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Abstract. In this paper, we introduce a new class of operators called fuzzy-Pregié¢-
Ciri¢ operators. For this type of operators, the existence and uniqueness of fixed point
in M-complete fuzzy metric spaces endowed with H-type t-norms are established. The
results proved here generalize and extend some comparable results in the existing
literature. An example is included which illustrates the main result of this paper.
Moreover, some applications of our main theorem to the study of certain types of
nonlinear differential equations are provided.
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1 Introduction and preliminaries

The contraction mapping principle appeared in the explicit form in Banach’s
thesis in 1922 [1], where it was used to establish the existence of solution of
integral equations. It states that if (X,d) is a complete metric space and
f: X — X satisfies: there exists A € [0,1) such that

d(fz, fy) < Md(z,y), Vz,y € X, (1.1)
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then f has a unique fixed point in X and, for each x¢ € X, the sequence of
iterates {f"xo} converges to this fixed point. Since then, because of its sim-
plicity and usefulness, this principle has become a very popular tool in solving
existence problems in many branches of mathematical analysis. Presié¢ [16,17]
extended the Banach’s principle to product spaces and used this extension to
establish the convergence of some particular sequences.

Let k be a positive integer and T': X¥ — X be a mapping. Then a point
x € X is called a fixed point of T if T'(z,x,...,2) = z. Presi¢ in his pa-
pers [16, 17] extended the Banach’s contractive condition, that is, the con-
tractivity condition (1.1) for the mapping 7: X* — X, namely, he used the
following condition: there exist nonnegative constants «;,1 < ¢ < k, such
that Zle a; < 1, d(T(z1,...,25), T(x2, ..., Try1)) < Zle a;d(x;, 2i41), for
all 1, x9,...,2k, Tk+1 € X, and proved a fixed point result for the mappings
satisfying this condition.

The Presié’s theorem and its generalizations have various applications (see,
for instance, [2,6,11,16,17,19,20] and the references therein). Cirié [3] gen-
eralized Presi¢’s condition by considering the following condition: there exists
A € [0,1) such that d(T(z1,...,zx), T(z2,. .., Tkt1)) < Amaxi<i<k (2, Tit1),
for all x1,xa9,..., 2k, 11 € X.

On the other hand, fuzzy sets were first introduced by Zadeh [23] in 1965.
He studied the uncertainties occurring in the behaviour of systems of stochastic
nature by means of fuzzy sets. Kramosil and Michélek [12] used the concept
of fuzzy set to define the metric in form of fuzzy sets and introduced the
notion of fuzzy metric spaces. The fixed point theory on fuzzy metric spaces
was introduced by Grabiec in [7], where a fuzzy metric version of Banach
contraction principle was proved. However, it is important to note that no
method is available to obtain metric Banach contraction from Grabiec fuzzy
contraction. In 2002, Gregori and Sapena [9] introduced the notion of fuzzy
contractive mapping and established Banach contraction theorem in various
classes of complete fuzzy metric spaces in the sense of George and Veeramani [4],
Kramosil and Michélek [12] and Grabiec [7]. The results obtained by Gregori
and Sapena [9] have become recently of interest to many authors (see [5,8,13,
14,15,21,22]).

Following this direction of research, we extend and generalize here the fuzzy
contractive mappings of Gregori and Sapena [9] by introducing fuzzy-Presi¢-
Ciri¢ operators and prove some fixed point results for such operators in fuzzy
metric spaces under H-type t-norms. The main theorem in this paper is illus-
trated with an example. Moreover, some applications to nonlinear differential
equations are given to show the usability of the obtained results.

First, we recall some definitions and results which will be needed in the
sequel.

DEFINITION 1 [Schweizer and Sklar [18]]. A mapping =*: [0,1] x [0,1] — [0, 1] is
called a continuous triangular norm (¢t-norm for short) if x satisfies the following
conditions:

(i) * is commutative and associative, that is, a *b = bxa and a * (b ¢) =
(a*b) * ¢, for all a,b,c € [0,1];
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(ii) * is continuous;

(i) 1 *a = a, for all a € [0,1];

(iv) a * b < ¢ x d, whenever a < ¢ and b < d, with a, b, ¢,d € [0, 1].

Some basic examples of t-norm are the minimum t-norm *,,, a*,,b = min{a, b},
product t-norm #,, a *, b = ab, the Lukasiewicz t-norm *r, a *; b = max{a +
b—1,0}, for all a,b € [0,1].

Let * be a given t-norm. For aq,as,...,a, € [0,1], we use the notation
X G = Q1 kA k- K Q.

Let a € [0,1]. Then we can define the sequence {*"a},en by *'a = a and
*"Tlg = (x"a) * a, for n > 1.

DEFINITION 2 [Hadzi¢ and Pap [10]]. A ¢t-norm T is said to be of H-type if the
sequence {*"a},en is equicontinuous at 1, that is, for all € € (0,1), there exists
0 € (0,1) such that, a € (1 — §, 1] implies *™a > 1 — ¢ for all n € N.

An important H-type t-norm is *,,. Some other examples of H-type t-norms
can be found in [10]. We denote the class of all Hadzié-type ¢t-norms by H.

DEFINITION 3 [George and Veeramani [4]]. A triple (X, M, x) is called a fuzzy
metric space if X is a nonempty set, * is a continuous t-norm and M: X? x

(0,00) = [0,1] is a fuzzy set satisfying the following conditions:

(GV1) M(z,y,t) >0, for all z,y € X and ¢ > 0;

(GV2) M(z,y,t) =1 for all ¢t > 0 if and only if z = y;

(GV3) M(z,y,t) = M(y,z,t), for all z,y € X and ¢t > 0;

(GV4) M(x,z,t+8) > M(z,y,t) * M(y, z,s), for all x,y,z € X and s,t > 0;
(GV5) M(x,y,-): (0,00) — [0,1] is a continuous mapping, for all z,y € X.

For the topological properties of a fuzzy metric space, the reader is referred
to [4].

DEFINITION 4 [George and Veeramani [4]; Schweizer and Sklar [18]]. Let
(X, M, *) be a fuzzy metric space and {x,} be a sequence in X. Then {z,} is
called an M-Cauchy sequence if for all € € (0,1) and ¢ > 0, there exists ng € N
such that M (z,, zm,t) > 1 —¢, for all n,m > ng. On the other hand, {x,}
is called a G-Cauchy sequence if lim,, oo M (Zp,Zpi1m,t) = 1 for each m € N
and t > 0 or, equivalently, lim, oo M (2, Zpt1,t) =1 for all £ > 0.
The sequence {x,, } is called convergent and converges to z if, for all e € (0, 1)
and ¢t > 0, there exists nyg € N such that M (x,,x,t) > 1 —¢, for all n > ny.
We say that the space (X, M, %) is M-complete (resp., G-complete) if every
M-Cauchy (resp., G-Cauchy) sequence in X is convergent to some x € X.

Theorem 1 [George and Veeramani [4]]. Let (X, M,x*) be a fuzzy metric
space, {x,} be a sequence in X and x € X. Then {x,} converges to x if and
only if

lim M(zp,z,t)=1, Vi¢>0.

n— oo

Math. Model. Anal., 21(6):811-835, 2016.



814 S. Shukla, D. Gopal and R. Rodriguez-Lopez

Remark 1 [George and Veeramani [4]]. Let (X, d) be a metric space, then

t
X, M i f tri here M, t) = ————, for all
(X, Mg,%,) is a fuzzy metric space, where My(x,y,t) T d.y) or a
z,y € X and t > 0. We call this My the standard fuzzy metric induced by the

metric d. Further, (X, d) is complete if and only if (X, My, *,) is M-complete.

Note that the above result remains true if we take *,, instead of x,. We call
the space (X, Mg, *,,) the min-fuzzy metric space induced by d.
In the next three sections, we state our main results.

