occupied by fibre of density ρs, t is the time. If
mi = 1, then the equation is diffusion equation for the concentration without
fibres.

The heat diffusion PDEs can be rewritten in the following form:

ciρi
∂Ti
∂t

=
1

r

( ∂
∂r

(
Kirr

∂Ti
∂r

))
+Kiz

∂2Ti
∂z2

+ qiρi
∂Mi

∂t
; r ∈ [ri−1, ri], i = 1, N, t > 0,

where ci are the specific heat of the fibres, Kir,Kiz, ρi are the heat conductiv-
ities and the densities of the porous material, qi is the heat evolved when the
water vapour is absorbed by the fibres.

We assume that all coefficients in the PDEs are assumed constant and
independent of moisture concentration and temperature. By eliminating Mi

from (2.1), we obtain the system of two PDEs

DT
ir

1

r

( ∂
∂r

(
r
∂Ti
∂r

))
+DT

iz

∂2Ti
∂z2

=
∂Ti
∂t
− νi

∂Ci
∂t

,

DC
ir

1

r

( ∂
∂r

(
r
∂Ci
∂r

))
+DC

iz

∂2Ci
∂z2

=
∂Ci
∂t
− λi

∂Ti
∂t

, i = 1, N, (2.2)

where

DT
ir =

Kir

ρi(ci + qiωi)
, DC

ir =
Dir mi

mi + (1−mi)ρsσi
, DT

iz =
Kiz

ρi(ci + qiωi)
,

DC
iz =

Diz mi

mi + (1−mi)ρsσi
, νi =

qiσi
ci + qiωi

, λi =
(1−mi)ωiρs

mi + (1−mi)ρsσi
, λiνi < 1.

For the initial condition for t = 0 we give Ti(r, z, 0) = T0, Ci(r, z, 0) = C0, i =
1, N, where T0, C0 are known constants.

Math. Model. Anal., 22(4):425–440, 2017.



428 H. Kalis, A. Buikis, A. Aboltins and I. Kangro

We use following boundary and continuous conditions:

∂Q1(0, z, t)

∂r
= 0, QN (R, z, t) = Qar, QN (r, L, t) = Qaz,

∂Qi(r, 0, t)

∂z
= 0,

Qi(ri, z, t) = Qi+1(ri, z, t), DQ
ir

∂Qi(ri, z, t)

∂r
= DQ

i+1,r

∂Qi+1(ri, z, t)

∂r
, (2.3)

where Qi = Qi(r, z, t), Q = (T ;C) are the solutions in every layer, Tar, Taz,
Car, Caz are the given temperature and concentration on the boundary.

This problem for the system of PDEs is uniquely solvable and stable for
λi ≥ 0, νi ≥ 0, λi × νi < 1, because then the system (2.2) can be represented
in the following way:

∂Wi

∂t
= Air

1

r

(
∂

∂r
(r
∂Wi

∂r
)

)
+Aiz

∂2Wi

∂z2
,

where Wi = (Ti, Ci) is 2-order column-vector and

Air =
1

1− λiνi

(
DT
ir νiD

C
ir

λiD
T
ir DC

ir

)
, Aiz =

1

1− λiνi

(
DT
iz νiD

C
iz

λiD
T
iz DC

iz

)
are matrices with positive eigenvalues.

3 The conservative averaging method in z-direction

We consider CAM of the special integral splines with hyperbolic trigonometrical
functions for solving the 3-D initial boundary-value problem in z-direction [10].
This procedure allows reducing the 2-D problem in r, z-directions to a 1D prob-
lem in r-direction. Using CAM in z-direction with parameters aiz we have

Qi(r, z, t) = Qiv(r, t) +mQ
i (r, t)fiz1(z − zi) + eQi (r, t)fiz2(z − zi),

where Qiv(r, t)=
1
L

∫ L
0
Qi(r, z, t)dz, Qi=(Ti, Ci), fiz1(z)= 0.5L sinh(aiz(z−L/2))

sinh(0.5aizL)
,

fiz2(z) = cosh(aiz(z−L/2))−Ai0

8 sinh2(aizL/4)
, Ai0 = sinh(aizL/2)

aizL/2
. The parameters aiz can be

choosen to minimize the maximal error. As the parameters aiz > 0 tends to
zero then as the limit we obtain the integral parabolic spline [2], because

Ai0 → 1 : Qi(r, z, t) = Qi,v(r, t) +mQ
i (z − L/2) + eQi

( (z − L/2)2

L2
− 1

12

)
.

