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Abstract. In this paper, we first compute the multiple non-trivial solutions of the
Schrodinger equation on a unit disk, by using the Liapunov-Schmidt reduction and
symmetry-breaking bifurcation theory, combined with the mixed Fourier-Legendre
spectral and pseudospectral methods. After that, we propose the extended systems,
which can detect the symmetry-breaking bifurcation points on the branch of the O(2)
symmetric positive solutions. We also compute the multiple positive solutions with
various symmetries of the Schrodinger equation by the branch switching method
based on the Liapunov-Schmidt reduction. Finally, the bifurcation diagrams are
constructed, showing the symmetry/peak breaking phenomena of the Schrédinger
equation. Numerical results demonstrate the effectiveness of these approaches.
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1 Introduction

In this paper, we shall find the multiple solutions to the following nonlinear
Schrodinger equation (NLS):

{ F(u(x),\ 1) == —Au(z) + Mu(x) + klz)lu(z) P lu(z) =0, =€ £,
(1.1)

ulao =0,

where (2 is a unit disk and p > 1, A, k, | are prescribed parameters. Its
variational functional is

K
+1

1 p
() ::/(2[§(|Vu(x)|2+>\u2($))+p ol ju(@) P ]de. (12)

Clearly, the solutions of (1.1) correspond to the critical points of J(u) in (1.2).

The 0 < pp < pe < --- are the eigenvalues of —A satisfying homoge-
neous Dirichlet boundary condition and {vi,ve,---} are the corresponding
eigenfunctions. The system (1.1) is called focusing (M-type) if x < 0 and
—pg+1 < A < —pg and defocusing (W-type) if & > 0 and pr < —A < pgs1,
see [25]. The previous two cases are very different in physical nature and
mathematical structure. For both types, 0 is the only k-saddle. All non-trivial
saddles have index > k (< k) for M-type (W-type). In particular, for the M-
type with A > —\q, J is said to have a mountain pass structure and 0 is the
only local minimum; for the W-type with £ > 1, J has two local minima. In
the literature, these two cases have to be treated by two very different types of
variational methods.

The critical point theory has been applied to prove the existence and multi-
plicity of solutions of the equation (1.1) under various assumptions, see [1], [18].
However, due to the multiplicity, degeneracy and instability of the critical
points with high Morse index, the computation of multiple solutions encoun-
ters essential difficulties. During the past few decades, a remarkable amount of
progress has been made in the approximation approaches for the multiple so-
lutions of some relevant problems. In the existing works, one usually computes
the multiple solutions using the mountain-pass algorithm, the scaling itera-
tive algorithm, the monotone iteration, the direct iteration algorithm, or the
research and extension method, cf. [4], [8], [5], [9], [15], [24], [28], [17]. Unfor-
tunately, the previous algorithms usually need a good guess of solution, which
seems to be a difficult task.

To overcome this disadvantage, we shall use the bifurcation method [16],
[27], [29] to compute the multiple solutions of (1.1). According to the bifurca-
tion theory [11], [26], the equation (1.1) possesses nontrivial solutions, which
can be bifurcated from the bifurcation points. Thereby, we can find the multiple
solutions of (1.1) by using the continuation method. In actual computations,
the mixed Fourier-Legendre spectral and pseudospectral methods will be em-
ployed to compute the multiple solutions.

Theoretically, we can compute the multiple solutions of the equation (1.1)
for any Morse index by using the finite difference method. However, with the
increase of the Morse index, the solution will oscillate rapidly. Particularly, the
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peak of the solution will occur at the boundaries as the Morse index of solutions
becomes large. In this case, it is very hard to accurately simulate the behaviors
of the solutions. Usually, one needs to refine the mesh, but the computational
complexity is quite staggering. To do this, in this paper, we shall develop the
mixed Fourier-Legendre spectral and pseudospectral methods for computing
the multiple solutions cf. [19], which possess higher order accuracy than that
of the finite difference method.

The multiple solutions of the NLS have been considered by some researchers.
For instance, Chang et al. [3], [13] and Chen et al. [6], [22] studied the bifur-
cation scenario of the NLS and the multilevel spectral-Galerkin continuation
methods for parameter-dependent problems. A general approach via continu-
ation and multiple solution algorithms were given in [14].

The existence and symmetry properties of multi-bump solutions of the NLS
were described in [2], [23].