2 Fixed point theorems

First, we define Presi¢-Ciri¢ operators in the framework of fuzzy metric spaces.

DEFINITION 5. Let (X, M, %) be a fuzzy metric space, k a positive integer and
T: X* — X be a mapping. Then T is called a fuzzy-Presié- Ciri¢ operator if

1 1
—1<)\ max {7—1}, 2.1
M(T(ﬂfl,...,{lﬁk),T(IQ,...,$k+1),t) 1<i<k M(I%Ii-‘rlvt) ( )

for all x1,...,xk, k41 € X and t > 0, where A € (0,1). Alternatively, the
above condition may be written as

1 -1
> A —_——
M(T(.’I;l, 7xk)7T(x27 ,.’Ek+1)7t) = |:)‘ 1I£liagxk{M(xi’xi+1’t) 1}+1:| )

(2.2)
for all zq1,...,zk, xx4+1 € X and t > 0, where A € (0,1).

Remark 2. Taking M as My in condition (2.1) (or (2.2)), we get
d(T(x1,...,2x), T(x2, ..., 2pt1)) < Amax{d(z;,x;41): 1 <i <k},
for all z1,..., Tk, Try1 € X, where X € (0,1).

Next, we prove a fixed point theorem for the fuzzy—Preéié—Cirié operators
in M-complete fuzzy metric spaces.

Theorem 2. Let (X, M, *) be an M- complete fuzzy metric space, k a positive
integer and T: X* — X a fuzzy-Presic- Cirié operator. Suppose that one of the
following conditions holds:

(H1) x € H and there exist x1,x2...,x, € X such that

ng(a:z,xH_l, t)>0,i=1,2,...,k—1, tig(f)M(a:k,T(xl,...,xk),t) > 0.

(H2) There exist 1,22 ...,x, € X such that the following property holds: for
each € € (0,1) and t > 0, there exists ng 6 N such that, for m, n > ng,

withm > n, we get * [1 + ,u(ts(n)))\k} > 1—¢, where s;n) = ﬁ,

j=mn,...,m—2, 553)1 = s(n)2 and p(z) =
ey — U e — U}



Fuzzy-Pre§ic’—C'iric’ Operators and Applications to Certain Nonlinear DEs 815

Then T has a fized point in X. If, in addition, we suppose that, on the diagonal
Ac Xk,

M(T(u,...,u),T(v,...,v),t) > M(u,v,t), Yt>0 (2.3)
holds for uw,v € X with u # v, then T has a unique fized point.

Proof. Let x1,xzs,...,x; be the points in X given by hypothesis. Define a
sequence {2, } by Zpix = T(@n, Tni1,- - Tntk—1), ¥V n € N. For notational
convenience, set M (zy, Zn11,t) = My (t), for all n € N and ¢ > 0 and consider

w(t) == max{ell [1() 1} 1< < k}, where @ = A%. By mathematical
induction, we show that

1/My(t) —1 < u)d”, VneN, Vi>0. (2.4)
By the definition of u(t), it is obvious that (2.4) is true for n = 1,2,... k. Let

1 1
the following k inequalities, for ¢ > 0, ——— — 1 < p(t)f",——— — 1 <
1 M ) AT
p(t)om L ———— — 1 < pu(t)0"+*~1 be the induction hypothesis. Since
) My e—1()
0 =A% <1, from (2.1) we have
1 1= 1 1
Mn-i-k(t) M(T(l‘n7 Tn41y--- 7xn+k—1)a T(xn-‘rla Tn425 - - - 7xn+k)) t)
1
< Amax —1:1<i<k
o { M(xn+i—1a Tn+iy t) - }

1
=dmaxq—— —1:1 <<k
{M7z+i—1(t) o }

< Amax {p() 0" 1 <i < kP < Au(®)0" = p(t)0"tF, t > 0.

Hence, by induction, (2.4) is true for all n € N.
Next, we show that {z,} is an M-Cauchy sequence. Consider € € (0,1) and
t > 0 fixed. For n,m € N with m > n, we have, using (2.4), that

M(xp, Ty t) >M (X, Trg1,t/2) * M(Tp41, T, t/2)

>M (T, Tpp1,t)2) ¥ M(Tpi1, Tpyo,t/2%)
ook M(Tomeo, Ty 1, /277" % M (21, T, /2777 71)
(*;’; 20 ()20~ 1>)) s My (t/2m~ 1)

n

v

-1

Y

( ;”:n 1 + p(t/2i= (=D )93} 1) « [T+ p(t/2m " Hem 1
g

m: 1 +’u t/Zj (n— 1))9n} 1> . [1 +u(t/2m7n71)‘9n}

Under condition (H1), it is easy to check that p := sup p(t) € [0, 00), since
>0

1 1 1 1
t) < — =1 -1
i‘i%’ ult) < 1%22{1@ { o t>§ {Mz(t) ]} 1<1<k {0’ [1r>1£ M;(t) }}

Math. Model. Anal., 21(6):811-835, 2016.
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and gng(t) = g%M(mi,xiH,t) >0,i=1,2,...,k—1,

%g(f)Mk(t) = %I;EM(xk,a:kH,t) = g(f)M(a:k,T(xl, s xk),t) > 0.

In these conditions, for n,m € N with m > n, we have that
M (2, @, t) > [L4p0"] " o [L4 pf"] 7 = ™" [L4p6"] 7 . (25)

Since * € H, there exists 8 € (0,1) such that: if [L + p6"]"" € (1 — 4, 1], then
$m 14 puf] Tt > 1 —g, form > n. As 0 < 0 < 1, given § > 0 there
exists ng € N such that [1+ 8" € (1 —6,1], for all n > ng (it suffices
to take ng € N such that 1 + pf™ < ﬁ) With this choice, we obtain
«m= 14+ uf"] " > 1 —&, ¥ n > ng, m > n. The above inequality with (2.5)
and the properties of M give M (xy,, zpm,t) > 1—¢,V n, m >ng, Vi > 0.

On the other hand, if (H2) holds, there exists ng € N such that, for m, n >
ng, with m > n, we get

M(xp, T, t) > <*;"=*n2 {1 + u(t/2j_("_1))9j} _1> S+ u(t/Zm_"_1)9m_1]_l

m—1
= *k

[1 + u(ts§.”))ef} R

j=n

Thus, in both situations, {z,} is an M-Cauchy sequence. By M-completeness
of X, there exists u € X such that

lim M(z,,u,t)=1, Vt>0. (2.6)

n—o0

Now, we show that u is a fixed point of T'. Indeed, for any n € N and ¢t > 0, we
have

M (@pir, T(uy ..o yu),t) = M(T (@, .o oy Tpgk—1), T (U, ..., u), t)
Z M(T(fl]n7 L] 7$n+k71)7T(*/En+17 L] 7$n+k717u)7t/2)

* M(T($n+1, e ,:cn+k_1,u),T(a:n+2, ooy Tt k-1, U,U),t/QQ)
sk M(T(Tpihe2, Tnpho15 Uy o oo, ), T(@pgho1, 4, . u), /2871
s« M(T(@pyp—1, ... u), T(u,... u),t/2870). (2.7)

Using (2.2), (2.4) and 6 € (0,1), we have

M(T(zp, . s Tpgk—1), T(Tpg1, .o g1, u), )

1 1 -1
D ) NN R )
e A P (Tptiz1, Tnyist) M (znqr—1,u,t) *

. 1 1 -1
Mo a0 1 MEmrwt) 1 +1]

u(t)&"“’*l}, —M(mnifl, i 1} n 1} -

1 —1
> [ Lo, )]
N( ) M(xn-‘rk—lauvt)
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Using (2.6) and the fact that 0 < 8 < 1, it follows from the above inequality that
lim M(T(zn,...,Tn4k-1), T (Trnt1y. oy Tngr—1,u),t) =1, ¥V ¢t > 0. Similarly,

n—oo

(T'(
lm M(T(zpt1,-- s Tngk—1,0), T(Tpto, . o Tppp—1,u,u),t) =1, VE>0,...,
(T(

n—oo

lim M(T(zpik—1,8,...,u),T(u,...,u),t) =1, ¥t > 0. The above properties

n—oo

with (2.7) imply that
lim M(zp4s,T(u,...,u),t) =1, ¥Vt >0. (2.8)

n— oo

Therefore, for any n € N and t > 0, we have
M(u, T(u,u, ..., u),t) > M(u,&pig,t/2) * M(zpip, T (u, ..., u),t/2),

which, together with (2.6) and (2.8), gives M (u, T'(u,u,...,u),t) =1,V t > 0.
Thus, T'(u,u,...,u) = u, that is, v is a fixed point of T.

