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Abstract. Inthis paper, we prove the existence of attractor for a new mechanochem-
ical model with Neumann boundary conditions on a bounded domain of space dimen-
sion n < 3. Based on the regularity estimates for the semigroups and the classical
existence theorem of global attractors, we prove that the mechanochemical model
possesses a global attractor and H” attractor.
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1 Introduction

In this paper, we study the following mechanochemical model

1o}
R (1.1)
1o}
Y e NAT 1t gl P~ S (1.2

for (z,t) € £2x(0,00), where 2 C R"(n < 3) is a bounded domain with smooth
boundary, and all the parameters are arbitrarily given positive constants.

It was Morales, Rojas, Torres and Rubio [10] who first derived the system
(1.1)-(1.2), which is to model ternary mixtures by using the theory of pattern
formation and of polyelectrolytes, with mean-field approximations. Recently,
Morales, Rojas, Oliveros and Herndndez derived a new mechanochemical model
based on Coupled Ginzburg-Landau and Swift-Hohenberg equations in biolog-
ical patterns of marine animals [9]. The new model was proposed to describe
some cellular interactions in three out layers of animal (such as the fish) ma-
rine skin. ¢(z, t) represents the concentration difference of at least two pigment,
and v (z,t) is the difference of dermal cellular densities of at least two types of
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_>
cells. The J3 = —V¢ is the flux of pigment concentration difference ¢ in the

epidermis, and J—J, = 2A\V¢ + AV AY is the density of cell flux 9 of the dermis.
The system (1.1)-(1.2) is supplemented by the zero flux boundary condition,

— —
Jg-v=0, Jy-v=0, xe€df,

where v is the outward unit normal to 02, that is

dp oY oAy
5—0, 2)\8u+ By =0, ze€dN2 (b1)
and the natural boundary condition
N
— = 0. 2
ey 0, z€0 (b2)
It follows from (b2) that (b1) can be replaced by
04y

% (x,t) =0, ze€0n.

Hence, we consider the Neumann boundary conditions

0¢ B OAY B 671& B
5(1‘,75) =5 (z,t) = Y (x,t) =0, t>0, zedf (1.3)
and the initial condition
(;5(1’,0) = (72507 lb(xao) = ’[]Z}O, x € 82 (14)

The dynamic properties of the reaction-diffusion system (1.1)-(1.2), such as
the global asymptotical behaviors of solutions and existence of global attractors
are important. During the past years, many authors had paid much attention
to the higher order equation ( [1,4,6,7,16]) or the reaction-diffusion systems
( [2,3,11]). You ( [17,18,19]) had proved the existence of global attractor for
some Gray-Scott type systems. The main difficulties for treating the problem
(1.1)-(1.2) are caused by the nonlinearity of low order terms, and linear higher
order terms are not homogeneous. The source type nonlinear low terms and
Neumann boundary conditions can not make us use Poincaré type inequality
directly, thanks to strong absorptive terms —¢? and —3, which guarantees the
existence of a global solution and will not blow up.

The paper is arranged as follows. In Section 2, some notations and the
main results are stated. We present some estimates in Section 3, and then we
prove that problem (1.1)-(1.4) possesses global attractors on L%(£2) x H?(£2)
in Section 4. Based on this result, we prove the existence of global attractors
for problem (1.1)-(1.4) in H* (k > 0) space in Section 5.

2 Statement of main results

We first introduce the following abbreviations.

The notation (-,-) for L%-inner product will also be used for the notation
of duality pairing between dual spaces, ||-|| = ||||zz- We use the same letter C
to denote different positive constants, and C(, -, ) to denote positive constants
depending on the quantities appearing in the parenthesis.

Math. Model. Anal., 22(2):252-269, 2017.
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Theorem 1. For any positive parameters a, \,v, g, €, any (¢o, o) € L?(£2) x
H?(£2), and n < 3, there exists a global attractor A in the phase space L*(£2) x
H?2(0) for the solution semiflow {S(t)}i>0 on L?(£2) x H?(2) generated by
system (1.1)-(1.2) with the Neumann boundary conditions (1.3).