The unknown functions mi = mQ
i (r, t), ei = eQi (r, t) can be determined from

conditions (2.3): 1) for z = 0, midi − eiki = 0,mi = eipi, pi = ki/di, 2) for
z = L, Qaz = Qiv +miL/2 + eibi, ei = (Qaz −Qiv)/g0i, where

di = 0.5Laiz coth(0.5aizL), ki = 0.25aiz coth(0.25aizL),

bi = ((cosh(aizL/2)−Ai0)/(8 sinh2(aizL/4)), g0i = bi + 0.5Lpi.
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Now the 1D initial-value problem (2.2) is in the following form

DT
ir

1
r

(
∂
∂r (r ∂Tiv

∂r )

)
+DT

iza
2
0i(Taz − Tiv) = ∂Tiv

∂t − νi
∂Civ

∂t ,

DC
ir

1
r

(
∂
∂r (r ∂Civ

∂r )

)
+DC

iza
2
0i(Caz − Civ) = ∂Civ

∂t − λi
∂Tiv

∂t ,

∂T1v(0,t)
∂r = 0, ∂C1v(0,t)

∂r = 0, TNv(R, t) = Tar, CNv(R, t) = Car,

Tiv(ri, t) = Ti+1,v(ri, t), D
T
ir
∂Tiv(ri,t)

∂r = DT
i+1,r

∂Ti+1,v(ri,t)
∂r , i = 1, N − 1,

Civ(ri, t) = Ci+1,v(ri, t), D
C
ir
∂Civ(ri,t)

∂r = DC
i+1,r

∂Ci+1,v(ri,t)
∂r , i = 1, N − 1,

Tiv(r, 0) = T0, Civ(r, 0) = C0, i = 1, N,
(3.1)

where a20i = 2ki/Lg0i.

4 The aprobation of the hyperbolic approximation in z-
direction

In this section we consider averaging methods with hyperbolic type splines for
solving special 3-D boundary-value problem in one layer. For multi-layered
domains the accuracy of spline method remained, because of the continuous
conditions are fulfilled exactly.

With the help of these splines is reducing the 3-D problem in z-direction
to 1-D problem for ODEs. This procedure allows the solution obtained an-
alytically. The spline solution is compared with the analytical solution. We
consider the process of diffusion in 3-D parallelepiped

Ω1 = {(x, y, z) : 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly, 0 ≤ z ≤ Lz}.

We will find the distribution of stationary concentrations c = c(x, y, z) in Ω1

by solving the following special 3-D boundary value problem for PDE:

∂
∂x (Dx

∂c
∂x ) + ∂

∂y (Dy
∂c
∂y )

+ ∂
∂z (Dz

∂c
∂z ) + f0 cos πx

2Lx
cos πy

2Ly
= 0,

∂c(0,y,z)
∂x = ∂c(x,0,z)

∂y = 0, c(Lx, y, z) = 0, c(x, Ly, z) = 0,

Dz
∂c(x,y,0)

∂z − βz(c(x, y, 0)− co cos πx
2Lx

cos πy
2Ly

) = 0,

Dz
∂c(x,y,Lz)

∂z + αz(c(x, y, Lz)− ca cos πx
2Lx

cos πy
2Ly

) = 0,

(4.1)

where f0, co, ca - are fixed constants, Dx, Dy, Dz are the constant diffusion
coefficients, αz, βz are the constant mass transfer coefficients with the 3 kind
boundary conditions. We can obtained the analytical solution of (4.1) in follow-
ing form: c(x, y, z) = g(z) cos πx

2Lx
cos πy

2Ly
, where the function g(z) is solution

of boundary value problem for following ODEs{
g′′(z)− a20g(z) + f1 = 0,

g′(0)− β(g(0)− co) = 0, g′(Lz) + α(g(Lz)− ca) = 0,
(4.2)

Math. Model. Anal., 22(4):425–440, 2017.
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where f1 = f0/Dz, β = βz/Dz, α = αz/Dz, a
2
0 = π2(Dy/L

2
y +Dx/L

2
x)/4Dz.

