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Abstract. The periodic zeta-function ζ(s; a), s = σ + it is defined for σ > 1 by
the Dirichlet series with periodic coefficients and is meromorphically continued to the
whole complex plane. It is known that the function ζ(s; a), for some sequences a of
coefficients, is universal in the sense that its shifts ζ(s + iτ ; a), τ ∈ R, approximate
a wide class of analytic functions. In the paper, a weighted universality theorem for
the function ζ(s; a) is obtained.
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1 Introduction

Let s = σ + it be a complex variable, and a = {am : m ∈ N} be a periodic
sequence of complex numbers with minimal period k ∈ N. The periodic zeta-
function ζ(s; a) is defined, for σ > 1, by the Dirichlet series

ζ(s; a) =

∞∑
m=1

am
ms

.

The Hurwitz zeta-function ζ(s, α) with parameter α, 0 < α 6 1, is given, for
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σ > 1, by the series

ζ(s, α) =

∞∑
m=0

1

(m+ α)s

and can be analytically continued to the whole complex plane, except for a
simple pole at the point s = 1 with residue 1. Since, in view of periodicity of
a,

ζ(s; a) =
1

ks

k∑
m=1

amζ
(
s, mk

)
, (1.1)

the periodic zeta-function also has analytic continuation to the whole complex
plane, except for a simple pole at the point s = 1 with residue

1

k

k∑
m=1

am.

If the later quantity is equal to zero, then the function ζ(s; a) is entire one.
In 1975, S.M. Voronin discovered [16] the universality of the Riemann zeta-

function ζ(s) = ζ(s, 1) on the approximation of a wide class of analytic func-
tions by shifts ζ(s+ iτ), τ ∈ R. After Voronin’s work, various authors observed
that some other zeta-functions also are universal in the Voronin sense. The
attention was also devoted to the periodic zeta-function. The first universality
results for periodic zeta-function was obtained by B. Bagchi in [1] and [2], and
by different methods in [13] and [14]. We will recall Theorem 11.8 from [14].
Denote by K the class of compact subsets of the strip D =

{
s ∈ C : 1

2 < σ < 1
}

with connected complements, and by H(K), K ∈ K, the class of continuous
functions on K which are analytic in the interior of K. Let measA stand for
the Lebesgue measure of a measurable set A ⊂ R.

Theorem 1. [14]. Suppose that am is not a multiple of a character mod k
satisfying am = 0 for (m, k) > 1. Let K ∈ K and f(s) ∈ H(K). Then, for
every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|ζ(s+ iτ ; a)− f(s)| < ε

}
> 0.

In [14], also the upper bounds for the density of universality of ζ(s; a) were
obtained.

We note that the assumptions of Theorem 1 imply that the sequence a is not
multiplicative. We recall that the sequence a is multiplicative if amn = aman for
all coprime m,n ∈ N. The universality of ζ(s; a) with multiplicative sequence
a was obtained in [11]. Denote by H0(K), K ∈ K, the class of continuous
non-vanishing functions on K, which are analytic in the interior of K.

Theorem 2. [11]. Suppose that the sequence is multiplicative and

∞∑
α=1

|apα |
p
α
2

6 c < 1

for all primes p. Let K ∈ K and f(s) ∈ H0(K). Then the assertion of Theo-
rem 1 is true.
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The universality of periodic zeta-functions is not a simple problem. It turns
out, as it was observed in [5], that not all periodic zeta-functions are universal
in the Voronin sense. Moreover, in [5], a new restricted universality property
for ζ(s; a) was introduced. For K ∈ K, the height h(K) of K is defined by

h(K) = max
s∈K

Im(s)−min
s∈K

Im(s).

Then in [5] the following theorem has been obtained.

Theorem 3. There exists a positive constant c = c(a) such that, for every
K ∈ K of height h(K) 6 c, every f(s) ∈ H(K) and every ε > 0, the inequality
of Theorem 1 is true.