The basic theory of infinite dimensional dynamical systems and global at-
tractors can be seen in [11,15] and references therein. A few definitions are
listed for clarity.

DEFINITION 1. Let {S(¢)};>0 be a semiflow on a real Banach space X. A
bounded subset By of X is called an absorbing set in X for this semiflow, if
for any bounded subset B C X there is some finite time ¢y > 0 depending on
B such that S(t)B C By for all t > 1.

DEFINITION 2. Let {S(¢)}:>0 be a semiflow on a real Banach space X whose
norm-induced metric is denoted by d(-,-). A subset A of X is called a global
attractor for this semiflow, if the following properties are satisfied:

(H1) A is a nonempty, compact, invariant set in the sense that S(t)A=A
for any t > 0.

(H2) A attracts any bounded set B of X with respect to the Hausdorff
distance,

dist(S(¢)B,A) = sup inf d(S(t)x,y) — 0, as t— oo.
zeBYEA

DEFINITION 3. A semiflow on a real Banach space X is asymptotically compact
if for any bounded sequence u,, in X and any sequence t,, C (0, 00) with ¢,, —
oo, there exist subsequences u,, of u,, and t,, of t,, such that kli)n;o S(tn, ) tn,

exists in X.
Lemma 1. ( [15]) Let {S(t)}i>0 be a semiflow on a real Banach space X. If
the following properties are satisfied:

(1) there exists a bounded absorbing set By C X for {S(t)}t>0,

(2) {S(t)}i>0 is asymptotically compact on X,

then there exists a global attractor A for {S(t)}i>0 in X, which is given by

A=w(By) =[] Clx | J(St)By). (2.1)

7>0 t>T1

Let us write (1.1)-(1.2) as an evolution problem

%JrAu:F(u)7 t>0,
u(0) = uy,

where u = (¢,9)T, H := L?(2) x L*(92),

ro = (60 )

— a¢_¢3—5¢¢ . %
_< 2AA1/J(7+>\)?/1+9¢21/}3§¢2>'D(A ) — H,
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and

A:(AO ())\A2):D(A)—>H.

F(u) and the operator A is considered on the Hilbert space L? with dense
domain

D(A) ={u e H*(2) x H* () : 0¢ _ 04y _0v

e = 5 B =0, on 012},

D(A?) = {u € H'(2) x H*(2) : % = % =0, on 92}.

Let
dp O
- 1 1 . —_ —
Ei=fue HY(@) x H'(2): 50 = 20 =0, on 02},
By = {uec L*(2) x H*(22) : —?;ﬁ =0, on 012},

By :={ue H'(2)x H*2): % :% = aaAiyw =0, on 042}

In order to prove the existence of solutions, we shall show A is sectorial,
F(u) is locally Lipschitz continuous as the operation between the space D(A/?)
and L? x L2, denoting by (-,-) the scalar product in L? and

1 0

where 8y > 0 is taken sufficient large. For any u = (¢,%)",v = (4, E)T,
{u,v} € D(A), noticing I" is symmetric we find that

(Tu,v) :/ (—Add + AA*YY) da —|—/ Sou® Tvdx
(9] (9]
= / (VoVe + AAYAY) da / Sou” I'vdx
(9] (]

:/ (AP + YAA®Y) dx —|—/ Sov” Nudx = (u, Tv),
© 7

which proves the symmetry of A. Next, since I" is positive definite, the operator
A is bounded below, that is, for each u € D(A),

(Tu,u) = /Q (—A¢g + A\A%YY) dx + /Q Soul Tudx
:/ (V)% + XN A)?)dx —|—/ Sou” Dudx > §o(u, u).
7 2

A is self-adjoint and bounded below, which means that A is itself sectorial. We
prove the local Lipschitz continuity of nonlinear function F'(u)

YuvelUcCD (Al/Q), |F () = P22 < Kullu = ol pa0/2y.