The paper is organized as follows. In Section 2, we consider the multiple
solutions of the Schrodinger equation (1.1) on a unit disk. We describe an al-
gorithm and establish the mixed Fourier-Legendre spectral and pseudospectral
scheme. In Section 3, the algorithm based on the bifurcation theory is applied
to compute the O(2) symmetric positive solutions of the problem (1.1). We
take A or [ in the Schrédinger equation as a bifurcation parameter and propose
the extended systems, which can detect the O(2) — X4, O(2) — X4, O(2) — Ds,
O(2) — D4, O(2) — D5, O(2) — Dg, O(2) — D7 and O(2) — Dg symmetry-
breaking bifurcation points on the branch of the O(2) symmetric positive so-
lutions. The Xy (Xg4, D3, Dy, D5, Dg, D7, Dg) symmetric positive solutions are
computed by the branch switching method based on the Liapunov-Schmidt
reduction. Some numerical results are presented for the multiple positive so-
lutions of the Schrédinger equation (1.1). The bifurcation diagrams are con-
structed, showing the symmetry/peak breaking phenomena of the Schréodinger
equation. The final section is for some concluding discussions.

2 The multiple solutions of the Schréodinger equation (1.1)
on a unit disk

2.1 The equivariance property of (1.1)

In this subsection, we shall discuss the symmetry properties of the nonlinear
bifurcation problem (1.1) on a unit disk 2. Under the polar coordinate, the
problem (1.1) may be transformed to

{ F(u(r,0),\1) == —02u — 20,u — 503u+ Au+ krtulP~tu = 0, 1)
2.1

u(1,0) =0, (r,0) € [0,1] x [0, 27].
The symmetry groups of a disc are O(2) = {Z, S, R,}, where Z is identical
transformation, S is reflection transformation, R, is rotation transformation,

a € [0,2m) is rotation angle and I' = O(2) x Za,

Zu(r,0) = u(r,0), Su(r,0) = u(r,—0), Rou(r,0) =u(r,0 + o), Zo ={Z,-1}.

Math. Model. Anal., 22(2):167-185, 2017.
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The problem (2.1) is I' equivariant, namely

F(yu, A\, 1) =~vF(u,\ 1), Vyel

and for any A € R, u = 0 is a trivial solution of the problem (2.1) with I’
Symimetry.

2.2

Algorithm description

In this subsection, we resolve the nontrivial multiple solutions of the Schrodin-
ger equation (1.1) on a disc by using the Liapunov-Schmidt reduction and the
numerical continuation method. Our process includes the following four steps:

(i)

(iii)

Calculate numerically the eigenvalue \g and the corresponding eigen-
function vy of the operator —A on a unit disc, by using the mixed Fourier-
Legendre spectral method suggested in the next subsection. Clearly, Ao
and g are the solutions of the following linearized problem:

{ —02 — 10 — L0030 = Xy, (r,0) €0,1] x [0,27],

’ : (2.2)
r=1 — VY.

Use the Liapunov-Schmidt reduction principle (cf. [10], [7]) to obtain the
nontrivial solution branches near the bifurcation points. More precisely,
let uw = 7Yy 4+ w, n = A — Ag, where w is an unknown function satisfying
the orthogonal relationship

27 1
/ / Yo(r,0)w(r,8)rdrdd =0
o Jo

and 7 > 0 is a small parameter. For a given small parameter 7, we first
resolve numerically the following system of w and 7, by using the mixed
Fourier-Legendre pseudospectral method suggested in the next subsection
and a Newton-Raphson iteration process with the initial data n = 0 and
w=0:

1 1
— 0%w — ;@w — r—Qagw + (0 + Xo)w +nTipo + /WZ|TT/JO
+w|P~H(Teho + w) = 0, (2.3)

2 1
wl|,=1 =0, / / Yo(r,0)w(r,0)rdrdd = 0.
o Jo

Let 71 and w; be the approximation solutions of  and w in (2.3). Then,
increasing 7 gradually and resolving numerically the unknowns n and w in
(2.3) by using the same process with the iterative initial data n; and wy,
we obtain new approximation solutions of  and w. Repeat this process
until the approximation solution of u is far away from the trivial solution.

Denote by Tend, Nend and weynq the final approximation solutions of 7, n
and w in the previous process. Let tend = Tend®Wo+Wend, Aend = Ao+end-
For a given initial data A = Aenq, we then solve the equation (2.1) of u
numerically, using the suggested algorithm in the next subsection and a
Newton-Raphson iteration process with the initial data © = uepng.
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(iv) Let uy be the approximation solution of u in the previous process. Then,
decreasing A gradually and resolving numerically the unknown u in (2.1)
by using the same process with the iterative initial data i, we obtain a
new approximation solution of u. Repeat this process until A is equal to
the value A given in (2.1).