We have the following solutions

g(z) = C1 sinh(a0z) + C2 cosh(a0z) + f2,

where C1 = β/a0(C2 + f2 − co), C2 = (ca−f2)(α/a0+β/a0c3)
β/a0c3+c4

, f2 = f1/a
2
0, c3 =

cosh(a0Lz) + α/a0 sinh(a0Lz), c4 = sinh(a0Lz) + α/a0 cosh(a0Lz).
Next we use the averaged method for (4.2) with fixed parametrical functions

fz1, fz2. g(z) = ga+mfz1(z−Lz/2)+efz2(z−Lz/2), where ga = 1
Lz

∫ Lz

0
g(z)dz

is the averaged value,
∫ Lz

0
fz1dz =

∫ Lz

0
fz2dz = 0, fz1 = 0.5Lz sinh(az(z−Lz/2))

sinh(azLz/2)
,

fz2 = cosh(az(z−Lz/2))−A0

8 sinh2(azLz/4)
, A0 = sinh(azLz/2)/(azLz/2), az = a0 is the optimal

parameter.
If the parameters az tend to zero then the limit is the integral parabolic

spline [4]. The unknown coefficients m, e we can determine from boundary
conditions (4.2):

1) for z=0, md− ek − β(ga − 0.5mLz + eb− co) = 0,
2) for z=Lz, md+ ek + α(ga + 0.5mLz + eb− ca) = 0, where

d = (azLz/2) coth(azLz/2), k = (az/4) coth(azLz/4), b = cosh(azLz/2))−A0

8 sinh2(azLz/4)
.

Now the-boundary value problem (4.2) can be written in the form

1/Lz(g
′(Lz)− g′(0))− a20ga + f1 = 0, g′(Lz)− g′(0) = 2ek

or
ga = (f1Lz + 2dae)/(a

2
0Lz + 2kge),

where the ae and ge are given constants.
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Figure 1. Solutions

Example 1. We consider the following parameters: Lx = Ly = Lz = 1, f0 = 0.1,
αz = 0.3, βz = 0.1, co = 5, ca = 2, Dx = 10−2, Dy = 10−3, Dz = 10−4,
a0 = 16.4747.

We have following maximal errors: for hyperbolic spline erh = 2.10−9,
for parabolic erp = 0.9653 (see g(z) in Figure 1a and c(x, 0, z) in Figure 1b).
If Dy = 0, y = 0, then erh = 8.10−8, erp = 1.0423.
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5 The aprobation of the hyperbolic approximation in r-
direction

The process of diffusion is considered in 3-D cylinder

Ω2 = {(r, z, φ) : 0 ≤ r ≤ R, 0 ≤ z ≤ Lz, 0 ≤ φ ≤ 2π}.

We solve the stationary boundary value problem with axial symmetry and find
the distribution of concentrations c = c(r, z) in Ω2 by solving the following
special boundary value problem for PDE:

Dr
1

r

∂

∂r
(r
∂c

∂r
) +

∂

∂z
(Dz

∂c

∂z
) + f0 cos

πz

2Lz
= 0,

∂c(r, 0)

∂z
=
∂c(0, z)

∂r
= 0, c(r, Lz) = 0,

Dr
∂c(R, z)

∂r
+ αr(c(R, z)− ca cos

πz

2Lz
) = 0, (5.1)

where f0, ca - are the fixed constants, Dr, Dz are the diffusion coefficients, αr
is the constant mass transfer coefficient. We can obtaine the analytical solution
of (5.1) in following form: c(r, z) = g(r) cos(πz/2Lz), where the function g(r)
is solution of boundary value problem for ODE

g′′(r) +
1

r
g′(r)− a20g(r) + f1 = 0,

g′(0) = 0, g′(R) + α(g(R)− ca) = 0, (5.2)

where f1 = f0/Dr, α = αr/Dr, a
2
0 =

π2Dz/L
2
z

4Dr
. We have following solutions

g(r) = C1I0(a0r) + f2,

where f2 = f1
a20
, C1 = α(ca−f2)

a0I1(a0R)+αI0(a0R) , I0, I1 are the modified Bessel functions.