Math. Model. Anal., 22(2):252-269, 2017.
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Notice H2 — L>® and H' — LS for n < 3.
We find by differentiation that, for Vu,v € U C D (Al/z)

IFi(w) = Fi(0)] 12
=l(a=¢*-08-3") (6— ) +ev (6 - 3) +20 (¢ — )2
<W(a=¢*—65-3") (6= B)lus + 126 (6= B) 2 + 11 (¥ = D) |2

< C (jol + 13130 + 19120 + Ilzo=) 16 = Bll o + el @l 216 = Bl
< Cllo = Bl +Cll ~ Pz < Kol = vl p( 002

and
|Fo(u) = Ba@)l22 = || =20A (¥ = ) = (y+ X) (¥ =) + 9 (¥ +¥) (¢ = 9)
+ (02— =0 ) (=) =5 (0+9) (6-9) 22
< C (IBl7 + 1¥l13) ¢ = Bllzo + 27w = Bl
+C (191134 + 18I34) 6 = Blla < Kollu = vll p(ar/2y.

The general theory of ( [5]) guarantees the existence of a local solution for
system (1.1)-(1.2). The priori estimate Lemma 2-Lemma 5 implying the local
solution can be a global one for t. Moreover, the family of operators S (t)tZO

forms a strongly continuous semigroup on the space D(AY?), which has the
property

u € C([0, Tyaz); H x H*) N CH(0, Tynaz); H x H*) N L0, Trnaz); L? x L?).
3 Absorbing sets
Lemma 2. For any given R > 0 there exists a constant M1(R) > 0 such that if

the initial data ug = (¢o,v0)T € H and ||ug||? < R, then S(t)up = (¢,¥)T € H
for allt >0, and

1St uol|%, < Mi(R), for t=>0.

Proof. Taking the inner products ((1.1),2¢), and ((1.2),2¢), then summing
up the resulting equalities and by the Neumann boundary conditions, we get

d
% (0l + [617) + 21V 1P + 22 [ (A + uPda
2
—2allglP + 2 [ wds -3¢ [ o~ 206l — 2ulte - Bl
(0] i0)
that is

d
7 Ul +191%) + & (Il* + [[017) + 2] Ve|* + 2A/[(A + 1)y dx
< 24(¢,9), (3.1)
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where

2 3 9e? 1
Ao =~ [ ({gb - fw) (; + 2) el + S 612 = Sl

=Yl + gllvlizs = lelzs.

The Young inequalities yield

K RE1 _
Slell* < =~ligllze + = =101, gllellds < geallwlls + 92522,

9e K 9 9e K 9e kY 1
— 4+ = <|—+= 2
(8 +2)||¢|| _<8 +2) ||wL4+(8 +2)25 !

where €1, €9, €3 are arbitrarily positive constants. Hence, we have

T e e ) L (Q - ?’*f«/})

e (P e (92, 5) L
IR + ( ol + (= +o+ (4 5) o= )10

We take 1 = €3 and 0 < k < 2, then

1 1
27 2(]7
9e 1 1,
05 (fre+ (G +5) o)1= 50 masled. (32)

From (3.1) and (3.2), we obtain

= (92 /8+H/2)

d
I (lol* +lll?) + & (lel* + [10[*) < C* (5,9,,120),  fort € [0, Traz),

then, applying the Gronwall inequality, we deduce that

*

C
(||¢H2 + ||¢||2) S e_nt (||¢0||2 + ||'¢0H2) + K y fO?" te [Ovaaw)-

Let M; be the constant M; = %* + 1. The proof is completed. 0O
Lemma 3. For any given R > 0 there exists a constant Ma(R) > 0 such that if

the initial data ug = (¢o,%0)’ € E and ||uol|% < R, then S(t)up = (¢, )7
forallt >0, and

ISt)uollE < Ma(R),  for t=0.

Proof. Take the inner products ((1.1),—2A¢), and ((1.2),—2A¢). Then sum
up the resulting equalities

d
2196l +170l?) = 2 a6] 6 / & (V)?dx + 20|V
(9]
VA — 20y + N[V 6 / GA(V)2da + Ag / BV de
(9] 0

+ 4M]| A2 725/Q¢V¢dex+2€/n¢¢A¢d:r,
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that is
% (IVSI* + IV91) + w2 (IVS* + [VI*) = A2(0),  (33)
where
Ax (¢, ) = — / (\@wm 5W’>2 dx — / (V&bw + \/éng>2d:c
o NG o 3
#2at ) [0+ (ma+ 5 4 242 -2y -0 o

2 Ad|? — 2A| VA + 20 /Q béAGdz + AN B2,

Then, applying the Nirenberg inequality (n < 3), we deduce that

[AY]| < Co[|[ VA2 w2 + Call¢],
I¢llLs < CullAgl**[16]>% + Calioll,
[l Ls < CLlIV A 4[]7* + Call¢]l,
Vol < CullAgl?1ol'* + Callgll,
IVl < Col[ VA3 9> + Call4].