Also, in [5], the necessary and sufficient conditions of the universality for
ζ(s; a) with prime k were obtained. In [15], the universality of the function
ζ(s; a) with prime k satisfying the condition

ak =
1

ϕ(k)

k−1∑
m=1

am,

where ϕ(k) is the Euler function, was considered. A joint universality theorem
for periodic zeta-functions was proved in [9]. The joint universality of periodic
and periodic Hurwitz zeta-functions was studied in [4] and [7].

The aim of this paper is to discuss the weighted universality of the func-
tion ζ(s; a). The universality of this type for the Riemann zeta-function was
considered in [6].

Let w(t) be a positive function of bounded variation on [T0,∞), T0 > 0,
such that the variation V baw on [a, b] satisfies the inequality V baw 6 cw(a) with
certain c > 0 for any subinterval [a, b] ⊂ [T0,∞). Define U = U(T,w) =∫ T
T0
w(t) d t and suppose that U(T,w) → ∞ as T → ∞. Let IA stand for the

indicator function of the set A. Then the following statement holds.

Theorem 4. Suppose that the function w(t) satisfies all above conditions, and
that the sequence a is as in Theorem 2. Let K ∈ K and f(s) ∈ H0(K). Then,
for every ε > 0,

lim inf
T→∞

1

U

∫ T

T0

w(τ)I{
τ : sup
s∈K
|ζ(s+iτ ;a)−f(s)|<ε

}(τ) d τ > 0.

We note that in [6] a certain additional condition generalizing the classical
Birkhoff-Khintchine theorem was used. We do not need that condition.

2 Limit theorems

Denote by B(X) the Borel σ-field of the space X, and by H(D) the space of
analytic functions on D equipped with the topology of uniform convergence on
compacta. This section is devoted to a limit theorem on weakly convergent
probability measures in the space (H(D),B(H(D))).

Math. Model. Anal., 22(1):95–105, 2017.
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Let γ
def
= {s ∈ C : |s| = 1} be the unit circle on the complex plane. Define

Ω =
∏
p γp, where γp = γ for all primes p. With the product topology and

pointwise multiplication, the torus Ω is a compact topological Abelian group.
Therefore, the probability Haar measure mH on (Ω,B(Ω)) can be defined. This
gives the probability space (Ω,B(Ω),mH). Let ω(p) stand for the projection
of ω ∈ Ω to the coordinate space γp. Moreover, let

ω(m) =
∏
pα|m
pα+1-m

ωα(p)

for m ∈ N. On the probability space (Ω,B(Ω),mH), define the H(D)-valued
random element ζ(s, ω; a) by the formula

ζ(s, ω; a) =
∏
p

(
1 +

∞∑
α=1

apαω
α(p)

pαs

)
.

We note that the latter product converges uniformly on compact subsets of D
for almost all ω ∈ Ω. Moreover, for almost all ω ∈ Ω,

ζ(s, ω; a) =

∞∑
m=1

amω(m)

ms
.

We start with a weighted limit theorem on the torus. Let, for A ∈ B(Ω),

QT,w(A) =
1

U

∫ T

T0

w(τ)I{τ : (p−iτ : p∈P)∈A}(τ) d τ,

where P is the set of all prime numbers.

Lemma 1. QT,w converges weakly to the Haar measure mH as T →∞.

Proof. Denote by gT,w(k), k = (kp : kp ∈ Z, p ∈ P), the Fourier transform
of the measure QT,w. Since characters χ of Ω are of the form

χ(ω) =
∏
p

ωkp(p),

where only a finite number of integers kp are distinct from zero, we have that

gT,w(k) =

∫
Ω

∏
p

ωkp(p) dQT,w.

Hence, by the definition of QT,w,

gT,w(k) =
1

U

∫ T

T0

w(τ)
∏
p

p−ikpτ d τ

=
1

U

∫ T

T0

w(τ) exp
{
− iτ

∑
p

kp log p
}

d τ, (2.1)
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where only a finite number of integers kp are distinct from zero. It is well
known that the set {log p : p ∈ P} is linearly independent over the field of
rational numbers Q. Therefore, in view of (2.1),

gT,w(0) = 1 (2.2)

and, for k 6= 0, using properties of w(t), we find that

gT,w(k) = − 1

Ui
∑
p
kp log p

∫ T

T0

w(τ) d exp
{
− iτ

∑
p

kp log p
}

= O
(
|U
∑
p

kp log p|−1
)
.