Finally, for uniqueness, suppose that v € X is another fixed point of T" with
u # v. Then, from (2.3), we have M (u,v,t) = M(T(u,...,u),T(v,...,v),t) >
M (u,v,t), for every t > 0. This contradiction shows that v = v. Thus, under
condition (2.3), the fixed point of T is unique. 0O

Remark 8. The uniqueness condition (2.3) in Theorem 2 is reduced, for M =
My, to d(T(u,...,uw),T(v,...,v)) < d(u,v), ¥V u,v € X with u # v. From the
proof of Theorem 2, it is obvious that uniqueness is also derived just considering
the following weaker hypothesis:

for each u,v € X fixed with u # v, there exists ¢ > 0 such that

M(T(u, .., u), T(v, ..,0),8) > M(u,v,8). =9

Corollary 1. Let (X, M, *) be an M-complete fuzzy metric space and T: X —
X be a fuzzy contractive mapping (see Gregori and Sapena [9]), that is,

1 1
E—— I | [— Y X, Vt>0
MTz, Ty ) <M<x,y,t> ) LYes ’

where A € (0,1). Suppose that one of the following conditions holds:
(h1) * € H and there exists 7 € X such that glgM(wl,T(xl)J) > 0.

(h2) There exists £1 € X such that the following property holds: for each
€ € (0,1) and ¢t > 0, there exists ng € N such that, for m, n > ng, with

-1
m > n, we get *2":;1 1 —i—,u(tsjn)))\J} > 1 — ¢, where 3§-n) =1

5, 5™ —

j=n,...,m— o1 = Spmoo and p(z) == % {7M(w1,’11"(w1),z) —-1].

Then T has a unique fixed point in X.

Proof. Take k = 1 in Theorem 2, then the existence of a fixed point u € X
follows. Further, for z, y € X fixed with x # y, we get m —1 > 0 for some
t > 0, thus, since T is a fuzzy contractive mapping, we have WTM) —-1<
m — 1, for some t > 0, that is, M (Tx, Ty, t) > M(x,y,t), for some t > 0,
where z,y € X are fixed with x # y. Hence, the uniqueness condition (2.9) of
Remark 3 is satisfied. Therefore, the fixed point of 7" is unique. 0O

Math. Model. Anal., 21(6):811-835, 2016.
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Remark 4. Note that, if we select M = My, conditions (H1) in Theorem 2 and
(h1) in Corollary 1 are valid only if the mapping T has fixed points. Indeed,
for k =1, infiso Mg(21, T(x1),t) = infysg m =1, if T(z1) = x; and
%Eg Mg(x1,T(x1),t) =0, if T(x1) # 1. Similarly, in the general case k € N, for

the validity of (H1) it is obliged that x; = 25 = -+ =z, = T(x1,x2,...,Tk).
Thus, for the standard fuzzy metric induced by the metric d, the restriction
(H1) is not useful, since it requires to start the process with a fixed point.

However, condition (H2) is interesting in the general case and, in particular,
for the standard fuzzy metric induced by the metric d. Indeed, for k& = 1,
M = My and any x; € X, we have

Mfl}zw
z Az

we) =5

-1
and, thus, for ¢ > 0 and m, n € N with m > n, 7 {14—”( ())/\J] =

J s

~1
o {1 + M A 1} . Note that, if T'(x1) = 1, then g is null and, for

m— n -1
every € > 0, it is satisfied that ' [1 +,u(ts§. ))/\J} =1>1-—c¢, for all

m, n € N with m > n. Consider the general case T'(z1) # x1 or T(x1) = 1. If
we take x = *,,, then, for ¢ > 0 and m, n € N with m > n,

(n) J} -t . d(zq, T(z1)) M

= 1+N( )X nggnglq?zq {1 + t A
J

j—171-1

S d(SCl,T(l’l)) max A

t n<j<m-1 ()
J

Replacing s§-n) = 571, j =n,...,m—2and sm 1= sgn) o, we have for t > 0

and m, n € N with m > n,

pY
max ——— = max {2)\”_1, AN", .. gmenslym=3 27”_”_1)\7”_2}
n<j<m-—1 8(")

= max { (2)\)" 1272 (2A) "2 L (20) B2 ()22
< max {(2)\)" 71272 (20)27 T2 L (20)" 32T (o)) PR
< max {(20)"71, (20", ..., (2073, (2A) 2 27,

If X € (0, 3], since m > n, we get 0 < o max_ N~ 1/5(") < (ATt =
<j<m—1

2A""1 — 0, as n — oo, so that, for ¢ € (0,1) and t > 0 fixed, there ex-

ists ng € N such that, for m, n > ng, with m > n, max XN~ 1/5 ()~
n<j<m-—1

t €
d(x1,T(z1)) 1 —¢

and, hence,

-1 M max A7~ 1/s(")} 1>1*5
t n<j<m—1 .

L4 p(tsS)N | =1+
Tl =1

j =n



Fuzzy-Pre§ic’—C'iric’ Operators and Applications to Certain Nonlinear DEs 819

This proves that condition (h2) holds for M = My and * = *,, if A € (0, 3],
independently of the choice of 1 € X. Moreover, for a general k € N, taking
M = My and any x1,...,x, € X, we get

u(z) :zmax{ 1313}3; X )\% [%_1} 7 % [z+d($k,T(:1, ce X)) _1} }

1
_max{ | Jnax | P d(xi, xig1), )\Zd(xk,T(ml, e ,xk))}
:lmax{ max d(d?z',il_Tz'Jrl)7 d(wg, T(21, ..., 7)) }
z 1<i<k—1 % A

—1
Hence, for t > 0 and m, n € N with m > n, «”! {1 + p(t ("))A%] is equal

j=n
to
‘|—1

Taking % = *,,, we have, for t > 0 and m, n € N with m > n, that the previous
expression is

—1
1 1 d(zi, z; d T j
T (n)m{ o i) de T, ,xk»}A;] |

m—1
.*
j=

S

n

1 i X T
1+ - max{ max d(xzyx7,+1)’ d(xlw ($17 73716)) } Y
ts

$ 1<i<k—1 A% A
J

n<j<m—1 g 1<i<k—1 A% ’ A
Now, since A > 0 and s§n) > 0, for every j =n,...,m—1, we get
1 d(x;, x; d(zg, T(z1, .. j
max —— max<{ max (i ilﬂ), (24 ! ME
n<j<m—1 Sgn) 1<i<k—1 i
d(zi, 2 1)AE d . MK
_ max max max (xuxﬁ-l.) , (xkv (xla y L ))
n<j<m—1 1<i<k—1 s;"))\i sgn)A
d(zs, ip1)NE Az, T(x1, ... zp))\F
S max max max ( (2l Z-‘r;) max ( k> ( 1 ) k‘))
1<i<k—1n<j<m-—1 5(”))\% "n<j<m—1 35”))\
J .
_ d(x;, i) by d(xg, T(x1,...,28)) AF
=max{ max ———— max , max
1<i<k—1 A& n<j<m—1 4(7) A n<j<m—1 g(n)
J J
(s, T(z1,... t
=max<{ max (Jiz,?{?z+1)7 dlze, T(21,.., 7)) max )\—k
1<i<k—1 %3 A n<j<m—1 g(")
J
For s;n) = 21‘—%“7 j=mn,...,m—2 and sf::),l = SSLL),Q, we have for ¢t > 0 and
m, n € N with m > n,
At W o
max —— = max{Q)\?,él)\ e 2N }
n<j<m—1 S;”)