Using the Young inequality and Lemma 2, we have

2 [ woa0ds < J140IF + CEIlEs + OO

1
<

A
146]* + SV A¥|* + Ce),

2
A 1
N[AY[* < ZIVAY* +C), - (2a+ k) [[VO]* < SI1A]° + Cla, r2)

and

>

||VA1/}H2 + 0(527579777>\) .

g? 2, 9
ff2+€+§g =2y =2X ) ||[Vy| <

Summing up the resulting equalities, we have

V6
— 1 49]* = NIVAY[* + C3 (.7, 9, A, w2, €, [£2]) . (3-4)

As(6,0) < — /Q (\/6¢v¢>+ EW)Q dz — /Q (Véww + ?szp)de

From (3.3) and (3.4), we find that

d *
= (VI +IVEIZ) + k2 (IVI* + IVEI*) < C5 (7,9, A k2., [921)
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then, applying the Gronwall inequality, we deduce that
w Cs
(IVoll* + IVel?) < e (IVol® + [ Vepoll*) + ,Ti for t €0, Thnas)-

Let M5 be the constant My = % + 1. The proof is completed. 0O
Lemma 4. For any given R > 0 there exists a constant M5(R) > 0 such that if

the initial data ug = (¢o,%0)T € Ey and ||lug||g, < R, then S(t)ug = (¢, )T €
FE4y forallt >0, and

1S)uol|f; < Ms(R), for t>0.

Proof. Taking the inner products ((1.1),2¢), and ((1.2),24%), by the Neu-
mann boundary conditions, we get

d
@I|¢Il2 = =2|[Vo|* + 2al|g]* - 27 — 25/9 ¢*pda,
d
S 1AVI7 = =2 A%)]% + ANV AY* = 2(A + )| A
—|—2a/ 1/)2A27,/1dx—2/ 1/)3A21/)dx—6/ O A%pdz.
0 0 0
Then summing up the resulting equalities, we see that
d
— (1811 + 12011%) + 3 (llo]1* + [ A¢[1?)
dt
= —2||Vo[* + (2a + r3)[|0]1* — 2l 74 — 25/9 ¢*pdx — 2\[| A%
FVADIE =2 (Ay = ) A0 + 20 [ v2A%pds
Q
- 2/ 3 A*pda — 5/ P*A%pdr = As(p, ). (3.5)
0 Q

By the Nirenberg inequalities, we get

Iollzs < CalVSIP*[lo* + Callll,
VAP < Cy| AP/ 4||p |V + Cal ],
]l s < Col| A2[3/ 16| ]|"3/16 + Col )],
[l Ls < CLll AN 4[]*/* + Call].

Using the Young inequalities, Lemma 2 and above inequalities, we obtain
2z [ Pudo < ollt + ellvl® < V0] + CCo), (36)
10

A A
20 [ v*atude < FA%IP + CO )Wl < FI4%IE + COha2)

Math. Model. Anal., 22(2):252-269, 2017.
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and
A
/ PPAMpdr < S I\Azwll2 +CWlze < §||A2%/J||2 + O\ [42)).
Similarly, we have

/ P?A’ydr < - ||A2¢II2 +C(©)NlLs, < ||A21/)||2 HV¢||2 + C(e,[42)),

2 (At = 22 ) IAYIP < FIA%IE +C (3,7, 1920) (3.7
From (3.5) and (3.6)-(3.7), we obtain

A5(68,) < = SN2 = SIV6IP + G (72,2 @, |92)
<C3 (8, M 0,53, |92])
that is
% (ol +11A%?) + &5 (I9lI* + [ A¢]?) < C3

Applying the Gronwall inequality, we deduce that

(Il + 12¢)12) < e (llgoll* + [[AoI?) + C5 /w3, for t€ [0, Tiaa)-

Taking M3 = C5 /K3 + 1, the proof is completed. O

4 Asymptotic compactness
Lemma 5. For any given R > 0 there exists a constant My(R) > 0 such that if
the initial data uo = (¢o,v0)" € Ey and |luo||%, < R, then S(t)ug = (¢,¢)"
Es for allt >0, and

|\S(t)uo||,232 < My(R), for t=>0.