2.3 Mixed Fourier-Legendre spectral and pseudospectral schemes

In this subsection, we shall construct the mixed Fourier-Legendre spectral and
pseudospectral schemes (cf. [21], [20], [12]) for solving the equations (2.2), (2.3)
and (2.1).

2.3.1 Preliminaries

Let {L,,(z)}n>0, 0 <z <1 be the standard Legendre polynomials. They obey
the orthogonality relationship:

1
2n+1

mn»

1
/ Ly (z)L,(x)dx =
0
where §,,, is the Kronecker function. The first few terms are
Lo(x) =1, Li(z)=22x—1, Ly(x)=06x>—6x+1.

We denote by {z;,w; };-V:O the nodes of the Legendre-Gauss interpolation on
the interval (0, 1) and the corresponding Christoffel numbers. Let 6; = 212\/71Tﬁ1’
k=0,1,---,2M, and (u,v) and (u, v)y,n be the inner product and the discrete

inner product of space L?(2), respectively,

27
(u,v) / / (r,0)v(r,0)rdrdd,

2M N

<U’ U>M7N 2M+ 1 ZZ w]70k) (‘r]79k)x3w3
k=0 j3=0

Denote
¢k (r) = ci(Li(r) — Lg2(r)), ek = 1/V4k +6, x;(r) = L;j(r) — Ljt1(r),
Xnn = Span{{ sin(k6)d; (1), cos(k0)6;() } ) <y nr o<

{Xj(T)}ongN—1}~
Clearly, x;(1) = 0, ¢;(0) = ¢,(1) = 0. In particular, for any ¢ € X n,
taking ¢(r, 0) = sin(mb) o, (r), cos(mb)d,(r) and x;(r), respectively, with m =
,M,n=0,---,N—2and [ =0,--- ,N — 1, we have 9yp¢(0,6) = 0. That

Math. Model. Anal., 22(2):167-185, 2017.
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is, all functions belonging to X/, y are imposed the pole condition. Next, let
a;j = / réigidr, A= (ai)o<ij<n—2, bij = / ;Cf)jﬁbidra
0 0
1
B = (bij)o<ij<N—2, Cij= / r¢jpidr,  C = (cij)o<ij<N-2,
0
1
dyj =/ rXGxidr, D = (dij)o<ij<n-1,
0

1
€ij :/ rx;Xidr, E = (eij)o<ij<N-1-
0

According to [19], the matrices A and B are symmetric tri-diagonal with

. {2j+4, k=j+1, {—ﬁw k=j+1,
jk = ; — ik = 2(2j+3) —
446, k=, GG k=7
The matrix C is symmetric seven-diagonal with
(3+3) —
*2(21j+J5)(2j+7>’ k=j+3
o _4g+10’ k=j+2,
K + g D) k=j+1
2(2]+1)(2j+5) 2(27+5)(25+7)° =J J

4J+2 + 43+107 k=3j.

The matrix D is diagonal with d; = 2i + 2. The matrix E is symmetric
penta-diagonal with

(j+2) —

23 F) k=j+2,

ek =\ ~wEn@eee F=it1
(G+1) k=i
27 +1)(2j13)° J-

2.3.2 The mixed Fourier-Legendre spectral scheme for (2.2)

The aim of this subsection is to compute numerically the eigenvalue Ay and
the eigenfunction 1y of the problem (2.2). To do this, we construct the mixed
Fourier-Legendre spectral scheme. Let a(u,v) be the bilinear operator defined
as follows:

2 1 2m 1 1 2m 1
Alu, v) ::/ / r@ruarvdrdH—l—/ / fﬁguagvdraw—)\/ / ruvdrdd.
0 0 0 o T 0 0

The mixed spectral approximation for (2.2) is

(2.4)

Find ¢~y € Xar,n such that
ax(Yu,n,9) =0, VoeXun.