= max {(QA%)"Q—"“, (@AR)rHlg=ntl | (gzE)ym—29-n+l (QA%)"HQ—"}

< max {(2A%)", @AE)HL L (2ak )2, (2A%)m—1} 9-n+L,
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S

Ifxe (0 ,Qk] then 2\ <1 and, since m > n, we get 0 < max,<j<m—1 ); s <

(2)\%)"2 ntl = 2\% — 0, as n — oo, so that, for £ € (0,1) and ¢ > 0 ﬁxed7

there exists ng € N such that, for m, n > ng, with m > n,

1 d(x;, x; d(xg, T(xq,..., i
o X{ (@i, wi1) d(zg, T(z1 Ik))} .

max max ,
n<j<m—1 8( n) 1<i<k—1 b% 3 A

and *7 {1 + ul(ts (n )))\k} > 1 — €. Therefore, (H2) holds for M = M, and
* = %, 1f A e (0, 2k] independently of the choice of z1,...,z, € X.

Next, we give an example which illustrates Theorem 2.

Example 1. Let 0 < a < %, Ty = 2"“;%,71 € N, and consider the set

X = {1} U{x,: n € N}. Define the fuzzy set M: X2 x (0,00) — [0, 1] by

Mot ={ 0 ETEE ey e x w0

Then (X, M, *,,) is an M-complete fuzzy metric space and *,, € H.
For k =2, let T: X2 — X be defined by

| 2z wmzy), =z, y=x51<y;
T(z,y) = { 1, otherwise.
Now, by some routine calculations, one can see that T satisfies

1
M(T(yh yQ)a T(y27 y3)v t)

1 1
—lgAmM{ _1, —1}
M(y17y2at) M(y27y37t)

for all y1,y2,y3 € X and t > 0, where A = % Therefore, T is a fuzzy-Presi¢-
Ciri¢ operator with A = 1/2.

We prove that condition (H1) is satisfied. Indeed, *,, € H and, besides,
starting with the points 1 = a < xy = % + 5 in X, we get %HfO‘M(le,l‘g, t) =

>

min{zy,22} =1 = a > 0 and

1 o
inf M (29, T — inf M (24,2 mi :'fM(— &
%20 ($27 (mlaxQ)at) %I>10 ($27 mln{x17x2}7t) m 4 + 5

22m0

1, if @ = 1 ?
~ | min{$ + %,2a}, if a # 5

Also, by definition of T, for z,y € X with x # y, we have

> 0.

M(T(z,z), T(y,y),t) = M(1,1,t) =1 > M(x,y,t), Vt>D0.

Hence, all the conditions of Theorem 2 are satisfied and, thus, we can conclude
the existence of a unique fixed point of T In fact, 1 is the unique fixed point
of T.
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Next, we give a sufficient condition for the validity of condition (2.3) under
hypothesis (2.1) (or, equivalently, (2.2)) provided that & > 2. This condition
is related to M and the t-norm selected * and allows to establish the following
corollary of Theorem 2.

Corollary 2. Let (X, M, *) be an M-complete fuzzy metric space, k an integer
with k >2and T: X*¥ = X a fuzzy—Preéié—Cirié operator. Suppose that one
of the conditions (H1) or (H2) holds. Then T has a fixed point in X. If, in
addition, we suppose that

for each u, v € X fixed with u # v, there exists t > 0 such that

i;’il N1z — 1)+ 17 > M(u,0, 1), (2.10)

where z; = M(u,v,t/2%), for i = 1,...,k — 1, and 2z = 2zx_1, then T has a
unique fixed point.

Proof. The first part of the corollary follows from the proof of Theorem 2.
Now, for the uniqueness of fixed point, suppose that u, v € X are fixed points
of T' with u # v. Then, for any ¢ > 0, we have

M(u,v,t) = M(T(u,...,u),T(v,...,v),t) (2.11)
> M(T(u, ... uw), T(uy ..., u,0),t/2) « M(T(u,...,u,v),T(v,...,v),t/2)
>M(T(u,...,u),T(u,... uv),t/2xM(T(u,...,u,v),T(u,...,u,v,v),t/2?)

s M(T(u,u,v,...,0),T(u,v,...,0v),t/2871)

« M(T(u,v,...,v),T(v,...,v),t/2871).
Using (2.2), we get, for every t > 0, M(T(u,...,u),T(u,...,u,v),t/2) >

-1
|:)\ (m — 1) + 1:| and, similarly,
-1
M(T(uy. .. u,v), T(u, ..., u,v,v),t/2%) > [)\ (W - 1) + 1} e
-1
k—1 1

M(T(U,U,'I},...,U),T(U,'U,...,'U),t/2 ) 2 |:)\ (W — ].) —+ 1:|

~1
M(T(u,v,...,v),T(v,...,v),t/25"1) > [A (W - 1) +1] .
In consequence, by (2.11), for every ¢ > 0, the following inequality holds

M(u,v,t) > {)\ <M —1) +1}1* [/\ <W—l) +1}1

*"'*NW‘Q“T*[*(W‘l)“]_l'

From the previous inequality and (2.10), we can affirm that there exists ¢ > 0
such that M (u,v,t) > M (u,v,t), which is a contradiction, so that © = v and
the fixed point of T is unique. O

Next, we present the following extension of Theorem 2, which is very inter-
esting to the applications included in the last section.

Math. Model. Anal., 21(6):811-835, 2016.
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Theorem 3. Let (X, M, *) be an M- complete fuzzy metric space, k a positive
integer and T: X* — X a fuzzy-Presic- Ciri¢ operator. Suppose that one of the
following conditions holds:

(H1*) Condition (H1).

(H2%) There exist x1,x2...,2, € X such that the following property holds:
for each € € (0,1) and t > 0, there exists ng € N such that, for m, n >

~1
ng, with m > n, we get #|1 —|—,u(ts(n m)))\k} > 1 — ¢, for some

collection of values 55 m o O, j=mn,.. — 1, with Zm ! (" m) <1,
where p(z) is given in the statement of Theorem 2.

Then T has a fized point in X. If, in addition, we suppose that, on the diagonal
A C X*, condition (2.3) holds for u,v € X with u # v, then T has a unique
fized point.

Proof. Tt is similar to the proof of Theorem 2. In order to prove that {x,} is an

M-Cauchy sequence, we consider the choice for glmm) given in the statement.
Using the nondecreasing character of M (z,y, -) for every z, y € X and following
the proof of Theorem 4.8 [9], we have, for ¢t > 0 and n,m € N with m > n,

M (%, Ty t) > M (Tp, Ty, ts(" m)) * M(xn+l7xn+2,t8,g’:_1 ))

O M(xm 2y Tm— 17t5( ))*M(Z‘m lvxm;ts(n,m))

m—1

m—1 —1

=" (s = T 1 (s 0]

Jj=n j:n
The case (H1*) is analogous to the proof of Theorem 2. Under condition (H2*),
given € > 0, there exists ng € N such that, for m, n > ng with m > n, we get
71
M (2, Ty ) > +7 {1 +u(ts§"’m))ﬂj] > 1 — . The proof is completed

similarly to that of Theorem 2. 0O

Corollary 3. Let (X, M, *) be an M-complete fuzzy metric space and T: X —
. . . 1

X be a fuzzy contractive mapping, that is, T2 Tyd) 1< (m 1) ,

Va,y € X, Vt > 0, where A € (0,1). Suppose that one of the following condi-

tions holds:

(h1*) Condition (h1) is satisfied.