Next we use the averaged method for (5.2) with fixed parametrical functions

fr1, fr2, g1(r) = ga+mfr1(r−R/2)+efr2(r−R/2), where ga = 2
R2

∫ R
0
rg(r)dr

is the averaged value,
∫ R
0
rfr1dr =

∫ R
0
rfr2dr = 0, fr1 =

R2a2r sinh(ar(r−R/2))
4 sinh(arR/2)(d−1) −1,

fr2 = cosh(ar(r−R/2))−A0

8 sinh2(arR/4)
, A0 = sinh(arR/2)/(arR/2), d = Rar/2 coth(arR/2),

ar = a0 + kor, kor is the correction for optimal parameter. The unknown
correction kor can be obtained with Matlab using the operators ”fminbnd,

fplot” by minimizing the integrals I2(kor) =
∫ R
0

(g(r)− g1(r))2dr or I1(kor) =∫ R
0
|g(r)− g1(r)|dr.
We can see that the parameters ar tend to zero then the limit is the inte-

gral parabolic spline. The unknown coefficients m, e can be determined from
boundary conditions (3.1):

1) for r = 0, mdr − ek = 0,
2) for r = R, mdr + ek + α(ga +mbm + ebe − ca),

where k = (ar/4) coth(arR/4), dr = 0.5Rda2r/(d − 1), be = cosh(arR/2))−A0

8 sinh2(arR/4)
,

bm =
R2a2r
4(d−1) − 1.

Math. Model. Anal., 22(4):425–440, 2017.
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Therefore e = (ca − ga)/g1,m = ek/dr, g1 = 2k/α + bmk/dr + be. Now
the-boundary value problem (5.2) is given in the form

2/R2(Rg′(R))− a20ga + f1 = 0, g′(R) = 2e k

or
ga = (f1g1R+ 4kca)/(4k + a20g1R).

Example 2. We consider the following parameters Lz = R = 1, f0 =
−0.1, αr = 10.01, ca = 10, Dr = 10−2, Dz = 10−2, a0 = 1.5708. We get
following maximal errors: for hyperbolic spline erh = 0.00084, kor = −0.200
for parabolic erp = 0.7476 (see g(r) in Figure 2a and c(r, z) in Figure 2b).
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Figure 2. Solutions

We have piecewise linear graphic for integral I1 in the interval [-0.4, 0] and
parabolic type for I2. The minimal values for integrals are I1 = 6.12e − 4,
I2 = 6.9e− 7. If αr = 0.01 then erh = 0.00032, erp = 0.3412, then the minimal
values for integrals are I1 = 3.14e − 4, I2 = 1.7e − 7, but for f0 = 1.01 we
have erh = 0.00079, erp = 0.8412 and the minimal values for integrals are
I1 = 6.9e−4, I2 = 8.25e−7.

6 CAM in r-direction for N-layers

Using averaged method with parameters aQir we have

Qiv(r, t) = Qivv(t) +mQ
ir(t)fir1(r) + eQiz(t)fir2(r),

where Qivv(t) = 1
Hiri

∫ ri
ri−1

rQiv(r, t)dr, fir1(r) =
0.5Hiri(a

Q
ir)

2 sinh(aQir(r−ri))
sinh(0.5aQirHi)(di−1)

− 1,

fir2(r) =
cosh(aQir(r−ri)−A

Q
i1

8 sinh2(aQirHi/4)
, ri = (ri−1+ri)/2, r ∈ [ri−1, ri], A

Q
i1 =

sinh(aQirHi/2)

aQirHi/2
,

dQi = 0.5Hia
Q
ir coth(0.5aQirHi), i = 1, N. We have used the following values of

parameters aTir = a0i
√
DT
iz/D

T
ir, a

C
ir = a0i

√
DC
iz/D

C
ir.

We can see that if parameters aQir > 0 tend to zero, then the limit is the
integral parabolic spline:

Qiv(r, t) = Qivv +mQ
ir

(12ri
H2
i

(r − ri)− 1
)

+ eQir

( (r − ri)2

H2
i

− 1

12

)
.
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From boundary conditions (2.3) we get the linear system of 2N -equations for

determination unknown functions mi = mQ
ir(t), ei = eQir(t):

1) for r = 0, m1d
Q
1r − e1k

Q
1r = 0,

2) for r = R, Qar = QNvv +mNbNm + eNbNe,
3) for r = ri, Qivv+mibim+eibie = Qi+1,vv−mi+1(bi+1,m+2)+ei+1bi+1,e,

DQ
ir(mid

Q
ir + eik

Q
ir) = DQ

i+1,r(mi+1d
Q
i+1,r − ei+1k

Q
i+1,r), i = 1, N − 1, where

dQir = dQi ri(a
Q
ir)

2/(dQi − 1), kQir = 0.25aQir coth(0.25aQirHi),

bQie = ((cosh(aQirHi/2)−AQi1)/(8 sinh2(aQirHi/4)), bQim =
0.5Hiri(a

Q
ir)

2

dQi − 1
− 1.