Denote
M N-2

YN (r,0) Z Z (o sin(kO)p; (1) + Brj cos(kO)p;(r)) + Z v x5 (r

k=1 =0
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£ = (a0, y OL(N—=2)" "y QMOy """ s XM (N=-2),
Bros s Biv—2)s 5 Bmos s Bau(N—2)s V15 ,N-1)".
The (2.4) is equivalent to the following linear system:
AE 4+ A\BE =0,

with A and B being 2MN —2M + N) by (2MN — 2M + N) matrices. By
using some existing algorithms (we here call the eig function in Matlab), we
obtain numerically the eigenvalues A\ and eigenfunctions ¢y of (2.2).

2.3.3 The mixed Fourier-Legendre pseudospectral scheme for (2.3)

We next construct the mixed Fourier-Legendre pseudospectral scheme for (2.3).
It is to find wys, v € Xy, nv and 17 € R such that for any ¢ € Xy w,

2 1 27 1
1
/ / Taer,Nard)deg + / / *aawM’NaggﬁdeQ
0 0 0 o T

27 1
+(n+ Ao) / / rwy,N@drdd + 0o, ¢)m,n (2.5)
o Jo
+r(rt 0 + war, NPT (TY0 + war, N ), dY i =0,

(o, wavr,N)m,n = 0.

Set
M N-2
wp,n(r,0)= Z Z g sin(k0)g; (r)+ B cos(kd)d;(r Z vix; (1), (2.6)
k=1 j=0
C: (Oé]_(),"' y XL(N=2)5" " MO, " s AM(N-2),

B1os - 751(N72),"' NCIVOTRRE 7BM(N72)/71"" 77N—1)T-

We find that (2.5) is equivalent to a nonlinear system, which can be formally
written as:

F(¢,m) =0. (2.7)

In actual computations, a Newton-Raphson iterative method is employed
to solve the unknowns ¢ and 7 of the equation (2.7) numerically. Finally, we
use (2.6) to obtain the approximation solution wys,y. We can deal with the
equation (2.1) by a similar process.

2.4 Numerical results

In this subsection, we shall compute and visualize the multiple solutions of the
Schrodinger equation (1.1), by using the mixed Fourier-Legendre spectral and
pseudospectral methods.

Math. Model. Anal., 22(2):167-185, 2017.
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2.4.1 Accuracy test of algorithm

To examine the efficiencies of our algorithm, we consider the following equation:

{ —02u — %aru - T%agu —ud=f, (r,0)€]0,1]x]0,2n], (2.8)

’U,|T:1 =0.

For f # 0, the equation (2.8) admits a unique solution.

Next, let du be the point-wise numerical error. In the following, we compare
the numerical errors of our algorithm with the five points difference scheme.
Take the exact solution w(r,d) = (r — 1)sin(f). In Figure 1, we plot the
numerical errors of the mixed Fourier-Legendre spectral method and the five
points difference method with grid size h = 0.01. We find that the numerical
results of our method are much more accurate than those of the five points
difference method.

-1 1

(a) The spectral method (b) The five points difference method

Figure 1. The numerical errors.

2.4.2 The multiple solutions of (1.1)

Let Rse be the residual error of (1.1), J is the energy as defined in (1.2). In the
numerical experiments, we take M = 40, N = 20. However, in order to clearly
see the mesh grids in figures, a coarse mesh is used to redraw the profiles. In
Figures 2, we plot the solutions of (1.1) with A =1, p =3,k = -1,1 =3
and various Ag and . In Figures 3, we also plot the solutions of (1.1) with
A=—-100, p =3, k =1, [ = 3 and various \g and . Numerical results show
that it is feasible to solve the multiple solution of the nonlinear equation (1.1)
by the bifurcation method. Moreover, we also find that it is not difficult to
choose the initial iteration value for obtaining the multiple solutions.
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= = - ” . 1 ~125911 8 (171220)a (071220) 145084, s 1369813 o, 13688121 (207122}, 007122, 071220) s 071220)
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(a) (b) (c)

1 05519200,y 12618 -0 50 408, s 02571013 11155059 LOIDATTSY, (DT 0374, 05642,0.05, 11, 2806823005 14 0051222108 FerS5te 16
(056420009 0TS0, L0350, -1t o 1013

(d) (e) ()

Figure 2. (a) Ao = 5.78449, O(2) symmetry; (b) Ao = 14.67342, X1 symmetry; (c)
Ao = 26.33997, ¥y symmetry; (d) Ao = 30.46207, O(2) symmetry; (e) Ao = 40.59751, D3
symmetry; (f) Ao = 57.31138, ¥y symmetry.