(h2%*) There exists 1 € X such that the following property holds: for each
e € (0,1) and ¢ > 0, there exists ng € N such that, for m, n > ng, with
m > n, we get [1 + ,u(ts(" m)))\J} > 1 — ¢, for some collection of

values sg mos 0,7=mn,...,m— 1, with Zm ! ("m) < 1, where p is

given in Corollary 1.

Then T has a unique fixed point in X.
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Remark 5. Theorem 3 and Corollary 3 are more general than Theorem 2 and
Corollary 1, respectively. Conditions (H2*) and (h2*) show that the relevant

point in the choice of the values sgn’m) is the fact that s(n m oS 0, for every

j=n, — 1, and 3370 ! (n ™) < 1. Hence, we can select different values

(n, m)

of s; as long as these requlrements are fulfilled. Note also that it is possible

™) to be independent of m, that is, in the form

A

to take the expressions of s§-n’
A

J
we can take the expressions of sg-”’m) to be independent of n and m, that is, in
the form s;, if we select them as positive numbers such that Z]oil s; < 1.

, if we select them as positive numbers such that z;’i < 1. Moreover,

Remark 6. It is important to note that, in the case where M = M, and % = %,,,,

condition (H2*) (resp. (h2*)) is trivially valid for arbitrary choices of x1, ...,z
(resp., 1) and for any value of A € (0,1), since we can choose sgn’m) = j(ji_l),
for j=mn,.. — 1, which are positive and such that Z] 1 j(]+1) =1.

We start Wlth the case k = 1. For M = My, * = %,,, any x1 € X and

(n,m)

taking s;

= j(j%l),j:n,...,m—l, we have, for ¢ > 0 and m, n € N

. j—1
with m > n, max,<j<m—1 A

= max,<j<m—1Jj(j + )AL, We study the

(w,,m,)

function p(z) := x(x + 1)A\*~1, whose derivative is ¢'(z) = (2o + 1)A\*"! +
z(z + 1) log(M)AT™1 = X7 (22 + 1 + 2(x + 1) log())). Since A € (0,1), the
quadratic function ¥ (z) := log(\) 2%+ (log A+2)x+1 is concave and has its ver-
tex at x = —% — @, which is arbitrarily large if A is arbitrarily close to zero.
However, there exists n; € N large enough (depending just on A) such that, for
every x > ny, ¥(x) < 0. Therefore, for every x > n1, ¢’'(z) < 0 and, thus, ¢ is
decreasing on (n1,+00). In consequence, if we take t > 0 and m, n € N with

L — n(n+1)A""! =0, as n — co. Hence,

(nom) =

J
for e € (0,1) and ¢t > 0 fixed, there exists ng € N with ng > ny such that,
j—1

. A t
for m, n > ng, with m > n, max,<j<m—1 ROED < IETED) T

m > n > ng, then max,<j<m—1

and, in con-

—1 —1
sequence, *’. 1+/L(ts(n )\ = *] [1 + M JE+ DN >
1-—ce. Here7 we have considered that d(xl,T(xl)) > 0 since the condition
T(x1) = x1 leads to a trivial case. Therefore, since A € (0,1), condition (h2*)
holds for M = My and * = x,,,, independently of the choice of x;.

Now, we consider the general case k € N. For M = My, * = %, and

any xi,...,xx € X, we get, for ¢ > 0 and m, n € N with m > n, taking
slmm) — 1 j=n m — 1, that
J ](]J’_l)? )
A . o2 m1
max —— max{ (n+D)A*, ..., (m=2)(m—1)A"F ,(m—1)mA }
n<j<m-—1 S(" m)

We consider the function @(x) := z(x + 1) , being v = A%, where @' (z) =
v* 2z + 1+ x(x+ 1)log(v)). The sign of ¢’ commdes with the sign of the
function 1, given by ¥ (z) := log(v) 22+ (log v+2)z+1. Since A € (0,1), also v €
(0,1) and the graph of {/; is a concave parabola with vertex at x = f% — @.

Math. Model. Anal., 21(6):811-835, 2016.
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Similarly to the case k = 1, there exists n; € N large enough (depending on \)

such that, for every z > ny, 1}(33) < 0, hence, for every x > ny, @' (x) < 0 and &
is decreasing on (11, +00). Therefore, for fixed ¢ > 0 and taking m, n € N with
m > mn > ny, we get MaX, < j<m—1 )(‘17:,1) =n(n+ 1)A\¥ — 0, as n — oo. This
- = S

J
proves that, for e € (0,1) and t > 0 fixed, there exists ng € N with ng > ny
such that, for m, n > ng, with m > n,

Y3 < t €
max .
n<j<m-— (n,m) ; ; Ce —
<j<m—1 $; max{ max d(xuafz+1)’ d(be(xh axk))} 1-¢
1<i<k—1 A% A
Since A > 0 and sg."’m) > 0, for every j = n,...,m — 1, we have, following the
calculations in Remark 4, for ¢ > 0 and m, n € N with m > n, that
_ i1-1 1
et [1 + u(tsgn’m)))\ﬂ > [1 4=
j=n t
d iy Lg N l -1
% max max (‘T a‘?-‘rl), d(xkaT(xla ,-Tk)) max Ak :| )
1<i<k—1 \E A n<j<m—1 g(m:m)

Hence, we have proved that, for € € (0,1) and ¢ > 0 fixed, there exists ng € N
o1

such that, for m, n > ng with m > n, *T:_nl [1 +,u(ts§n’m)))\ﬂ >1—¢e.In

the previous inequalities, we have assumed that

max{ d(l‘i,l‘i_;,_l) d(xk,T(xl,...,xk))} >O,

max -
1<i<k—1 A* ’ A

since the opposite situation leads to a trivial case.

Again, since A € (0,1), condition (H2*) holds for M = My and % = %,
independently of the choice of x1, ..., xk.

Corollary 4. Let (X, M, *) be an M-complete fuzzy metric space, k an integer
with k >2and T: X¥ - X a fuzzy—Preéié—Cirié operator. Suppose that one
of the conditions (H1*) or (H2*) holds. Then T has a fixed point in X. If, in
addition, we suppose that

for each u, v € X fixed with u # v, there exists ¢ > 0 such that

1 -1
_fﬁl [)\(— - 1) + 1} > M(u,v,t), (2.12)
1= Z

where z; = M (u,v,tr;), for i = 1,..., k, for some sequence of values r; > 0,

k
i1=1,...,k, with Zri < 1, then T has a unique fixed point.
i=1

Proof. The existence of fixed points follows from the proof of Theorem 3. For
the uniqueness of fixed point, we suppose that u, v € X are fixed points of
T with w # v. Then, using the nondecreasing character of M(z,y,-), for all
z, y € X, we have, for any ¢ > 0,

M (u,v,)=M (T (u,...,u),T(v,...,0),t)>M(T(u,...,u), T(u,...,u,v),try)
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« M(T(u,...,u,0),T(u,...,u,0,0),tr9) %+ % M(T(u,u,v,...,v),

T(u,v,...,0),trp—1) * M(T(u,v,...,v),T(v,...,0),trg). (2.13)
Similarly to the proof of Corollary 2, using (2.2), we get, for every ¢t > 0,
M(T(u,...,u),T(u,...,u,v),try) > [)\ (m—l) —|—1} o and, similarly,
M(T (. u0), T, 0), ) > A — 1) +1r,...,
M(T(u,u,v,. v),T(u,v,...,v),trk,l)z[A(m_l)_,_l]_l
M(T(u,v,...,0),T(v,...,0),tr3) > [A(m—gﬂr

Therefore, the previous inequalities and (2.13) imply, for every ¢ > 0, that

-1
M (u,v,t) > *k_| [/\ (m - 1) + 1} . Hence, from (2.12), there exists
t > 0 such that M (u,v,t) > M(u,v,t) and we obtain a contradiction again, so

that the fixed point of T is unique. O

Remark 7. Concerning condition (2.12), we note that the expression of the val-
ues 15, i = 1,...,k, can be of similar type to 55" ™) n (H2*) or different,

provided that the requirements r; > 0, ¢ = 1,...,k, and Zle r; < 1 are
fulfilled.