Now the 1D initial- value problem (3.1) gives the following ODEs system:

DT
ir(m

T
ir(t)d

T
ir/ri + 2eTir(t)k

T
ir/Hi) +DT

iz(a0Ti )2(Taz − Tivv(t))
= ∂Tivv(t)

∂t − νi ∂Civv(t)
∂t ,

DC
ir(m

C
ir(t)d

C
ir/ri + 2eCir(t)k

C
ir/Hi) +DC

iz(a0Ci )2(Caz − Civv(t))
= ∂Civv(t)

∂t − λi ∂Tivv(t)
∂t ,

Tivv(0) = T0, Civv(0) = C0, i = 1, N.

(6.1)

7 CAM for two layers

For N = 2 we get from (6.1) the following ODE initial-value problem:
bTi1T1vv(t) + bTi2T2vv(t) + Ti0 = ∂Tivv(t)

∂t − νi ∂Civv(t)
∂t ,

bCi1C1vv(t) + bCi2C2vv(t) + Ci0 = ∂Civv(t)
∂t − λi ∂Tivv(t)

∂t ,

Tivv(0) = T0, Civv(0) = C0, i = 1, 2,

(7.1)

or 
Ṫivv(t) = 1

(1−λiνi)
(bTi1T1vv(t) + bTi2T2vv(t) + Ti0 + νi(b

C
i1C1vv(t)

+bCi2C2vv(t) + Ci0)),

Ċivv(t) = 1
(1−λiνi)

(λi(b
T
i1T1vv(t) + bTi2T2vv(t) + Ti0) + bCi1C1vv(t)

+bCi2C2vv(t) + Ci0), Tivv(0) = T0, Civv(0) = C0,

(7.2)

where bQik, k = 1, 2, Qi0, i = 1, 2, Q = (T,C) are known coefficients. We rewrite
the system of ODEs (7.2) in the following vector form:

Ẇ (t)−AW (t) = F, W (0) = W0,

whereW (t),W0, F are 4th order vector-columns with elements (T1vv(t), T2vv(t),
C1vv(t), C2vv(t)), (T0, T0, C0, C0) and F1 = G1(T10 + ν1C10), F2 = G2(T20 +
ν2C20), F3 = G1(λ1T10 + C10), F4 = G2(λ2T20 + C20), G1 = 1

(1−λ1ν1)
, G2 =

1
(1−λ2ν2)

. A is the 4-order matrix

A =


G1b

T
11 G1b

T
12 G1ν1b

C
11 G1ν1b

C
12

G2b
T
21 G2b

T
22 G2ν2b

C
21 G2ν2b

C
22

G1λ1b
T
11 G1λ1b

T
12 G1b

C
11 G1b

C
12

G2λ2b
T
21 G2λ2b

T
22 G2b

C
21 G2b

C
22

 .
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The averaged solution is W (t)= exp(At)W0−(E− exp(At))A−1F , Qiv(r, t) =

Qivv(t) +mQ
ir(t)fir1(r) + eQiz(t)fir2(r), where i = 1, 2, Q = (T,C).

8 The conservative averaging method for model
equations

In order to apply the averaging method in 2 layers in r-direction and estimate
the parameter air = aTir we consider the stationary 1-D boundary-value problem
(3.1) only for temperature T = T (r) with ν = 0, Taz = 0, Tar = T0, DT

iz = 1,
DT
ir = Di, i = 1, 2:

D1
1
r (rT ′1(r))′ − a201T1(r) = F1, r ∈ [0, H1], T ′1(0) = 0,

D2
1
r (rT ′2(r))′ − a202T2(r) = F2, T2(R) = T0, r ∈ [H1, R],

T1(H1) = T2(H1), D1T
′
1(H1) = D2T

′
2(H1), 0 < H1 < R,

where T0, Fi, a0i > 0, Di > 0, i = 1, 2 are given constants. The analytical
solution is defined as T1(r) = C1I0(a1r)−f1, T2(r) = C2I0(a2r)+C3K0(a2r)−
f2, where fi = Fi/a

2
0i, ai = a0i/

√
Di, i = 1, 2. The unknown constants are

obtained from BCs (I0(r)′ = I1(r), K0(r)′ = −K1(r)):

C2 =
(T0 + f2)− C3K0(a2R)

I0(a2R)
, C3 =

b1 − fa
b3

, b1 =
b0(T0 + f2)

I0(a2R)
,

b0=D2,1a2I0(a1H1)I1(a2H1)−a1I1(a1H1)I0(a2H1), fa=a1I1(a1H1)(f1−f2),

C1 = D2,1(C2a2I1(a2H1)− C3a2K1(a2H1))/(a1I1(a2H1)), D2,1 = D2/D1,

b3 = b0K0(a2R)/I0(a2R) + b2, b2 = D2,1a2I0(a1H1)K1(a2H1)

+ a1I1(a1H1)K0(a2H1).