3  The multiple positive solutions of the Schrodinger
equation (1.1) on a unit disk

3.1 The O(2) symmetric positive solution branch

3.1.1 The O(2) symmetric positive solution branch by A continua-
tion

Taking A as a parameter, r as a constant, and using the O(2) symmetric posi-
tive solutions to problem (1.1) with A = —4 as a starting point, we get a whole
O(2) symmetric positive solution branch I" by the A continuation and the New-
ton iteration method. While X is continued, the eigenvalues of the Jacobian
F,(u, A\, 1) are monitored. We find that the eigenvalues corresponding to small
absolute value are near —2.22, 2.11, 7.12, 12.38, 17.86, 23.80, 30.41 and 37.80.
The corresponding eigenvectors possess X1, Xy, D3 , Dy, D5, Dg, D7 and Dg
symmetry, respectively. They are the potential symmetry-breaking bifurcation
points [11], [26]. Figure 4 (a) shows the whole O(2) symmetric solution branch
to problem (1.1) by using A continuation.

Math. Model. Anal., 22(2):167-185, 2017.



176 Z.-X. Li, J. Lao and Z.-Q. Wang

28008252 (00 -5 2421059 o5 8545012 5979821 (D16560) 2 016530, 4=3 20877 Ree-2501 112 ol =85.34121 (13560, (003560}, (0,0.350) and (0.35600)
242k, Rea-1 0550 12

(a) (b) (c)

780241, (0428102589, 1530252 (L05728),0,05728), 057280), (057280)
)30 (0,05, J-3510845, 0410.41)0.41,0:41), (0.41041) a0 (041,041, 48556204, Ria-306650-12

ol 671771 100, 28653 0072, J=2 41T [
Reee3 264012

(d) (e) ()

Figure 3. (a) Ao = 5.78449, O(2) symmetry; (b) Ao = 14.67342, X1 symmetry; (c)
Ao = 26.33997, ¥, symmetry; (d) Ao = 30.46207, O(2) symmetry; (e) Ag = 40.59751, D3
symmetry; (f) Ao = 57.31138, D4 symmetry.

3.1.2 The O(2) symmetric positive solution branch by | continuation

Taking [ as a parameter, A as a constant, and using the O(2) symmetric pos-
itive solutions to problem (1.1) with [ = 0 as a starting point, we get a whole
O(2) symmetric positive solution branch I" by the [ continuation and the New-
ton iteration method. While [ is continued, the eigenvalues of the Jacobian
F,(u, A\, 1) are monitored. We find that the eigenvalues corresponding to small
absolute value are near 0.38, 2.52, 4.76, 7.10, 9.52, 11.97, 14.47 and 16.99.
The corresponding eigenvectors possess Xy, Xy, D3, Dy, D5, Dg, D7 and Dg
symmetry, respectively. They are the potential symmetry-breaking bifurcation
points [11], [26]. Figure 6 (a) shows the whole O(2) symmetric solution branch
to problem (1.1) by using ! continuation.

3.2 The symmetry-breaking bifurcation point on the O(2) symmet-
ric positive solution branch

3.2.1 The symmetry-breaking bifurcation point for A\ continuation

In the following, we take A as a parameter and [ as a constant. Let X be one
of X1, X4, D3 , D4, Ds, Dg, D7 and Dg, and X% be the invariant subspace
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of ¥. Since F(yu,\ 1) = vF(u,\1), ¥y € O(2), X* can be decomposed
into X* = X9 @ W, where X°®) is the invariant subspace of O(2), W =
X¥ N (X9t and (X9@))+ is an orthogonal complement of X9, On the
O(2) symmetric positive solution branch, there exists a point (ug, Ag), at which
F? = F,(ug, Mo, 1) is singular, its null space is N'(F) = span{¢o} and its range
space is R(F?) = {x € X¥|(¢o,z) = 0}, where ¢9 € W and 19 € W are null
eigenvector of F¥ and (F2)T, respectively. If

(0, (Fo,ox + Fiy)bo) # 0 (3.1)
and vy € X°® is the unique solution to
Flvoy + FY =0, (3.2)

then the point (ug, Ag) is called O(2)-X symmetry-breaking bifurcation point
with respect to A.