Proof. Take the inner products ((1.1),—2A¢), and (A(1.2),—2A2%%). By the
Neumann boundary conditions, we get

GIVOIE = <2140 + 20| Vol =6 | 6*(Vord-+2¢ [ owasde.
d
LIV A = ~2N[V A% + A2 — 202+ )| A

+4g /Q YVYPV AZpdr — 6 /Q V2VPV A2pdx — 2¢e /Q PV OV A%d.
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Then summing up the resulting equalities, we see that
% (IVell? + IVAY[?) + w4 (IVoI* + IV AY[*) = -2 A¢|?
+ (20 + kq) |VO|* — 6 /Q #*(Vo)2dx + 2 /Q P Addr — 2)\||V A%
+ AN A% =2 (A7 = ) VAU + 49 /Q YVPV A%da
-6 /Q V2VYV A2 Ydr — 2 /Q PV OV A*pdx = Ay(¢, ). (4.1)

Using the Nirenberg inequalities (n < 3), we obtain

IVl < Cull AglI 2] + Callgll,
gl < Cil|lAg)¥4|o]** + Callg]l,
VAP < Cy | VAP35 ]| /4 + Call,
1A% < CL[[VA%| 2|9 + Cal]-

From Lemma 3, and noticing H!(§2) — L*(2) for n < 3, we deduce that

2 [ 66 A0ds < ZNAGP+CEOIL: + CEIVIL: < 51401 +Ce), (42

A
A2 < ZIVAR + C (A, |2),
K A
2(A 7 =5 ) IVAGI2 < SIVA%I +C (07,0, 1920)

49 /Q WYYV Az < 2|IVA2¢||2 + CIBIILs + CNVYIILs
< JIVAI? + OO0 12)).
Similarly, we obtain
6 [ WAVVApde < SIV AP +Clults + CIVU] < FIVAIE £ C.
2 | 996V ATds < VAP +COL 6] VI
< ZIVA%IP + 1 49] + C O\ 5,121, (43)
From (4.1) and (4.2)-(4.3), we obtain
A4(6,9) < =S 1A6I = SIVAI? +Cf (32,04, 1920
that is

d
= (VO +IVAYI) + 5o (IVSI* + [VAYI?) < CF.

Math. Model. Anal., 22(2):252-269, 2017.
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Applying the Gronwall inequality, we deduce that

. i
(IVoIP+IVAP|?) < e ([Veoll® + IV Ao |1?) + ?j fort €[0,Tnaz).

Taking My = C§/k4 + 1, the proof is completed. O

We now finish the proof of Theorem 1.

Proof.  [Proof of Theorem 1] First, by Lemma 4, the solution semiflow S(t),,
of reaction-diffusion system (1.1)-(1.2) has a bounded absorbing set By in Ej.
Second, according to Lemma 5 and due to that Sobolev imbedding Fs — FEj is
compact, this solution semiflow S(t),, is asymptotically compact in E;, then
by Lemma 1, there exists a global attractor A for S(t),s, in Eq, which is given
by (2.1). O

5 The H* global attractor

In order to consider the global attractor for the system (1.1)-(1.2) in H* space,
we introduce the definition as follows:

H=1%), H.= {u € H?(N), gﬁ|89 0},
2 n
0 oA
H, = {u € H4(Q), 3%|89 = TnubQ = 0}~

In this paper, we used to assume that the linear operator
L=-)\A*: H —H

is a sectorial operator, which generates an analytic semigroup e'’, and L in-
duces the fractional power operators and fractional order spaces as follows

Lo = (—L)*:Hy— H, (i=1,2), a €R,

where H, = D (£%) is the domain of £*. By the semigroup theory of linear
operators, Hg C H, is a compact inclusion for any 8 > a. For details of the
space H, see [8].