Here I0, K0, I1, K1 are the modified Bessel functions.

With hyperbolic averaging method in two layers we have:

Si(r)=Tiv+mi

(0.5Hiria
2
ir sinh(air(r−ri))

sinh(0.5airHi)(di − 1)
− 1
)

+ei

(cosh(air(r−ri)−Ai
8 sinh2(airHi/4)

)
,

where i = 1, 2, r1 = 0.5H1, r2 = 0.5(H1 + R), Ai = sinh(airHi/2)
airHi/2

, di =

0.5Hiair coth(0.5airHi). The unknown parameters are air = ai + kori, where
kori, i = 1, 2 are the corrections for the minimal error.

The unknown constants Tiv can be determined from stationary equations
(7.1) for i = 1, 2 by solving the system of linear equations with respect to
T1v, T2v. The unknown corrections can be obtained with Matlab using the op-
erators ”fminsearch, contour” by minimizing the integrals

I2(kor1, kor2) =

∫ H1

0

(T1(r)− S1(r))2dr +

∫ R

H1

(T2(r)− S2(r))2dr,

I1(kor1, kor2) =

∫ H1

0

|T1(r)− S1(r)|dr +

∫ R

H1

|T2(r)− S2(r)|dr.
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Using Matlab for D1 = 10−2, D2 = 10−1, F1 = −2, F2 = 0, a01 = 2, a02 = 6,
a1 = 20, a2 = 18.9737, T0 = 4, R = 3, H1 = 1.8 we have the following maximal
errors:

1) 2.6275 for the parabolic spline (a1 = a2 = 10−4),
2) 0.0631 for the hyperbolic spline with optimal corrections kor1 = −0.2838,

kor2 = −0.1700.
The minimal value for integral I1 is 0.0255, see Figs. 3a and 3b.
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Figure 3. Solution of model equations and levels for minimizing in 2 layers
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Figure 4. Solution of model equations and minimizing function depending on kor in 1
layer

For one layer we have:

T1(r) = C1I0(a1r)− f1, C1 = (T0 + f1)/I0(a1R), H1 = R.

The unknown correction kor can be obtained with Matlab using the operators

”fminbnd, fplot” by minimizing the integrals I2(kor) =
∫ R
0

(T1(r) − S1(r))2dr

or I1(kor) =
∫ R
0
|T1(r) − S1(r)|dr. For D1 = 1, F1 = −10, a01 = 2, a1 = 1.89,

T0 = 1, R = 5 we have the following maximal errors:
1) 1.278 for parabolic spline (a1 = 10−4),
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2) 0.0021 for hyperbolic spline with optimal correction kor = −0.11, see
Figure 4a and minimizing function with minimal value for integral I2 is 5.10−5

see Figure 4b.
In Figs. 5a, 5b we present the spline functions f1(r) = fir1(r), f2(r) =

fir2(r) for i = 1, ri = R/2, R = 1 with a = air ∈ [0, 25].
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Figure 5. Functions for cylindr. coord. depending on a ∈ [0, 25], R = 1

9 Some numerical results

The results of calculations are obtained by MATLAB. We use the discrete
values rj = jhr, j = 0, Nr, Nrhr = R, zk = khz, k = 0, Nz, Nzhz = L, tn = nτ ,
n = 0, Nt, Ntτ = tf , Nt = 1000, Nr = 30, Nz = 10, tf = 1000− 20000s.

We consider the drying process in the two laered wood-block (see Figure 6b).
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Figure 6. The Tv , Cv for drying process depending on r by t = 1000 and the wood-block

The following parameters and diffusion coefficients are used in computa-
tions: L = 0.5m,R = 0.3m,H1 = 0.21m,H2 = 0.09m, DC

1z = 10−5, DC
2z =

10−4, DC
1r = 10−7, DC

2r = 10−6, DT
2z = DT

1z = DT
2r = DT

1r = 10−3 (m
2

s ).