The following is the extended system for detecting the O(2) — X symmetry-
breaking bifurcation point:

F(u, A\ 1)
Gly)=| Fu(u,A\\D)9 | =0, (3.3)
(ho,¢) — 1

where y = (u, 6, \)T € Y = XO@) x W x R, yo = (ug, do, Xo), and hg € W is a
normalization of ¢g.
Theorem 1. The extended system (3.3) is reqular at the O(2) — X symmetry-
breaking bifurcation point yo = (ug, do, Ao)-
Proof. Obviously,
F? 0 FY
Gy=| Fléo F] F)oo

0 (ho, ) 0

Next, we prove that Gg :Y — Y is one-to-one. To this end, let

GyZ =0, (3.4)

where Z = (v,w,a)T, v € XO?) wc W, a € R. Expanding (3.4) yields

Fv 4 aFY) =0, (3.5)
F,¢0v + Flw + aF\¢o = 0, (3.6)

From (3.5), we get v = avy. Substituting v = aw, into (3.6) and taking the
inner product with g lead to a(ty, (Fo,vago + FO o)) = 0. Therefore, by

Math. Model. Anal., 22(2):167-185, 2017.
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(3.1) we know o = 0. Further, by (3.6) we obtain Fw = 0. This, along with
(ho,w) = 0 gives that w = 0. Similarly, we can prove that Gg Y — Yiis
onto. Therefore Gg is regular. O

Since Gg is regular, we can use the mixed Fourier-Legendre pseudospectral
method to discretize the equations (3.3). During the continuation, we can
find certain u* € X°® and \* € R, at which the Jacobian F,(u*, \*,l) has
eigenvalues with small absolute value, and hence (u*, A*) and the corresponding
eigenvector can be used as the initial guess for the Newton iteration. The
numerical results are presented in Table 1.

Table 1. Symmetry-breaking bifurcation point for A continuation with p = 3, k = —1 and
l=2.

0(2)-31 0(2)-Z4 O0(2)-Ds O(2)-Di O(2-Ds O(2)0-Ds O(2)-Dr
A -2.2231 2.1139 7.1194 12.3792 17.8551 23.7953 30.4131

3.2.2 The symmetry-breaking bifurcation point for [/ continuation

Taking [ as a parameter and A as a constant, we get the symmetry-breaking
bifurcation point with respect to . By using the similar process as in Subsec-
tion 3.2.1, we obtain the following numerical results (see, Table 2):

Table 2. Symmetry-breaking bifurcation point for [ continuation with p = 3, Kk = —1 and
A=1.

0(20-%1 O0(2)-Zs O0@2)-Ds O(2-Di O2)-Ds O(2)-Ds O(2)-Ds
I 03785 25172 47566 7.0997 95136 11.9749  14.4698

3.3 Branch switching to Y~ symmetric solutions
3.3.1 Branch switching to Y’ symmetric solutions for A continuation

We take A as a parameter and [ as a constant. Let (ug, Ag) be the O(2) — X
symmetry-breaking bifurcation point with ug € X?®). The numerical compu-
tation shows

a:= (Yo, Fl,dodo)m,n =0, b= (tho, (Fo,vr + Fy) o) m,n # 0,
¢ = (Yo, (Fouavx + 2Fvx + F\))mn =0,

where vy € X9® is the unique solution to the equation (3.2). From the
algebraic bifurcation theory [11], [26], we know that at the symmetry-breaking
bifurcation point, the tangent vector along the O(2) symmetric positive solution
branch is (vy, 1), the tangent vector along the X symmetric positive solution
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branch is (¢g,0). Next, let us define

— %F(us(/\0+77)+€(¢O+w)v>‘0+nal)v 57é0a
Glwme) = { Fu(us(Xo + 1), Ao +n,1)(¢o + w), e=0, (38)
N(w,n,€) = (¢, w), (3.9)

where ugs(Ag+n) is the O(2) symmetric positive solutions, w € W and n, € € R.
Obviously, G(0,0,0) =0, N(0,0,0) = 0. The Jacobian of (3.8) and (3.9) with
respect to w and n at (w,n,e) = (0,0,0) is that

A0 — M| _ ( F B )
= O(w,n) O T (g, 0 )

where
B = [F2,(us (M), Ao, Dtk (30) + Fia (us (Mo), Ao, 1) do = [ Flon + Fi | do.

Since (19, B®) = b # 0 and ¢g € N(F?), we have B ¢ R(F?) and N(F?) N
N({¢o,-)) = {0}. By the Keller lemma [11], [26], A is nonsingular. The
implicit function theorem ensures that

G(w’ ) ): 07
{ N(w’zvi) I (3.10)

have solutions (w(e),n(€)), V |e| < o, which can be solved by the Newton
iteration method. Therefore, we obtain the X symmetric positive solution
branch (us(Ao + 1(g)) + e(do + w(€)), Ao + n(€),1) to problem (1.1), which is
switched from the O(2) symmetric positive solution branch.