Then, we have the following lemma on the existence of global attractor
which is equivalent to Lemma 1 and the proof is similar to [12,13,14].

Lemma 6. Assume that (¢(t), ¥ (t)) = S(t)(po, o) ((po,10)) € HxH),t > 0)
is a solution of (1.1) and S(t) the semigroup generated by (1.1). Assume further
that H,, is the fractional order space generated by L and

(1) For some o = 0, there is a bounded set B C H, 1 x H, 3, which

means that for any (o, o) € Hy v xHyys, there exists tog > 0 such that

(@(1),9(t)) € B, V1 > to;



Asymptotic Dynamics of a New Mechanochemical Model 263

(2) There is a B > «, such that for any bounded set U C Hﬁ+i X Hﬁ+%,
there are T > 0 and C > 0,

||u(t7u0)||HB+; XHB+§ < 07 Vit >T and (¢0J/’0) cU.
1

N

Then (1.1) has a global attractor A C HQJF% ><Ha+% which attracts any bounded
set of H, 1 X H, s inthe H, 1 < H, s norm.

For sectorial operators, we also have the following lemma which is important
for this paper and can be founded in [12,13,14].

Lemma 7. Assume that L is a sectorial operator which generates an analytic
semigroup T(t) = etf. If all eigenvalues X of L satisfy ReX < —\g for some
real number \g > 0, then for L* (L = —L) we have

(1) T(t): H— H, is bounded for all « € R and t > 0;

(2) T(t)L% = LT (t)x, Yo € Hy;

(3) For each t >0, LYT(t) : H — H is bounded, and

ILT ()] < Cat ™™,

where some § > 0 and Cy, > 0 is a constant depending only on o;
(4) The Hy—norm can be defined by ||z||m, = ||L%||x-

The main result of this paper is given by the following theorem, which
provides the existence of global attractors of Eq.(1.1) in any kth space H*.

Theorem 2. Assume that {2 denotes an open bounded domain in R3, then for
any k > 0, the initial-boundary value problem (1.1)-(1.2) has a global attractor
A in H* x H*2, and A attracts any bounded subset of H* x H*t2 in the
H* x H**2_porm.

By Lemma 6, in order to prove Theorem 2, we first prove the following lemma.

Lemma 8. For any o > 0, the solution (¢,v) of (1.1)-(1.2) is uniformly

bounded in H,,1 X H, s, i.e. for any bounded set U C H,, 1 X H_, s, there
4 4 4 4

exists C' > 0 such that

1@, Vla,, 2 xn,, s <C,VE>0,(¢0,%0) €U CHyy1 X Hyy 3,0 20.

Proof. For any (¢o,v0) € L*(2) x H?(§2), the solutions (¢, ) of (1.1)-(1.2)

can be expressed as

t
¢(t7 ¢0) = etL1¢0 + / e(t_T)LlFl (¢7 ,(/))dT7

0

t
it ) = o+ [ I 6,0y,
0
where L1 = A, Ly = —AA?. By Theorem 1, there exists attractor in the phase
space L? x H2. Using the same way, it is not difficult to prove that there exists

attractor in H' x H?, which means (¢, ) € H% X H%.

Math. Model. Anal., 22(2):252-269, 2017.
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Stepl. We shall prove that for any bounded set
UcC Hg+i X HU+% (0 <o < i), there exists C' > 0 such that

1
s <C, (¢0,%0) €EUCHyps xH, 3,050 < 7 (5.1)

o+

(¢, ¥)la, 4 xu

We claim that F5 : H% X H% — H is bound. Based on Lemma 5 and embedding
theorem H! «— LS for n < 3, we have

|Pa. )l = =2040 = (7 + Mo + g6* = 0° = 2|l
< C(14wlze + [lIEs + 13 +11613:) < C (uwu%}% + ||¢|%Ii) <c,

where C' depends on A,7,g,¢,|{2| but independent of ¢y and 1y. Hence, we
obtain

It o)l =

t
B+ [ o, )|
0 H(,+%
t
< lollm, , , +H/ 1=k Py (g, ) |
4 0 Hu+%

t P
<ol g + [ WL e [P0
t
< ol g +C [ (¢ =7y Destmar
o+3 0
t
< Wollu, g +C [ 7P 5war
0
1
< Cldntoll, .y (05 0< 7). (5.2
Whereﬁza+%and0§,8<1.