The dimensionless value for temperature is defined as T =
T ′−T ′0

T ′max−T ′0
and for

the concentration of water vapour C = C′

C′max
, where T ′0 = 200C, T ′max = 800C,
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C ′max = 20%, T ′[0C], C ′[%] are the corresponding dimensional values.
For the drying process we have used the following initial and boundary

conditions:

T0 = 0, C0 = 1, C0r = C0z = 0, T0r = T0z = 1.

The results of calculation for λ = 0, ν = 1, a1z = 10, a2z = 1 are represented
in the Table 1 and Figs. (7a)-(8a), where MCv,MC are the maximal values
of concentration Cv, C and mC1vv,mC2vv are the minimal value of averaged
concentration C1vv, C2vv in every layers, obtained in the time moment tf . For
tf = 30000 these values are equal to 10−5. For increasing λ the concentration
of water vapour in the air spaces can be increased (see Table 1).

Table 1. The values of mC1vv , mC2vv , MCv , MC

tf mC1vv mC2vv MCv MC λ ν

1000 0.776 0.160 0.868 0.909 0 1
2000 0.571 0.041 0.668 0.824 - -
5000 0.233 0.010 0.275 0.339 - -
8000 0.095 0.004 0.112 0.138 - -
10000 0.052 0.002 0.061 0.076 - -
20000 0.003 .0001 0.003 0.004 -
1000 0.843 0.177 0.955 1.170 0.1 1
5000 0.257 0.011 0.302 0.373 0.1 1
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Figure 7. The averaged values for drying process

In following Table 2 we can see the depending mC1vv, mC2vv, MCv = MC
on DC

1z = DC
1r, D

C
2z = DC

2r, D
T
1z = DT

1r, D
T
2z = DT

2r, by λ = 0.1, ν = 9,

tf = 10000 and ∂Ti(r,L,t)
∂z = ∂Ci(r,L,t)

∂z = 0 (MTv = maxT ≈ 1).
In Figs. 6a and 8b we represent also the averaged concentration T1vv, T2vv

depending on time in every layer and Tv = T depending on r, obtained in
the time moment tf = 1000, by DC

1z = DC
1r = 10−5, DC

2z = DC
2r = 10−4,

DT
1z = DT

1r = 10−4, DT
2z = DT

2r = 10−3.
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Table 2. The minimal and maximal values of temperature for λ = 0.1, ν = 9

DC
1r DC

2r DT
1r DT

2r mC1vv mC2vv MCv

10−7 10−6 10−3 .510−3 .2294 .0135 .4227
- − 10−4 10−5 .2321 .0137 .4277
- − 10−5 10−4 .2306 .0136 .4250
10−6 10−6 10−5 10−4 .0015 .0004 .0020
10−6 10−7 − − .4872 .2180 .5125
10−5 10−7 − − .4668 .2201 .4693
10−7 10−6 − − .1774 .0012 .3472
10−7 10−7 − − .6470 .1875 .8820

In the Table 3 are given maximal and minimal values of temperature and
concentration MT , mT , MC, mC. We see that if parameter λ is increased,
then inside the layers the concentration of water vapour in the air spaces is
also increased.

Table 3. The maximal and minimal values for tf = 1000

λ ν mC1vv mC2vv MCv MT1vv MT2vv mTv

0.1 9.0 .2407 .0142 .4434 .7814 .9871 .5972
0.2 4.5 .2627 .0155 .4841 .8807 .9930 .7802

10 Conclusions

For the transfer of moisture content and heat in porous multi-layered 3-D do-
main is considered the system of two PDEs for determination the concentration
C of water vapour in the air spaces and the temperature T .

The approximation of corresponding initial boundary-value problem of the
system of PDEs is based on the conservative averaging method (CAM), where
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is used with new hyperbolic type splines. For these splines the best parameter
for the minimal error is calculated.

For the stationary 1D boundary value problem in one and two layers the
spline parameters for error corrections are caculated with minimizing method
using Matlab.

The problem of the system of PDEs with constant coefficients are reduced
to the initial value problem of a system of ODEs of the first order. Such
a procedure allows us to obtain analytical solution with a simple engineering
algorithm for mass transfer equations for different substances in layered domain.
It is possible to model round and angular wood-blocks and give some new
physical conclusions about the drying an also about moistening processes in
this blocks.
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