This and (2.2) show that

lim
T→∞

gT,w(k) =

{
1, if k = 0,
0, if k 6= 0,

i.e., gT,w(k), as T → ∞, converges to the Fourier transform of the measure
mH . Hence, the lemma follows. ut

Let θ > 1
2 be a fixed number and, for m,n ∈ N,

vn(m) = exp
{
−
(m
n

)θ }
.

Define

ζn(s; a) =

∞∑
m=1

amvn(m)

ms
and ζn(s, ω; a) =

∞∑
m=1

amω(m)vn(m)

ms
,

and let the function un : Ω → H(D) be defined by the formula

un(ω) = ζn(s, ω; a).

Since the series for ζn(s, ω; a) is absolutely convergent for σ > 1
2 [11], the

function un is continuous one. We set P̂n = mHu
−1
n , where, for A ∈ B(H(D)),

P̂n(A) = mHu
−1
n (A) = mH(u−1n A).

Define

PT,n,w(A) =
1

U

∫ T

T0

w(τ)I{τ : ζn(s+iτ ;a)∈A}(τ) d τ, A ∈ B(H(D)).

Lemma 2. PT,n,w converges weakly to P̂n as T →∞.

Proof. Clearly,
un
(
p−iτ : p ∈ P

)
= ζn(s+ iτ ; a).

Math. Model. Anal., 22(1):95–105, 2017.
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Therefore,

PT,n,w(A) =
1

U

∫ T

T0

w(τ)I{τ : (p−iτ : p∈P)∈u−1
n A}(τ) d τ

= QT,w(u−1n A) = QT,wu
−1
n (A).

This, the continuity of un, Lemma 1 and Theorem 5.1 of [3] prove the lemma.
ut

Now we will approximate ζ(s; a) by ζn(s; a). Let, for g1, g2 ∈ H(D),

ρ(g1, g2) =

∞∑
l=1

2−l
sups∈Kl |g1(s)− g2(s)|

1 + sups∈Kl |g1(s)− g2(s)|
,

where {Kl : l ∈ N} is a sequence of compact subsets of the strip D such that
D = ∪∞l=1Kl, Kl ⊂ Kl+1 for all l ∈ N, and if K ⊂ D is a compact, then K ⊂ Kl

for some l. Then ρ is a metric on H(D) which induces its topology of uniform
convergence on compacta.

Lemma 3. The equality

lim
n→∞

lim sup
T→∞

1

U

∫ T

T0

w(τ)ρ(ζ(s+ iτ ; a), ζn(s+ iτ ; a)) d τ = 0

holds.

Proof. Consider the series

∞∑
m=1

bn(m)

ms
, (2.3)

where

bn(m) =
1

2πi

∫ θ+i∞

θ−i∞

amln(s)

sms
d s, ln(s) =

s

θ
Γ (s/θ)ns, n ∈ N,

Γ (s) is the Euler gamma-function, and θ > 1
2 is as above. Since am is uniformly

bounded, we find that
bn(m)� m−θ.

Thus, the series (2.3) is absolutely convergent for σ > 1
2 . From this remark,

we deduce that

1

2πi

∫ θ+i∞

θ−i∞
ζ(s+ z; a)ln(z)

d z

z
=

∞∑
m=1

bn(m)

ms
, (2.4)

and an application of the Mellin formula shows that

bn(m) = am exp
{
−
(m
n

)θ }
.
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Now the series (2.3) coincides with ζn(s; a). Therefore, by (2.4) and the residue
theorem,

ζn(s; a) =
1

2πi

∫ θ−σ+i∞

θ−σ−i∞
ζ(s+ z; a)ln(z)

d z

z

+ ζ(s; a) + Res
z=1−s

ζ(s+ z; a)ln(z)
1

z
, (2.5)

where 1
2 < σ < 1 and σ > θ.