Similarly, we claim that F3 : Hi X Hi — H is bound. Based on Lemma 5
and embedding theorem H! « LS | H' < L* for n < 3, we have

IF2 6,0 = Nt — 6 — <6
< C (ol + [+ ol + ol < € (Wi, + 1ol ) <.

where C depends on «, ¢, |2 but independent of ¢g and 9. Hence,

ot 60, =

t
oot [ IR @]
0 o'+%
t
<ol +| [ B Eov)ar]
4 0 HUJr%

t
< ligolls, 4 + /0 I(=La)>7 2B | Py (6, 9) | s
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t
A R

< Cll(@o,vo)llm, 4 x (0<o<1/4), (5.3)

o'+%7
where 0 < 20 + 1 < 1. From (5.2)-(5.3), then (5.1) is proved.

For o = 1/8, we have ¢ C Hj/g, this meaning ¢ C H3/2(0)(for fractional
order Sobolev space). By the embedding theorems of fractional order spaces,
we deduce that

p(t.x) Cc H? — CO(Q)n H(Q). (5.4)
Step2. We shall prove that for any bounded set UCH{H_% ><H0+% (i <o < %),
there exists C' > 0 such that
1
||(¢aw)||Ha+%><HU+% S Ca (¢07¢0) eUC Ha-i-% X Ho-i—%? 1 S o< 5 (55)

We claim that F5 : H% X H% — H% is bound. Based on Lemma 5 and embed-
ding theorem H? — L> for n < 3, we have

1B %) iy = IV (=2240 = (v + M)+ gv? = v* = =62 [
= [ =2AVAY — (v + \) VY + 29V — 39V — oV )| i
< OV + (1l +1) V63 +sup |67 993}

<0 (Il + 16l ) <C,

where we used (5.4).

t
Jotts b,y = [0+ [ (o, v)dr]
4 0 HG+%
t
< HwOHH L3 + H/ e(tfr)L2F2(¢,w)dTH
Tz 0 H0+%

t
< Wolln g + [ W=La) A5 o, )L, b
t
< ol ,, +C / (t = r)-(o+d) g-stt-m) g
‘ 0
t
< [[%olla,, 4 +0/ —(o+1) g=07 g
: 0
< Cli(dovo)lla,, y xh, o0 (1/4 <0 <1/2), (5.6)

whereO§U+%<1.
Similarly, we claim that Fj : H% X Hi — H% is bound.

1F2(6,6)lm, = IV (a6 = 6° = =6) |
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< C(IVelli + ol 1=lIVelze + 1617 VelZ2 + ¥l IVelT2)
<0 (Wi, + 1o, ) <C,

where C' depends on «, ¢, |{2| but independent of ¢ and vg. Therefore

t
[6(t. o)l ., = [P0+ [ PR 0, w)ar]
4 0 HU+%
t
< ||¢0||Ha+l + H/ g(tf'r)LlFl(qS’w)dTH
4 0 Ho-+%

t
< Uull, g + [ L e Fy (0,0 b
t

< looll,,, + [ 72e o
T Jo
< ClGo.volln, x4 (/1< 0 <1/2), 5.7
where 0 < 20 < 1. From (5.6)-(5.7), then (5.5) is proved. O

Lemma 9. For any o >0, (1.1)-(1.2) has a bounded absorbing set in H, 1 x
HJJF%. That is, for any bounded set U C HJJri X HJJF% there are T' > 0 and a
constant C' > 0 independent of ¢g and g, such that

||(¢»/(/})HHG+i><H 3 < Cv vt > Tv (QSO)'I;[}O) eUC Ho’+% XHO’+%)O— > 0. (58)