Remark 1. During actual computations, we need not calculate the second deri-
vative in BY, since we always take € # 0. Problem (3.10) possesses the following
form (p=3):

—02w — 29,w — L03w + (B2 + 1+ Ao)w — £B2up(No) + (€82 + 1)
X (uo(Xo) + e(azthy + Bavr)) + rrt (3ud(Mo)w + 3uo(Xo) (e(catho

+B2ux) + w>2 + (e(a2tho + Bavy) + w)3) =0,
wlag =0, (a2t + Bavy)w + Bon = 0.

(3.11)

We can solve the equations (3.11) by the Newton iteration method and the
mixed Fourier-Legendre pseudospectral method with initial value (w®, n°) =
(0,0). When ¢ is big enough, we can get another solution branch, see Figure
4(b).

3.3.2 Branch switching to }' symmetric solutions for /[ continuation

In the following, we take [ as a parameter and \ as a constant. Let (ug,lo) be
the O(2)— X symmetry-breaking bifurcation point with uy € X°®). We can get
some new positive solution branches by a similar process as in Subsection 3.3.1.
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Remark 2. The final settlement is the following form (p = 3):

—02w — 10w — 03w + Aw — efzrroud(lo) Inr — rrioud (lo)
x (rePetn — 1) — 3krlocud(lp) (e — Bavy) (refz+n — 1)
+rrlo el (3ud(lo)w + 3ug(lo) (e(aztbo — Bavr) + w)2 (3.12)

+(e(aatbo — Bavr) +w)°) =0,
wlog =0, (azhy + fov) )w + o = 0.

The equations (3.12) can be solved by the Newton iteration method and the
mixed Fourier-Legendre pseudospectral method with initial value (w® n%) =
(0,0). When ¢ is big enough, we can get another solution branch, see Figure 6

(b).

3.4 Numerical results

In Figures 4(a) and 4(b), we show the O(2) symmetric solution branch to
problem (1.1) with p = 3,1 = 2 and K = —1, on which there are eight symmetry-
breaking bifurcation points for A continuation. Particularly, we also exhibit in
Figure 4(b) the symmetric positive solutions bifurcated from the symmetry-
breaking bifurcation points, which are X, Xy, D3, D4, D5, Dg, D7 and Dg
symmetric, respectively, see lines 1-9.

114
lull

6 wb 50 3}1 4‘0 X5‘0 éo 7‘0 a‘o 9}1 100 2 0 5 10 520 5 N B 4
A
() (b)
Figure 4. (a): The diagram of O(2) symmetric positive solutions by A continuation with
k= —1, p=3 and Il = 2; (b):Symmetric positive solutions bifurcated from O(2) symmetric
positive solution branch with Kk = —1, p=3 and [ = 2.

From Figure 4(b), we further observe that problem (1.1) has only one sym-
metric positive solution (O(2)) for —4 < A < —2.2231, two symmetric positive
solutions (resp. O(2) and X)) for —2.2231 < A < 2.1139, three symmetric posi-
tive solutions (resp. O(2), X1 and X;) for 2.1139 < A\ < 7.1194, four symmetric
positive solutions (resp. O(2), X, Xy and D3) for 7.1194 < X < 12.3792, five
symmetric positive solutions (resp. O(2), X1, Xy, D3 and Dy) for 12.3792 <
A < 17.8551, six symmetric positive solutions (resp. O(2), X1, X4, D3, D4 and
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Dj) for 17.8551 < A < 23.7953, seven symmetric positive solutions (resp.
0(2), X1, X4, D3, Dy, D5 and Dg) for 23.7953 < A < 30.4131, eight symmet-
ric positive solutions (resp. O(2), X1, X4, D3, D4, D5, Dg and D7) for 30.4131 <
A < 37.7955, nine symmetric positive solutions (resp. O(2), X1, X4, D3, Dy, D5,
Dg, D7 and Dg) for \ > 37.7955.

The previous nine symmetric positive solutions to problem (1.1) with p = 3,
[ =2 and X\ = 40 are also plotted in Figure 5.