Suppose that σ > 1
2 and 2π 6 |t| 6 πx. Then, see, for example, [8],

ζ(s, α) =
∑

06m6x

1

(m+ α)s
+
x1−s

s− 1
+O(x−σ). (2.6)

Moreover, by (1.1),

ζ(s; a) = O

(
k∑

m=1

|ζ
(
s, mk

)
|

)
.

From this and (2.6), we find similarly as in the proof of Lemma 4 of [10] that,
for 1

2 < σ < 1 and τ ∈ R,∫ T+τ

T0+τ

w(t− τ)|ζ(σ + it; a)|2 d t = O(U(1 + |τ |)2).

Let K be a compact subset of the strip D. Then, using (2.5) and the contour
integration, we obtain that with σ̂ < 0

1

U

∫ T

T0

w(τ) sup
s∈K
|ζ(s+ iτ ; a)− ζn(s+ iτ ; a)|d τ

= O

(∫ ∞
−∞
|ln(σ̂ + it)|(1 + |t|)2 d t

)
+ o(1)

as T →∞. This and the definition of ln(s) prove the lemma. ut

Denote by Pζ the distribution of the random element ζ(s, ω; a), i.e,

Pζ(A) = mH(ω ∈ Ω : ζ(s, ω; a) ∈ A), A ∈ B(H(D)).

For A ∈ B(H(D)), define

PT,w(A) =
1

U

∫ T

T0

w(t)I{τ : ζ(s+iτ ;a)∈A}(τ) d τ.

Theorem 5. The measure PT,w converges weakly to Pζ as T →∞. Moreover,
the support of Pζ is the set {g ∈ H(D) : g(s) 6= 0 or g(s) ≡ 0}.

Proof. On a certain probability space (Ω,F ,P), define a random variable ηT
by

P(ηT ∈ A) =
1

U

∫ T

T0

w(t)IA(t) d t, A ∈ B(R).

Math. Model. Anal., 22(1):95–105, 2017.
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By Lemma 2, we have that PT,n,w converges weakly to P̂n as T →∞. Define

XT,n = XT,n(s) = ζn(s+ iηT ; a).

Then the assertion of Lemma 2 can be written as

XT,n
D−−−−→

T→∞
X̂n, (2.7)

where
D−→ denotes the convergence in distribution, and X̂n is the H(D)-valued

random element having the distribution P̂n. We will prove that the family of
probability measures {P̂n : n ∈ N} is tight.

Since the series for ζn(s; a) is absolutely convergent for σ > 1
2 , it is not

difficult to see that, for σ > 1
2 ,

lim
T→∞

1

U

∫ T

T0

w(t)|ζn(σ + it; a)|2 d t =

∞∑
m=1

|am|2v2n(m)

m2σ

6
∞∑
m=1

|am|2

m2σ
6 C <∞. (2.8)

Let Kl be a compact set from the distribution of the metric ρ. Then using the
Cauchy integral formula and (2.8) leads to

sup
n∈N

lim sup
T→∞

1

U

∫ T

T0

w(τ) sup
s∈Kl
|ζn(s+ iτ ; a)|d τ 6 Rl <∞.

Now let ε > 0 be arbitrary and Ml = 2lRlε
−1. Then

lim sup
T→∞

P
(

sup
s∈Kl
|XT,n(s)| > Ml

)
= lim sup

T→∞

1

U

∫ T

T0

w(τ)I{
τ : sup
s∈Kl

|ζn(s+iτ ;a)|>Ml

}(τ) d τ

6 sup
n∈N

lim sup
T→∞

1

MlU

∫ T

T0

w(τ) sup
s∈Kl
|ζn(s+ iτ ; a)|d τ 6

ε

2l
.