U+Z

Proof. Stepl. We shall show that for any 0 < o < 1, (1.1)-(1.2) has a bounded
absorbing set in H, 1 x H, 3. The solution (¢,1) can be expressed as

t
6(t, do) = =TT, o) + /T =) By (6, )dr,

W(t, o) = e E2(T, ho) + /T eIy g, ),
On the other hand, note that
HetLln < Ce—d)\lt7 ”etLg” < Ce—d/\ft,
where A1 > 0 is the first eigenvalue of the equation
—Au=Au, wulap =0.
By assertion (1) of lemma 7, for any given 7'> 0 and 0 < o < 1, we have
e =D Lip(T, )|, — 0, i=1,2, ast— oo.

Using assertion (3) of lemma 7, we have

T P

T

t
(T ) + [ E |
o‘+%



Asymptotic Dynamics of a New Mechanochemical Model 267
t
< He(t_T)L2’(/J(T, '(/10>||H0+§ + H / e(t_T)L2F2(¢, lﬁ)dTH
4 T HU+%

t
< “e(t_T)L2¢(T7wO)||HG+§ +/ ”(_Lz)a-&-%e(t—r)LzH NEFo ) || dr
< He(t*T)LQTb(T,¢o)||HU+ +0/ )e—30=7) gy
< He(t_T)sz(T,Q/JO)HHﬁ +C/ 7 Be 0T dr <C,
T

where =0 + %7 0<pB<1,C >0is a constant independent of 1. Similarly,
we have

(k. G0}, = || E G(T, g0) + /

A e(t*T)L1F1(¢,¢)dTHH

t
< ||e(t—T)L1¢(T, ¢0)HHU+L + H/ e(t_T)L1F1(¢’ w)dTH
1 Hg+%

<[l (T, do)llm, ,, + / Ly)Pr eI F(6,9) | dr

1=
t
< |le=D L g(T, QSO)HHH% +/ 720370 qr < O,
T

where 0 < 20 + % <1, C > 0 is a constant independent of ¢y.
Step2. We shall show that for any 1 < ¢ < %, (1.1)-(1.2) has a bounded
absorbing set in Hy x H, 5.

t
Jwtts b,y = DB + [ (o, v)dr]
+q T H, s
<Nl + | [ 0,0 “,
< [leDLayy(T, Yo)llm,, s +/ [(=Lo) 2= (| Fy(, )| o, dr
4 T 4
t
< He(t—T)Lzzp(T,Z/JO)||HG+§ +C/ (t—r)*(oJr%)e—é(t—T)dT
1 T

t

< He(th)[Qw(T, ¢0)||HU+% —|—0/ 7-_(’7"'%)67576”-
T

< [T, o), 4 +C,

where C' > 0 is a constant independent of .

Jott. 0l ., = =P 9(T 000+ [

[ g |,

< e (T, o) e, + H/ =L By (¢, 1) dTH
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t
< 1B 0,y + [ IL22 e R (6.0 dr

t
< (e (T, 60) |, ., + / ey bry
T

< ||e(t—T)L1 ¢(T, ¢0)||Ha+% +C,
by iteration, we can obtain (5.8). O

Proof. [Proof of Theorem 2.] By Lemma 8 and Lemma 9, we immediately
conclude the proof of Theorem 2 is completed. O

Conclusions

Based on the regularity estimates for the semigroups and the classical existence
theorem of global attractors, we prove that the system possesses a global at-
tractor in the space Hk+i X Hk+%' Comparing this paper with [12,13,14]. The
system (1.1)-(1.2) is a two-component model. We define the product Hilbert
spaces, using the Lumer-Phillips theorem and the generation theorem for ana-
lytic semigroups. The main difficulties for treating the problem (1.1)-(1.2) are
caused by the nonlinearity of low order terms, and linear higher order terms
are not homogeneous. The existence of the attractor in H* x H*+2, guarantee
a solution of the model equations for any value of the control parameters. This
explains the following: 1) the solutions are robust and not sensitive to changes
in the value of its control parameters and 2) the diversity of patterns that ex-
plain different biological systems (pigmentation vertebrate) and inhere animals
(membranes porous medium and ternary mixtures with surfactants).
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