Remark 8. As a final remark concerning the fixed point results, instead of

(X, M, *) an M-complete fuzzy metric space, we consider the hypothesis that
(X, M, *) is a G-complete fuzzy metric space. Then we can remove the restric-
tions (H1), (H2) in Theorem 2 and Corollary 2 and (hl), (h2) in Corollary
1. This comes from the proof of Theorem 2, in this case we can start with
arbitrary points x1,...,x; in X and, to prove that the sequence defined is
G-Cauchy, we just note that, for t > 0 and p € N fixed, we have

n+p—1
M(@n, Tnipst) 2 % M(zj, i1, tst™)

n+p—1
=" M (V) >

j=n j=n

ndtp— -1
T e

Wheres(")f s, j=mn,...,n+p—1.

Note that the last term in the previous inequality consists of a fixed number
of terms (for every n), that is, p terms, each of one tends to 1 as n — co due

to 6 € (0,1) and the fact that s; ) represents a constant sequence for each j

(n
(n) _ f (n)
n 1 n
= 3, for every n, s,/ = 22, for every n, ...,

for every n. Hence hm M(zn,xnﬂ), t) = 1x D= 1, for each

fixed, in the sense that sy
(n)

5n+p 1= 2p7
t>0and p>0,and {z,} is G- Cauchy.

3 Some properties of fuzzy contractive sequences

We include some conclusions on fuzzy contractive sequences that are derived
from the proof of the main results in the previous section.

Math. Model. Anal., 21(6):811-835, 2016.
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DEFINITION 6. Let (X, M, *) be a fuzzy metric space and k a positive integer.
We say that {z,} C X is a fuzzy contractive sequence if there exists A € (0,1)
such that

! —1g,\max{ ( ! t)—1}, (3.1)

M(2nik, Togkt1,t) 1<i<k Tnti—1, Tnti

for all ¢ > 0 and n € N. Condition (3.1) can also be written as

—1
M(xn+k,xn+k+17t) Z |:)\ maxi<i;<k {m - 1} + ].:| s for all ¢ >
0 and n € N, where A € (0,1).

This notion is a generalization of Definition 3.8 [9] since, for k£ = 1, it is
—1§)\(%—1>,forallt>0andn€N,

1
reduced to M@ M (T @pt1,t)

Tpy2,t)
where A\ € (0,1).
For the case k = 1, it is proposed in [9] the following open question: Is
a fuzzy contractive sequence a Cauchy sequence in George and Veeramani’s
sense (that is, an M-Cauchy sequence). We study this problem for an arbitrary
k € N, by imposing sufficient conditions which guarantee the validity of this
assertion.

. . L ] 1 1 -
For a given sequence {x,, }, consider p(z) := maxi<;<k N [7M(1i7xi+172) 1}

and the hypotheses:

(HS1) +€H and zg(f)M(a:i,xi+1,t) >0, foralli=1,2,... k.

(HS2) For each € € (0,1) and ¢t > 0, there exists ng € N such that, for

-1
m, n > ng, with m > n, we get *;”:;} 1+u(ts("’m)))\%} > 1— ¢,

J
for some collection of values SE"M) >0,j =mn,...,m— 1, such that

mel S(ln,m) <1.

j=n °j

Theorem 4. Let (X, M, *) be a fuzzy metric space and k a positive integer. Let
{zn} C X be a fuzzy contractive sequence. Suppose that one of the conditions
(HS1) or (HS2) holds. Then {x,} is an M-Cauchy sequence.

Proof. As in the proof of Theorem 2, we denote M, (t) := M (zp,Tni1,t),
for n € Nand ¢t > 0 and p(f) = maxj<i<k {9% [ﬁ — 1]}, where 6 = \%.
Similarly to the proof of Theorem 2, by induction, we prove that

UMu(t) — 1< p(t)f”, VneN, Vt>0. (3.2)

Indeed, it is true for n = 1,2, ..., k. Assuming that it is true for n,n+1,...,n+
k — 1, we have, from (3.1),

1 1 1
— 1= — 1< )\ max —1
M 41(t) M (Zptky Tntkt1,t) — T 1<i<k { M (Zpti-1, Tntirt) }

1 .
= _— — < n+i—1 < n _ n+k
Alrgflsxk { M1 (1) 1} - /\féliagxk oL b S Ao = (e
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for t > 0, where we have used that 6 = A< 1.

To check that {z,} is an M-Cauchy sequence, we take ¢ € (0,1) and t > 0
fixed. Then, by (3.2), using the nondecreasing character of M(z,y, -) for every
x, y € X and following the proof of Theorem 4.8 [9], we have, for n,m € N with

11
m > n, that M (@, 2, t) > «750 M;(ts\™) >+ [1 + (s ))af} ,

for any collection of values s;n’m) >0,j=mn,...,m—1, with E;n:_nl sg-n’m) <1.
If (HS1) holds, then p := sup p(t) € [0,00), therefore, for n,m € N with
>0

m > n, we get M(xp,,Tm,t) > «m"[1 +u9"]_1. Since * € H, the proof is
complete similarly to the proof of Theorem 2.
On the other hand, (HS2) provides trivially the character of M-Cauchy

sequence for {z,}. O

Remark 9. If M = My, condition (HS1) is satisfied only for constant sequences

We conclude the paper with some applications of our Theorem 3 (and Corol-
lary 4) to certain nonlinear differential equations subject to initial conditions.

4 Applications to differential equations

In this section, we study the initial value problem for some classes of second
order differential equations. First, we consider the autonomous case, as follows.
Let T > 0, I =[0,7] and consider the problem:

2" (t) = &(x(t), x(t),...,z(t), t €I, z(0) =, 2'(0) = B, (4.1)

where a, f € R and &: RF = Rx » xR — R is a continuous function.

The Green’s function associated with (4.1) is given by G(¢,7) =t —7 for t > 7,
and G(t,7) = 0 for 0 < t < 7, in such a way that, as it can be easily seen,
the solution to (4.1) is given by the solution of the integral equation of the
following form:

x(t) = /0G(t,T)g(x(T),;v(T),...,x(T))dT—i-((t)

/ (t = D)E(a(r), 2(r), .. a(r))dr +C(t), for t € 1,  (4.2)
0
where ((t) = a + fSt.

To define the concept of solution to (4.1), we consider C?(I,R), the space
of all functions from I into R having continuous second order derivative on I.
A solution to (4.1) is a function x € C?(I,R) which satisfies the conditions in
(4.1). The procedure we follow to prove the existence of solutions to problem
(4.1) is to establish a connection between them and the solutions to the integral
equation (4.2).

To study the existence of solutions to the integral equation (4.2), we con-
sider C(I,R), the Banach space of all continuous functions from I = [0, 7] into
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R, endowed with the supremum norm, defined as: |z|o = sup,e; | (t) |,
x € C(I,R). Notice that C'(I,R) is also a Banach space with the Bielecki norm
given by [|z||p 1= supy; {| z(t) | 7'}, & € C(I,R), where b > 0 is arbitrary
but fixed. It is easy to see that the two norms || - ||« and || - || g are equivalent
on I =[0,T)]. For our purpose, we use the Bielecki norm instead of the supre-
mum norm. The Bielecki metric induced by the Bielecki norm is given by the
expression dp(z,y) = supye; {| 2(t) —y(t) | e "'}, z, y € C(I,R). The stan-
dard fuzzy metric My, : [C'(I,R)]? x (0,00) — [0, 1] induced by dp is defined
a

as: My, (z,y,a) = , Va,ye C(,R), Ya > 0.

a+dp (*T7 y)
Then, it is easy to see that the min-fuzzy metric space (C(I,R), My, , %) is an
M-complete fuzzy metric space. Define an operator @: [C'(I,R)]*¥ — C(I,R)
by [B(z1,Ta, ..., x)](t) = [yt —T)E(@1(7), 22(7), ..,k (7))dr +( (1), for t € T
and z1, ...,z € C(I,R).