= 95481 06675, -2 4ot o= 671013 198981 o (075000000, 13 15024004 =223 112 18798210 529604728, 0528,04723, o5 152584,
Ree-26800 12

Il ~198588 & (00751072], [0765,03210) D312 411 ] +198685 1 (07385,0236, (040807760 0.7290-02658), 1l +198071a (D6935,0.3482), (0108007687 {OT61301435]
BTG o3 12613 (0251247340, 5 8902814, Reeet4211e13 (038730671, (15538,0543), J82TTher, e 805812

1, 195580 a (073880 2369, (0.1367.07640) (057450524 1, ~188178:21{0.5046.04987), (0451 07745, [0613204753) 1l =17.6853 s (375706025, 0508300960 64204255
17280, 02650, 0164207582, 03843,0.486), 7.7, Rt 421013 17478,02081) 0159678988, (916053640548, 75, 1548505, | 068012 10638,01572, 01257, 0701), 0578404141 (176650119
(0575706125, 1548505, e e 12

() (h) (i)

Figure 5. Nine positive solutions to problem (1.1) with p =3,1 =2, A =40 and x = —1,
which are O(2), X1, X4, D3, D4, Ds, Dg, D7 and Dg symmetric, respectively.

In Figures 6(a) and 6(b), we show the O(2) symmetric solution branch
to problem (1.1) with p = 3, A = 1 and k = —1, on which there are eight
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symmetry-breaking bifurcation points for [ continuation. Moreover, we also
exhibit in Figure 6(b) the symmetric positive solutions bifurcated from the
symmetry-breaking bifurcation points, which are Xy, Xy, D3, Dy, D5, Dg,
D7 and Dg symmetric, respectively, see lines 1-9. From Figure 6(b), we fur-
ther observe that problem (1.1) has only one symmetric positive solution O(2)
for 0 < I < 0.3785, two symmetric positive solutions (resp. O(2) and X)
for 0.3785 < I < 2.5172, three symmetric positive solutions (resp. O(2), 24
and Yy) for 2.5172 < | < 4.7566, four symmetric positive solutions (resp.
0(2), X1, X4 and Dj3) for 4.7566 < [ < 7.0997, five symmetric positive solu-
tions (resp. O(2), X1, X4, D3 and Dy) for 7.0997 < | < 9.5136, six symmet-
ric positive solutions (resp. O(2), X1, X4, D3, Dy and Dj) for 9.5136 < | <
11.9749, seven symmetric positive solutions (resp. O(2), X1, X4, D3, D4, D5
and Dg) for 11.9749 < [ < 14.4698, eight symmetric positive solutions (resp.
0(2), X1, X4, D3, Dy, D5, Dg and D7) for 14.4698 < | < 16.98622, nine sym-
metric positive solutions (resp. O(2), X, Xy, D3, Dy, D5, Dg, D7 and Dg) for
[ > 16.98622.

0 5 10 15 20 25 30 35 40 45 50 0 2 4 6 8 10 12 i 16
I
(a) (b)

Figure 6. (a): The diagram of O(2) symmetric positive solutions by ! continuation with
k=-1,p=3and A =1; (b): Symmetric positive solutions bifurcated from O(2)
symmetric positive solution branch with k = -1, p=3 and A = 1.

The previous nine symmetric positive solutions to problem (1.1) with p = 3,
Il =17.5 and A =1 are also plotted in Figure 7.

Conclusions

In this paper, based on the Liapunov-Schmidt reduction and symmetry-brea-
king bifurcation theory, we compute and visualize the multiple solutions of the
Schrodinger equation on a unit disc, using the mixed Fourier-Legendre spectral
and pseudospectral methods. Starting from the non-trivial solution branches
of the corresponding nonlinear bifurcation problem, we obtain the multiple
solutions of Schrédinger equation with various symmetries numerically. The
bifurcation diagrams are constructed, showing the symmetry/peak breaking
phenomena of the Schrédinger equation. Numerical results demonstrate the
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Figure 7. Nine positive solutions to problem (1.1) with p =3,1=17.5, A =1 and
k = —1, which are O(2), X1, X4, D3, D4, D5, Dg, D7 and Dg symmetric, respectively.

effectiveness of these approaches. The main merits of our method include: (i)
We can compute the multiple solutions of the Schrédinger equation with a
larger Morse index and various symmetries; (ii) The suggested algorithms can
overcome effectively the difficulty for searching the initial guess encountered
in some other popular algorithms. (iii) The proposed algorithms are a high-
order accuracy method. Moreover, numerical experiments also indicate that it
is much easier to find the nontrivial solutions with our method, especially the
positive solutions during the computational process.
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