Therefore, in view of (2.7),

P
(

sup
s∈Kl
|X̂n(s)| > Ml

)
6

ε

2l
(2.9)

for all n ∈ N and l ∈ N. Let

Hε =
{
g ∈ H(D) : sup

s∈Kl
|g(s) 6Ml, l ∈ N

}
.

Then the set Hε is uniformly bounded on every compact set of D, thus it is
compact subset of H(D). Moreover, by (2.9)

P(X̂n(s) ∈ Hε) > 1− ε
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for all n ∈ N. Hence,

P̂n(Hε) > 1− ε

for all n ∈ N, i.e., the family {P̂n} is tight. Therefore, by the Prokhorov
theorem [3], it is relatively compact. Hence, every sequence of {P̂n} contains
a subsequence {P̂nr} such that P̂nr converges weakly to a certain probability
measure P on (H(D),B(H(D))), i.e.,

X̂nr
D−−−→

r→∞
P. (2.10)

Moreover, using Lemma 3, we find that, for every ε > 0,

lim
n→∞

lim sup
T→∞

1

U

∫ T

T0

w(τ)I{τ : ρ(ζ(s+iτ ;a),ζn(s+iτ,a))>ε}(τ) d τ

6 lim
n→∞

lim sup
T→∞

1

εU

∫ T

T0

w(τ)ρ(ζ(s+ iτ ; a), ζn(s+ iτ, a)) d τ = 0.

Now this, (2.7), (2.10) and Theorem 4.2 of [3] show that

XT (s) = ζ(s+ iηT ; a)
D−−−−→

T→∞
P.

Hence, PT,w converges weakly to P as T →∞. The latter relation also implies,

that the measure P in (2.10) is independent of the choice of subsequence P̂nr .
Thus

X̂n
D−−−−→

n→∞
P,

or P̂n converges weakly to P . This means that PT,w, as T → ∞, converges

weakly to the limit measure of P̂n, as n → ∞. It remains to identify the
measure P .

In [11], the measure

PT (A) =
1

T
meas {τ ∈ [0, T ] : ζ(s+ iτ ; a) ∈ A} , A ∈ B(H(D))

was considered, and it was obtained that PT converges weakly to Pζ as T →
∞. Moreover, in the proving process, it was observed that PT , as PT,w, also

converges weakly to the limit measure of P̂n as n→∞, i.e, to the measure P .
From these remarks, we have that P coincides with Pζ . In [11] it is also noted
that the support of the measure Pζ is the set {g ∈ H(D) : g(s) 6= 0 or g(s) ≡
0}. The theorem is proved. ut

3 Universality

The proof of Theorem 4 is quite standard and is based on Theorem 5 and the
Mergelyan theorem on the approximation of analytic functions by polynomials
[12].

Math. Model. Anal., 22(1):95–105, 2017.
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Proof of Theorem 4. By Theorem 5 and the equivalent of weak convergence of
probability measures in terms of open sets [3], we have that

lim inf
T→∞

1

U

∫ T

T0

w(t)I{τ : ζ(s+iτ ;a)∈G}(τ) d τ > Pζ(G), (3.1)

where

G =
{
g ∈ H(D) : sup

s∈K
|g(s)− ep(s)| < ε

2

}
and p(s) is a polynomial such that

sup
s∈K
|f(s)− ep(s)| < ε

2
. (3.2)

The existence of p(s) is implied by the Mergelyan theorem. By Theorem 5,
ep(s) is an element of the support of the measure Pζ , thus Pζ(G) > 0 because G
is an open neighbourhood of ep(s). Therefore, in view of (3.1) and the definition
of G,

lim inf
T→∞

1

U

∫ T

T0

w(t)I{
τ : sup
s∈K
|ζ(s+iτ ;a)−ep(s)|< ε

2

}(τ) d τ > 0.

From this, the theorem follows since, in virtue of (3.2),{
τ : sup

s∈K
|ζ(s+ iτ ; a)− ep(s)| < ε

2

}
⊂
{
τ : sup

s∈K
|ζ(s+ iτ ; a)− f(s)| < ε

}
.
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