It is obvious that the solutions to the integral equation (4.2) coincide with the
fixed points of the operator @, i.e., z € C(I,R) such that [®(z,z,...,z)|(t) =
x(t), for every ¢t € I. Moreover, a solution to (4.1) trivially satisfies the integral
equation (4.2) and, if x € C(I,R) is a solution to the integral equation (4.2),
then we can prove that x € C%(I,R) and the conditions in (4.1) are fulfilled.
Hence, the solutions to the initial value problem (4.1) are the fixed points of
the operator @. All these considerations allow us to prove the existence and
uniqueness of solution to the initial value problem (4.1), as established in the
following theorem.

Theorem 5. Let k be a positive integer and suppose that the following condi-
tions are satisfied:

(a) &: R — R is a continuous function;

(b) there exists L > 0 such that, for all z1, za, ..., 2k, 2zk+1 € R, we have
[ €(z1,- -y 2k) —&(z2, .y 2p1) | < L maxi<i<k | 20 — Zit1 | -

Then the initial value problem (4.1) has a unique solution.

Proof. We consider (C(I,R), My, , *,,) the min-fuzzy metric space induced by
the Bielecki metric dg on C'(I,R). Since b > 0 can be selected arbitrarily, we
choose b = kLT > 0 then, for all z1,...,zg, zx11 € C(I,R), we have

dp(®(x1,...,x5),P(x2, ..., Tpt1))

/0 (t — 7)€L (), ..., x6(T)) — E(2a(T), ..., 2ppr(7T))]e  tdr

= sup
tel

< sup/0 (t—7) | E@r(7), ..., 26(T)) = E(2a(T), ..., xppa (7)) | e Oldr

tel

t
< sup/ (t —7) L max {| x;(7) — zi41(7) |}e—bTeb(T_t)dT
tel Jo 1<i<k

t
< L max {dp(z;,x;+1)}sup {e‘bt/ (t— T)edeT}
t 0

lglgk cl
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t
<L d iy Li t —bt de
< 1rgigxk{ (i, x +1)}sup{ e /0 e’Tdr

tel
LT,
<——(1- ' Tit1)}
< 5 (L—e™) max {dp(wi, zis1)}

Since b = kLT, we have, for all z1,...,z5, 211 € C(I,R),
dp(P(21, ... 2k), P22, wpt1)) < A max {dp(2i, Tip1)}

where 0 < A = £L(1 — e7*T) = 1(1 — e7'T) < 1. Therefore,

a

M (P, o) = g g ) @)

> - A ! ]
=|Amax ¢ —————
T atA ax {dp(xi,ziv1)} 1<i<k | My, (24, %11,0a) ’

for all z1, 9, ..., Tx+1 € C(I,R) and a > 0. Thus, @ is a fuzzy—Preéié—Ciric’
operator. Besides, it is clear that condition (H2*) holds for arbitrary choices

of z1,..., z, € C(I,R), since A € (0,1), taking s; = sg-n’m) = ﬁ,
j=mn,...,m—1 (see Remark 6). Hence, by Theorem 3, @ has a fixed point in
C(I,R), which gives a solution to (4.1). Furthermore, for x, y € C(I,R), we

have, by (b),

dp(@(z,...,2),P(y,...,y))

for

=sup| [ (= D)fEa(). . a(r) = (). p()e
<sup [ (6= )| ¢Ger).....ar) = €la(r), .. () y(r) |

o [ YT, (D) = (), y() | e

¢
< sup/ (t—71)kL|x(r)—y(r) | e btdr
tel Jo

k LT
< kLdg(z,y)sup {te_bt/ edeT} < i 1 —e"T)dg(z,y).
tel 0

Since b = kLT, we have
dp(D(z,...,x),P(y,....y)) < (1 —e " Tdp(z,y) < dp(z,y),
for all , y € C(I,R) with x # y. Therefore, by the definition of My,
My, (D(zy ..., 2), P(y,...,y),a) > My, (z,y,a), ¥ a>0. (4.3)

Thus, all the conditions of Theorem 3 are satisfied and, in consequence, ¢ has
a unique fixed point in C'(I,R), which is the unique solution to the initial value
problem (4.1). O
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Remark 10. Note that, in the proof of Theorem 5, if k£ > 2, an alternative way
to check the validity of (4.3) in order to achieve the uniqueness of solutions is
to use the ideas in Corollary 4, since, with the selection of the minimum ¢-norm
%, and, for example, r; = 57, i = 1,...,k, condition (2.12) is reduced to the
following one: for each u,v € X fixed with u # v, there exists ¢ > 0 such that

21
[)\(W—l)—i—l} > M(u,v,t), for every i =1,...,k — 1.

To check its validity, we take u,v € X fixed with u # v. For M = M, and
a > 0, we have

()] =P

B )\dB(u,v) 1 ! B a/2t _ a
B a2t - Mp(u,v) +a/20 N2idp(u,v) +a’

so that, since dg(u,v) > 0, this expression is greater than My, (u,v,a), for
everyi=1,....,k—1,ifand only if \-2* < 1, forevery i =1,...,k—1, that is,

A < 2'7F_ Note that ) is taken as \ = 7(1 —e~ T in the proof of Theorem 5.

Thus, in order to prove that @ is a fuzzy—PreSié—Cirié operator, we just have to

choose b > 0 such that b > LT. Now, for the validity of (2.12), it suffices to
k—1
(1 —e ") < 1, that is, b > LT2*~1. This provides

uniqueness of solution for £ > 2.

choose b > 0 with

Instead of problem (4.1), we could have considered a non-autonomous prob-
lem of the type

a(t) = &t x(t), x(t),...,2(t), te [=1[0,T], 2(0)=a, 2’(0) =5, (4.4)
where a, f € R and &: I x RF — R is continuous.

Taking ((t) = a+ Bt, t € I, it is clear that the solutions to (4.4) coincide
with those of the integral equation

T
2(t) = /0 Gt Te(r 2(r), 2(r), . o(r))dr + C(2)

/0 (t —7n)(r,x(1),z(1),...,z(1))dr + ((t), for t € I

and also with the fixed points of the mapping ®: [C(I,R)]* — C(I,R) defined

as [P(x1,za,...,2)|(t) = fot(t — 1), x1(7), 22(7), ..., 2k (7))dT + ((t), for
t €l and zy, ...,z € C(I,R). Thus, the following extension of Theorem 5
follows.

Theorem 6. Let k be a positive integer and suppose that the following condi-
tions are satisfied:

(a) &: I x R¥ = R is a continuous function;
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(b) there exists a nonnegative and integrable function L : I — R such that, for
allt € I and z1, 29, ..., 2k, 2k+1 € R, we have

| f(tazla"'azk) _g(t,Zz,...7Zk+1) |§ L(t) 1?52% ‘ Zi T Zi41 |

and there exists b > 0 such that

k sup {e_bt /Ot(t — 7)L(r)eb dT} <1 (4.5)

tel
Then the initial value problem (4.4) has a unique solution.

Proof. We consider again (C'(I,R), Mg, *my) the min-fuzzy metric space in-
duced by the Bielecki metric dg on C(I,R), where b > 0 is given by the
statement. Hence, similarly to the proof of Theorem 5, we have, for all
T1yee. 3 Thy Tht1 € C(I,R),

dp(P(z1,. .., 2k), (T2, .., Tht1))
t
<sup [t =) L) s {1 (0) = maga () e e
tel Jo 1<i<k

<A Jax {dB(xi, zip1)}

where 0 < X := sup,¢; {e*bt fg(t — T)L(T)eb"dT} <+<L
Besides, if z, y € C(I,R), by (b),

dB(é(:m...,x),%(y,...w))

< sup/ (t =)L) | 2() = y(0) [+ + L(7) | 2(r) = y(r) | [e ar
tel Jo

t
= k sup/ (t—7)L(r) | 2(7) — y(7) | e bt < kdp(x,y)A,
tel Jo

so that dg(P(z,...,z),D(y,...,y)) < dp(z,y), for all z,y € C(I,R) with
x #y (dp(z,y) > 0). Since (H2*) also holds, then Theorem 3 applies. O

Remark 11. Condition (4.5) trivially holds if there exists b > 0 such that
SUPse {e_btfotL(T)ebTah'}<ﬁ7 or if limp—, o0 (SUP,¢; {e‘btfgL(T)edeT})<ﬁ,
since ksup,c; {e% fot(t — 7)L(7)e"" dr} < KT supye; {e™ f; L(r)e’™dr}. In
particular, if L is nonnegative, integrable and bounded (there exists £ > 0 such
that L(t) < L, t € I), then

t t 1—6_bT
k sup {e_bt/ (t—T)L(T)edeT} < kTLsup {e_bt/ edeT}:kTﬁ ,
tel 0 tel 0 b

so that it is enough to choose b > kT L.

Math. Model. Anal., 21(6):811-835, 2016.
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Finally, we consider an impulsive problem of the type

{x”(t) =&t x(t),z(t),...,x(t), t €I =0T, t#t;, j=1,...,1, (4.6)

x(t}'):aj, I’/(t;_):ﬂj, j:O,...,l,
where o, B; €R, j =0,...,[, 0=t <t; <ta <--- <t <41 =T and
¢: IxRF — R is such that, for every j = 0,...,1, its restriction to (¢;,¢;41] xR*
is continuous and admits a continuous extension to the set [t;, ;1] x RF.

To define the concept of solution to problem (4.6), we consider the spaces

PC(I,R)={z:I =R : xis continuous in I \ {¢1,...,t}
and Hm(t;r), z(t;)==(t;), j=1,...,0}
={z:I1—-R :2eC((tj,tj+1),R), =0,...,1,and 3x(0+) = x(0),
o(T7) = a(T), «(t]), x(t;) = a(t;), j = 1....,1},
E:={x e PC(ILR) :z € C*(I\ {t1,....t;},R)
and 32/ (¢ ,+) z'(t;), x”(tj) (7)), j=1,...,1}
={z € PC(I,R) :z € C*((tj,tj4+1),R), j=0,...,1, and 32'(0F) = 2/(0),
2" (07) = 2"(0), 2'(T7) = 2/(T), @ ( ) " (T),
2(E), #(E), 2 ), 7)), § =1, 1),
Hence, a solution to (4.6) is a function = € E satisfying the conditions in
(4.6). For this problem (4.6), the Green’s function G : I x I — R is given by

_Jt=7, tj<7T<t<tjy, forsome j=0,...,1,
Gt ) = { 0, otherwise.
We can also use the functions G : [t;,t;41] X [tj,tj41] = R, 7 =0,...,1, defined

by G,(t,7) =t—m,ift; <7 <t <tjpq,and G;(t,7) =0,ift; <t <7 <t;4q,in
such a way that G(t,7) = G,(t, 1), for (¢t,7) € (¢;,t;41) X (t;,t;41). Therefore,
taking (;(t) = o + B;(t — t;), for t € (¢;,t;41], and j =0, ...,, the solutions
to (4.6) are the solutions « € PC(I,R) to the family of integral equations:

x(t)

T
/o G(t,7)(r,2(1),2(7), ..., 2(T))dr + ((t)
- /tHl G, T)E(r,2(7), (1), ..., z(7))dT + (;(t)

)

/t (t—71)(r, z(1),z(7),...,x(1))dT + (;(t), t € (t,t41]-

J

The space PC(I,R) is a Banach space with the supremum norm defined as

|zllpc = supe;r | 2(t) |= maxo<j<isupye(y, 4,,,) | #(t) |, © € PC(I,R) and

also with the equivalent norm ||z||pcp = Juax ~ sup {| x(t) | e_b(t_tf)},
]

SISUie(ty b1
x € PC(I,R), where b > 0 is arbitrary but ﬁxed The distance induced by
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I lpes is dpep(x,y) := maxo<;<iSUD;(, 1,41 1 (1) —y(t) | e P71} for
z,y € PC(I,R).
We consider the mapping @: [PC(I,R)]* — PC(I,R), given by

t
[Q(Ila L2, 7xk)](t) = / (t - 7—)5(7—7 331(7'), 172(7'), sy :ij(T))dT + gj(t)a
tj
for t € (t;,tj41], 5 =0,...,1, and z1, ...,z € PC(I,R), whose fixed points
are the solutions sought.

We prove the following existence and uniqueness result for problem (4.6).

Theorem 7. Let k be a positive integer and suppose that the following condi-
tions are satisfied:

(a) &: I x R* — R is such that its restriction to (tj,t;4+1] x R¥ is continuous
and admits a continuous extension to the set [t;, ;1] x R*, forj=0,...,1.

(b) there exists a nonnegative and integrable function L : I — R such that, for

allt € I and z1, z2, ..., 2k, 2k+1 € R, we have
| £(t7217 s 7Zk) - g(t7z27 v 7Zk+1) | < L(t) lrélzagxk ‘ Zi — Zi+1 |
and there exists b > 0 such that
t
k max  sup e_bt/ (t —7)L(T)e"" dT} <1 (4.7
0<3<lte(t;,tj11] t;

Then the initial value problem (4.6) has a unique solution.

Proof. We take (PC(I,R), My,.,,*m) the min-fuzzy metric space induced
by the metric dpcp on PC(I,R), where b > 0 is given in the statement.

Analogously to the proof of Theorem 6, we have, for all zq,...,zg, zp41 €
PC(I,R),
dpep(P(@1,. .. xx), D(xa, ... Tps1))

t
< max su t— 1) L(7) max {| z;(7) — 1 (7) |} e bt b=t g r
< g, _sw /( ) L) oo {] 24() — i1 (7)1}

<\ Jax {dpcB(zi, Tiy1)},

where 0 < A := maxo<;<iSUPye(t, ¢,,,] {e‘bt f:v (t —T)L(T)edeT} <t <L
<5< 5 ;

J

Moreover, for z, y € PC(I,R), by condition (b),

~

dPCB({i(xa cee 71‘),@(317 v ,y))

t
<max swp [ (=KL |alr) ~y(r) | dr

- 0Sisbie(ty t44) Sty

t
=k max sup / (t —7)L(7) | 2(1) — y(7) | et b=t gr

0<5<lie(t;,tj1] Jt;
< kdpcr(z,y)A,

Math. Model. Anal., 21(6):811-835, 2016.
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in consequence, dPCB(QZS( S T), $(y,,y)) < dpcp(z,y), for all z,y €
PC(I,R) with z #y (deB(m y) > 0). The proof is concluded by Theorem 3,
due to the validity of (H2*). O

Remark 12. If L is nonnegative, integrable and bounded (with upper bound
L > 0), then condition (4.7) trivially holds since

t
k max  sup {e*bt/ (t*T)L(T)edeT}
tj

0<5<1 te(ty tjr1)

t
kT
< kTL max sup {e*bt/ eb™ dT} = —E max {1 — e*b(twrtj)}
t

05 <l e (2t 44] ; b o<j<i

and the same choice of b > kT L is useful.
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